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Context and motivation
Federated Learning - Introduction

Novel distributed machine learning paradigm enabling model training using data 
from multiple devices without direct access, preserving users’ privacy 
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Context and motivation
Statistical Heterogeneity and Client Drift

Key issue: 
Statistical 

Heterogeneity 
 
Non-IID client distributions & 
partial participation: 
 
→ slow and unstable training 
→ loss in final performance 
    and increased 
    communication

Client Drift 
(Karimireddy, 2020) 

Local updates diverge 
from global optimum

Karimireddy, S. P. et al. “Scaffold: Stochastic controlled averaging for federated learning” ICML 2020 
Li, Z. et al. “No fear of classifier biases: Neural collapse inspired federated learning with synthetic and fixed classifier” ICCV 2023
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Data Recency Bias in the classifier

Similarly to Continual Learning (Wang 2022), the classifier is prone to forgetting because of data 
recency bias (Luo 2021, Li 2023)
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Wang, R. et al. “Schedule-robust online continual learning” 
Luo, Mi et al. “No fear of heterogeneity: Classifier calibration for federated learning with non-iid data” NeurIPS 2021 
Li, Z. et al. “No fear of classifier biases: Neural collapse inspired federated learning with synthetic and fixed classifier” ICCV 2023
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Context and motivation
Our objective

5

Can we design an efficient FL method 
robust to client drift in heterogeneous settings 

and unaffected by classifier bias?

YES!
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Contribution
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Fed3R - efficient and robust FL algorithm:

Immune to statistical heterogeneity 
Faster convergence

Reduced computations and communication


Fed3R-RF: non-linear variant based on random features 
Fed3R+FT: last layer initialization for faster fine-tuning


    a) Fed3R+FT: fine-tune the whole model 
    b) Fed3R+FTlp: fine-tune only the classifier     
    c) Fed3R+FTfeat: fine-tune only the feature extractor
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Method
Background - (centralized) Ridge Regression (RR)
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<latexit sha1_base64="gz5i4PEEkSCoPk+AnDlbGp2c9UI="></latexit>

W ⇤ = argmin
W2Rd⇥C

kY � '(X)Wk2 + �kWk2

<latexit sha1_base64="TRZX5So3tDGpchL/f4DMqqadEfM="></latexit>

f(x;W ) = W>'(x)Linear predictor:

Closed-form solution:
<latexit sha1_base64="OHxLj8ipujk3TlPV/t8UqZNND+Y=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcuMSHUjVN3oroJ9QDstmUymDc1khiQjlKErN/6KGxeKuPUb3Pk3pu0stPVA4HDOPdzc40aMSmVZ30Zmbn5hcSm7nFtZXVvfMDe3ajKMBSZVHLJQNFwkCaOcVBVVjDQiQVDgMlJ3+9cjv/5AhKQhv1eDiDgB6nLqU4yUljrmbr19CC9g4RIewRbTOQ/B24530E6O7aHbMfNW0RoDzhI7JXmQotIxv1peiOOAcIUZkrJpW5FyEiQUxYwMc61YkgjhPuqSpqYcBUQ6yfiMIdzXigf9UOjHFRyrvxMJCqQcBK6eDJDqyWlvJP7nNWPlnzsJ5VGsCMeTRX7MoArhqBPoUUGwYgNNEBZU/xXiHhIIK91cTpdgT588S2onRbtULN2d5stXaR1ZsAP2QAHY4AyUwQ2ogCrA4BE8g1fwZjwZL8a78TEZzRhpZhv8gfH5A8muljA=</latexit>

W ⇤ = (A+ �Id)
�1b

<latexit sha1_base64="6rcCglN7QpEr1VJ5Nt9B/9500Eo="></latexit>

b := '(X)TY
<latexit sha1_base64="BATlBbTBjcbhRM4EbxHCzRkTWQI="></latexit>

A := '(X)T'(X),

RR can also be used for the classification task (Rifkin, 2003)
Rifkin, R., Yeo, G., Poggio, T., et al. Regularized least squares classification. Nato Science Series Sub Series III Computer and Systems Sciences, 2003.
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Method
Fed3R: Federated Recursive Ridge Regression
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Step 1 (client side): Local computations

<latexit sha1_base64="n6e2Z3any0wzkVxoU1gp93lll3Y=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgadnVEJNb0IvHCMYEkiXMTmaTIbOzw8xsICz5CC8eFPHq93jzb5w8EJ8FDUVVN91doeRMG897d3Irq2vrG/nNwtb2zu5ecf/gTiepIrRJEp6odog15UzQpmGG07ZUFMchp61wdDXzW2OqNEvErZlIGsR4IFjECDZWanXHWMkh6xVLnlurlmvnHvJdb47fpARLNHrFt24/IWlMhSEca93xPWmCDCvDCKfTQjfVVGIywgPasVTgmOogm587RSdW6aMoUbaEQXP160SGY60ncWg7Y2yG+qc3E//yOqmJqkHGhEwNFWSxKEo5Mgma/Y76TFFi+MQSTBSztyIyxAoTYxMq2BD+//2T3J25fsWt3JRL9ctlHHk4gmM4BR8uoA7X0IAmEBjBPTzCkyOdB+fZeVm05pzlzCF8g/P6AbLIj9Q=</latexit>'
<latexit sha1_base64="GAEFrwxRV9BG/A10GWiQocUnXu4="></latexit>Dk

<latexit sha1_base64="M2OVQnRhXO7duhmJedBRUdiMncI="></latexit>

k

<latexit sha1_base64="WZs8pIq5vSrEsLTDafcZcbgdocc="></latexit> X

(x,y)2Dk

'(x)'(x)> = Ak

<latexit sha1_base64="RcJJzrX+mpivigHXlTnBLO9aWj0="></latexit> X

(x,y)2Dk

'(x)e>y = bk
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Method
Fed3R: Federated Recursive Ridge Regression
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Step 2 (server side): Exact aggregation

Use Eq.      to obtain the exact aggregate classifier 
<latexit sha1_base64="JnOGGACRjXB2b5hdbbmc8lLbDU0="></latexit>

W ⇤

……<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1
<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2
<latexit sha1_base64="NsjKO6FvOGDmdJJbvTvwmNzF414=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD1heM+g==</latexit>

k
<latexit sha1_base64="q4RidoqvkogkYoAGcK/q8ElKAPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6WXjNo=</latexit>

K

<latexit sha1_base64="NrCtLrhKHYhxrbuh21yyJIQlc0o=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5Rdkeqx6sVjBfsB7bJk02wbmk3WJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Hbqt5+o0kyKBzNOqB/jgWARI9hYqXMdeGcoDLygXHGr7gxomXg5qUCORlD+6vUlSWMqDOFY667nJsbPsDKMcDop9VJNE0xGeEC7lgocU+1ns3sn6MQqfRRJZUsYNFN/T2Q41noch7YzxmaoF72p+J/XTU105WdMJKmhgswXRSlHRqLp86jPFCWGjy3BRDF7KyJDrDAxNqKSDcFbfHmZtM6rXq1au7+o1G/yOIpwBMdwCh5cQh3uoAFNIMDhGV7hzXl0Xpx352PeWnDymUP4A+fzB1xyjuQ=</latexit>

A1, b1
<latexit sha1_base64="lGH/bfWOMJc3SLwGallPMPSLdjs=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8SNktUj1WvXisYD+gXZZsmm1Ds9k1yQpl6Z/w4kERr/4db/4b03YP2vpg4PHeDDPzgkRwbRznG62srq1vbBa2its7u3v7pYPDlo5TRVmTxiJWnYBoJrhkTcONYJ1EMRIFgrWD0e3Ubz8xpXksH8w4YV5EBpKHnBJjpc61Xz3HgV/1S2Wn4syAl4mbkzLkaPilr14/pmnEpKGCaN11ncR4GVGGU8EmxV6qWULoiAxY11JJIqa9bHbvBJ9apY/DWNmSBs/U3xMZibQeR4HtjIgZ6kVvKv7ndVMTXnkZl0lqmKTzRWEqsInx9Hnc54pRI8aWEKq4vRXTIVGEGhtR0YbgLr68TFrVilur1O4vyvWbPI4CHMMJnIELl1CHO2hAEygIeIZXeEOP6AW9o4956wrKZ47gD9DnD19/juY=</latexit>

A2, b2
<latexit sha1_base64="BF0bGLkZndz2JZlynm7ja2ONdBg=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBg5REpHqsevFYwX5AG8Jmu2mXbDZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBSlnSjvOt1VaWV1b3yhvVra2d3b37P2DtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC6Hbqd56oVCwRD3qcUi/GQ8FCRrA2Uvfaj85Q4Ee+XXVqzgxombgFqUKBpm9/9QcJyWIqNOFYqZ7rpNrLsdSMcDqp9DNFU0wiPKQ9QwWOqfLy2b0TdGKUAQoTaUpoNFN/T+Q4VmocB6YzxnqkFr2p+J/Xy3R45eVMpJmmgswXhRlHOkHT59GASUo0HxuCiWTmVkRGWGKiTUQVE4K7+PIyaZ/X3Hqtfn9RbdwUcZThCI7hFFy4hAbcQRNaQIDDM7zCm/VovVjv1se8tWQVM4fwB9bnDw1zj1g=</latexit>

Ak, bk

<latexit sha1_base64="Z8b1YbM2+kH/eDPLtD1L25KJAwk=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBbBg5REpHqsehF6qWA/oA1hs920SzebuLsRSuif8OJBEa/+HW/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweh26refqFQsFg96nFAvwgPBQkawNlLn2q+focCv+3bZqTgzoGXi5qQMORq+/dXrxySNqNCEY6W6rpNoL8NSM8LppNRLFU0wGeEB7RoqcESVl83unaATo/RRGEtTQqOZ+nsiw5FS4ygwnRHWQ7XoTcX/vG6qwysvYyJJNRVkvihMOdIxmj6P+kxSovnYEEwkM7ciMsQSE20iKpkQ3MWXl0nrvOJWK9X7i3LtJo+jCEdwDKfgwiXU4A4a0AQCHJ7hFd6sR+vFerc+5q0FK585hD+wPn8Aq8SPGA==</latexit>

AK , bK
<latexit sha1_base64="n0phUC50MGEH7UYRJ1BG5/krz+Y="></latexit>

A =
X

(x,y)2D

'(x)'(x)> =
X

k2K

X

(x,y)2Dk

'(x)'(x)> =
X

k2K
Ak

<latexit sha1_base64="IKURzZuT3d+aJJXblnakhKLgB2E="></latexit>

b =
X

(x,y)2D

'(x)e>y =
X

k2K

X

(x,y)2Dk

'(x)e>y =
X

k2K
bk

Compute the aggregate statistics

Closed-form RR solution:
<latexit sha1_base64="OHxLj8ipujk3TlPV/t8UqZNND+Y=">AAACBnicbVDLSgMxFM3UV62vUZciBItQFcuMSHUjVN3oroJ9QDstmUymDc1khiQjlKErN/6KGxeKuPUb3Pk3pu0stPVA4HDOPdzc40aMSmVZ30Zmbn5hcSm7nFtZXVvfMDe3ajKMBSZVHLJQNFwkCaOcVBVVjDQiQVDgMlJ3+9cjv/5AhKQhv1eDiDgB6nLqU4yUljrmbr19CC9g4RIewRbTOQ/B24530E6O7aHbMfNW0RoDzhI7JXmQotIxv1peiOOAcIUZkrJpW5FyEiQUxYwMc61YkgjhPuqSpqYcBUQ6yfiMIdzXigf9UOjHFRyrvxMJCqQcBK6eDJDqyWlvJP7nNWPlnzsJ5VGsCMeTRX7MoArhqBPoUUGwYgNNEBZU/xXiHhIIK91cTpdgT588S2onRbtULN2d5stXaR1ZsAP2QAHY4AyUwQ2ogCrA4BE8g1fwZjwZL8a78TEZzRhpZhv8gfH5A8muljA=</latexit>

W ⇤ = (A+ �Id)
�1b
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Method
Fed3R & Fed3R-RF properties
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Immune to heterogeneity: 
equivalence to exact centralized 
solution

Convergence guaranteed in a 
single pass on clients

Inherits generalization properties 
of RR (Caponetto, 2007)

Memory and computation 
efficient

Caponnetto, A. et al. “Optimal rates for the regularized least-squares algorithm” Foundations of Computational Mathematics 2007

Fed3R performance is invariant to different federated 
splits of iNaturalist (Hsu, 2020).

User-120K Geo-100 Geo-300 Geo-1K
# clients 9275 3606 1208 368
# classes 1203 1203 1203 1203
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Results
Fed3R & Fed3R-RF vs. baselines 
on iNaturalist-Users120K - 9275 clients; 1203 classes
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Results
Fed3R+FT vs. baselines 
on iNaturalist-Users120K - 9275 clients; 1203 classes
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Thank you for 
your attention!
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