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Motivation
Main problems: Deep learning methods like U-Net and Neural Oper-
ators (NOs) typically achieve a relative L2-norm of 0.1% to 1% solving
partial differential equations (PDEs), while classical numerical methods
can reach arbitrary accuracy but are less time efficient.
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Fig. 1: Comparison of accuracy for three approaches: U-Net, NO, NO+FCG – hybrid approach

advocated in the present article.

Contributions
•Neural Operator Preconditioner: Train a neural operator as a non-
linear preconditioner for the flexible conjugate gradient (FCG) method,
effective across resolutions.

•Krylov Subspace Learning: Use random vectors from the Krylov
subspace pKm

(r) for training; abandoning this subspace and using ran-
dom right-hand sides pK0

(r) impairs training.

•Energy Norm Loss: Introduce a novel loss function, which provides
convergence guarantees and outperforms the traditional L2 loss.

Flexible Conjugate Gradients
Algorithm 1

Input: A, B, f , mmax > 0, iter
Ensure: uiter, riter.
Initialize u0← N (0, 1) ∈ Rn, r0← f − Au0 ∈ Rn.
for i = 0 to iter− 1 do
wi← B(ri)
mi← min(i, max(1, mod (i, mmax + 1)))

pi← wi −
∑i−1

k=i−mi

(wi, sk)

(pk, sk)
pk

si← Api

ui+1← ui +
(pi, ri)

(pi, si)
pi

ri+1← ri −
(pi, ri)

(pi, si)
si

end for

Notay’s theorem

Let A, B ∈ Rn×n be symmetric positive definite matrices and B : Rn → Rn be a nonlinear operator.
Let f, u0 be the vectors of Rn, and let

{
ri
}
i=0,1,...

,
{
pi
}
i=0,1,...

,
{
ui
}
i=1,2,...

be the sequences of vectors
generated by applying Algorithm 1 to A, B, f , and u0 with some given sequences of non-negative
integer parameters

{
mi

}
i=0,1,...

.
If, for any i, ∥∥B(ri)−B−1ri

∥∥
B∥∥B−1ri∥∥B ⩽ εi < 1,

then ∥∥u− ui+1
∥∥
A∥∥u− ui

∥∥
A

⩽
κ
(
B−1A

)
· γi − 1

κ
(
B−1A

)
· γi + 1

,

where γi =
1 + εi
1− εi

·
(
1 + ε2i

)2
(1− ε2i)

, and
∥∥u∥∥

A
=
√

(u,Au).

Notay loss
Consider boundary-value problem (BVP)

−
2∑

ij=1

∂

∂xi

(
a(x)

∂u(x)

∂xj

)
= f (x)

x ∈ Γ ≡ (0, 1)2, u(x)
∣∣
x∈∂Γ = 0,

where ∂Γ is a boundary of the unit hypercube Γ, and a(x) ≥ ϵ > 0.

LNotay(θ) = Er,a,f

∥∥B(r; θ)− A−1r
∥∥
A∥∥A−1r∥∥

A

,

where A depends on a via discretization, r depends on f and the distribution of initial guess u0 ∼ N (0, I).

Proposed approach

Input train dataset, Dtrain

Sparse matrix,
A

f

FCG(A, f, B = I, . . .)

NO

(a)

A, riter, A
−1f − uiter(b)

FCG(A, f, B = NO, . . .)

(c)Input test dataset, Dtest

Sparse matrix,
A

f

(d)(c)

utest

The full scheme of the proposed approach: starts from the input train dataset, Dtrain =
(
A, f

)
, where

f = Auexact. (a) Submit Dtrain to the CG (FCG with B = I) with 100 iterations to generate residuals
riter from the Krylov subspaces. (b) Train the NO on the FCG output riter with the use of A, uiter for the
calculation of LNotay. (c) Apply the FCG with B = NO with the test dataset, Dtest. (d) Output utest.

Experiments

FCG vs classical preconditioning techniques

The table contains the first iteration number i such that ∥ri∥2
/
∥r0∥2 ≤ 10−6 for different

resolutions.

Dataset grid NO+FCG CG Jacobi(4) GS(1) GS(4) ILU(1) ILU(8)

Poisson
32 9 74 30 27 13 69 27
64 14 130 58 47 23 110 77
128 20 216 112 78 37 185 128

Diffusion
32 9 75 32 27 13 69 27
64 14 132 61 46 22 110 74
128 19 215 115 78 36 177 128

Time: FCG-NO vs CG(
1− tFCG

/
tCG

)
· 100%

∥ri∥2/∥r0∥2
Dataset grid 10−3 10−6 10−12

Poisson
32 43% 34% 9%

64 58% 31% 14%

128 74% 40% 33%

Diffusion
32 22% 21% 5%

64 32% 32% 11%

128 66% 44% 42%

Notay loss vs L2-loss

LNotay L2

∥ri∥2/∥r0∥2 ∥ri∥2/∥r0∥2
Dataset grid 10−3 10−6 10−12 10−3 10−6 10−12

Poisson
32 4 9 20 5 15 34

64 5 14 31 7 22 53

128 6 20 48 21 86 210

Diffusion
32 4 9 31 8 22 50

64 5 14 36 11 36 80

128 5 19 47 — — —

Differently obtained residuals

r ∼ pKm
(r) r ∼ pK0

(r)

∥ri∥2/∥r0∥2 ∥ri∥2/∥r0∥2
Dataset grid 10−3 10−6 10−12 10−3 10−6 10−12

Poisson
32 4 9 20 4 10 21

64 5 14 31 5 18 67

128 6 20 48 7 49 153

Diffusion
32 4 9 31 5 23 56

64 5 14 36 6 — —

128 5 19 47 10 — —

Different grids

∥ri∥2/∥r0∥2
Dataset Train grid Test grid 10−3 10−6 10−12

Poisson

32 64 9 18 39

64 128 12 29 68

32 128 24 61 141

64 256 26 67 150

128 256 16 45 103

Diffusion

32 64 8 18 42

64 128 9 24 59

32 128 17 57 148

64 256 24 87 233

128 256 16 46 112

Non-smooth diffusion coefficient a(x)
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Fig. 2: Residuals’ decline (bottom figure) for non-smooth diffusion coefficient (top figure).


