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Background

Bilevel optimization can effectively capture the inherent nested structures of problems, 
thus, it recently has been widely used in many machine learning tasks such as hyper-
parameter learning, meta learning and reinforcement learning.
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Background

Hyper-Parameter Leaning：
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Background

1. When               on variable y is strongly convex and twice differentiable, 

Approximate



Background

1. When               on variable y is strongly convex and twice differentiable, 

Approximated Gradient Algorithm [4]

[4] Ghadimi, Saeed, and Mengdi Wang. "Approximation methods for bilevel programming." arXiv preprint arXiv:1802.02246 (2018).



Background

2. When               on variable y is non-strongly-convex, 

Bilevel 
Optimization

Single-Level 
Constrained
Optimization
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Background

2. When               on variable y is convex or non-convex, 

Penalized Gradient Algorithm [5]

Penalty parameter

[5] Ye, M., Liu, B., Wright, S., Stone, P., and Liu, Q. Bome! bilevel optimization made easy: A simple first-order approach. In NeurIPS, 17248–17262, 2022.
[6] Shen H, Chen T. On penalty-based bilevel gradient descent method, ICML: 30992-31015, 2023.
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Existing Algorithms for Nonconvex-PL Bilevel 

nonconvex on x and y

nonconvex- PL on y

In this talk, we force on solving the nonconvex-Polyak-Łojasiewicz (PL) bilevel 
optimization:



Existing Algorithms for Nonconvex-PL Bilevel 

Recently, most existing methods build on penalty or Lagrangian methods by 
solving the following transformed constrained optimization, but they suffer 
from high convergence (or gradient) complexity.

[5]Ye, M., Liu, B., Wright, S., Stone, P., and Liu, Q. Bome! bilevel optimization made easy: A simple first-order approach. In NeurIPS, 17248–17262, 2022.
[6] Shen H, Chen T. On penalty-based bilevel gradient descent method, ICML, 2023: 30992-31015.
[8] Kwon J, Kwon D, Wright S, et al. On penalty methods for nonconvex bilevel optimization and first-order stochastic approximation[J]. arXiv preprint 
arXiv:2309.01753, 2023.
[9] Lu S. SLM: A Smoothed First-Order Lagrangian Method for Structured Constrained Nonconvex Optimization. Advances in NeurIPS, 2023.

BOME [5] ,V-PBGD[6], Prox-F2BA [8],SLM [9]



Existing Algorithms for Nonconvex-PL Bilevel 

Afterwards, our MGBiO [2] method directly solves the nonconvex-PL bilevel optimization  

[2] Huang, Feihu. "On momentum-based gradient methods for bilevel optimization with nonconvex lower-level." arXiv preprint 

arXiv:2303.03944 , 2023.



Existing Algorithms for Nonconvex-PL Bilevel 
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Existing Algorithms for Nonconvex-PL Bilevel 

on variable y is non-convex and satisfies PL condition

Nonconvex- PL 

on y

Approximate



Existing Algorithms for Nonconvex-PL Bilevel 

It requires compute expensive 
Hessian/Jacobian matrices and 
its inverses.
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Optimal Hessian/Jacobian-Free Algorithm 

In our paper [1], we propose an optimal Hessian/Jacobian-Free method (i.e., HJFBiO) to 
directly solve the following nonconvex-PL bilevel optimization:

convex and possibly 

non-smooth, e.g.,

nonconvex on x and y

nonconvex- PL on y

[1] Feihu Huang. Optimal Hessian/Jacobian-Free Nonconvex-PL Bilevel Optimization. ICML, 2024.



Optimal Hessian/Jacobian-Free Algorithm 

Approximate

As our MGBiO [2],  we have 

Equivalent



Optimal Hessian/Jacobian-Free Algorithm 

Under this case, we can use the following iterations to solve the nonconvex-PL bilevel 
problem: 

computational 
complexity



Optimal Hessian/Jacobian-Free Algorithm 

In our paper, thus, we propose two finite-difference estimators and a new projection 
operator to avoid computing expensive Hessian/Jacobian matrices and its projection : 



Optimal Hessian/Jacobian-Free Algorithm 

In our paper, thus, we propose two finite-difference estimators and a new projection 
operator to avoid computing expensive Hessian/Jacobian matrices and its projection : 



Optimal Hessian/Jacobian-Free Algorithm 

Then our HJFBiO method use the following iterations: 

computational 
complexity



Optimal Hessian/Jacobian-Free Algorithm 
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Convergence Analysis



Convergence Analysis

[10] Carmon, Y., Duchi, J. C., Hinder, O., and Sidford, A. Lower bounds for finding stationary points i. Mathematical Programming, 
184(1-2):71–120, 2020

Lipschitz gradient + Lipschitz HessianLipschitz gradient

Lower bound gradient (query) 

complexity
Lower bound gradient (query) 

complexity

finding

requiringrequiring



Convergence Analysis

Only uses full first-order information, and only assume the upper-level 

objective  function             has Lipschitz gradient.    
Optimal 
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Experimental Results

1) Bilevel Polyak-Łojasiewicz Game
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Experimental Results

2) Hyper-Representation Learning
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Conclusions

1) We proposed an optimal Hessian/Jacobian-Free method for nonconvex-PL Bilevel 
optimization. 

2) We proved our HJFBiO method obtain an optimal gradient complexity for finding 
stationary solutions of nonconvex-PL Bilevel optimization. 
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