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PDEs Are Important
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Heat Flow Diffusion

Heat/Diffusion Equation: 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ∇2𝑢𝑢

Finance
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PDEs Are Important
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Navier–Stokes Equation: 𝜌𝜌 D𝑢𝑢
D𝑡𝑡

== −∇𝑝𝑝 + ∇ ⋅ 𝜇𝜇 ∇𝑢𝑢 + ∇ 𝑢𝑢 𝑇𝑇 − 2
3
∇ ⋅ 𝑢𝑢 𝐼⃡𝐼 + ∇ 𝜁𝜁 ∇ ⋅ 𝑢𝑢 + 𝜌𝜌𝑓𝑓

Aerodynamics Weather Forecasting Blood Flow Modeling
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PDEs Are Important
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Schrödinger’s Equation: 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑖𝑖 ∇2𝑢𝑢 − 𝑉𝑉 𝑥𝑥 𝑢𝑢

Quantum Matter Quantum Computation Quantum Field Theory
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PDEs Can Be Challenging
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Finite Difference Finite Element

Finite Volume Spectral Method

Conventional Methods Challenges

High Dimension

Irregular Boundary Multiscale

Non-Linear
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Neural Network Offers New Possibilities
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𝑥𝑥

𝜃𝜃2

𝑢𝑢𝜃𝜃 𝑥𝑥

𝜃𝜃1

𝜃𝜃3

Automatic differentiation: efficient evaluation of ∇, ∇2, etc.

No discretization: continuous solution 𝑢𝑢𝜃𝜃 𝑥𝑥  

Efficient representation: universal approximation theorem 
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Physics-Informed Neural Network (PINN)
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Solve ℒ𝑢𝑢 = 0 inside interior

under ℬ𝑢𝑢 = 0 on the boundary

Minimize

𝐿𝐿 = 𝐿𝐿interior + 𝐿𝐿boundary
 

 = � ℒ𝑢𝑢 2 + � ℬ𝑢𝑢 2
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Quantum Dynamics
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Neural Operators
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• Data driven
• Reverse engineer/learn PDE operator from data
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Initial Value Problem: Global-In-Time vs Local-In-Time
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Solve 𝑢𝑢𝜃𝜃 𝑥𝑥, 𝑡𝑡  for all 𝑥𝑥 ∈ 𝒳𝒳 ⊆ ℝ𝑑𝑑 and 𝑡𝑡 ∈ 𝒯𝒯 ⊆ ℝ

Minimize:
𝐿𝐿 = 𝐿𝐿interier + 𝐿𝐿initial

• 𝐿𝐿interier = ∫ ℒ𝑢𝑢𝜃𝜃 𝑥𝑥, 𝑡𝑡 − 𝜕𝜕𝑢𝑢𝜃𝜃 𝑥𝑥,𝑡𝑡
𝜕𝜕𝜕𝜕

2
d𝑥𝑥d𝑡𝑡

• 𝐿𝐿initial = ∫ 𝑢𝑢𝜃𝜃 𝑥𝑥, 0 − 𝑢𝑢0 𝑥𝑥
2d𝑥𝑥

Setup
Solve 𝜕𝜕𝜕𝜕 𝑥𝑥,𝑡𝑡

𝜕𝜕𝜕𝜕
= ℒ𝑢𝑢 𝑥𝑥, 𝑡𝑡  with 𝑢𝑢 𝑥𝑥, 0 = 𝑢𝑢0 𝑥𝑥

Global-in-time:

Local-in-time:

Evolve 𝑢𝑢𝜃𝜃𝑡𝑡 𝑥𝑥  time-step by time-step

Pro:
• Solution for all 𝑡𝑡 simutanuously
• Similar to traditional machine learning objective
Con:
• Limited representation for both 𝑥𝑥 and 𝑡𝑡
• Difficulty in optimization

In each time step:
• Solve for 𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡  based on 𝑢𝑢𝜃𝜃𝑡𝑡

Pro:
• Efficient representation at each 𝑡𝑡
• Application of high-order time integrators
Con:
• Solution only at discrete time steps
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Neural Network Manifold
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Neural network parameterizes a manifold in the function space 𝒰𝒰 ⊂  {𝑢𝑢:ℝ𝑑𝑑 → ℝ}

Parameter space: Θ ⊂ ℝ𝑝𝑝 Neural network manifold: ℳΘ ⊂ 𝒰𝒰

𝑢𝑢𝜃𝜃: Θ ℳΘ→

𝜃𝜃0

𝜃𝜃𝑇𝑇
𝑢𝑢𝜃𝜃0

𝑢𝑢𝜃𝜃𝑡𝑡

𝑥𝑥

𝜃𝜃

𝑢𝑢𝜃𝜃 𝑥𝑥
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Time-Dependent Variational Principle (TDVP)
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For each time step:

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

𝑇𝑇𝑢𝑢𝜃𝜃𝑡𝑡ℳΘ

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

ℒ𝑢𝑢𝜃𝜃𝑡𝑡

ℒ𝑢𝑢𝜃𝜃𝑡𝑡

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

𝑇𝑇𝑢𝑢𝜃𝜃𝑡𝑡ℳΘ

ℒ𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡

(a) (b)

(c) (d)

Also called neural Galerkin method
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ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡 + Δ𝑡𝑡𝑡𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡 + Δ𝑡𝑡𝑡𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

ℳΘ

𝑢𝑢𝜃𝜃𝑡𝑡

ℒ𝑢𝑢𝜃𝜃𝑡𝑡

(a) (b)

(c) (d)

Optimization-Based Time Integration (OBTI)
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For each time step:
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Limitations of TDVP and OBTI
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𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡
𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡
𝑢𝑢𝜃𝜃𝑡𝑡

TDVP

OBTI

Limitations:
• Least square problem usually ill-conditioned/indeterminant
• Regularization affect solution
• Not reparameterization invariant under nonzero Δ𝑡𝑡

How can we resolve the limitations?

Limitations:
• Optimization is difficult
• No efficient higher-order time integration schemes
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Our Method: Time-Evolving Natural Gradient (TENG)
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𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡 + Δ𝑡𝑡𝑡𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡

Tangent space 
approximation

Observation:

𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡
𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃𝑡𝑡 + Δ𝑡𝑡𝑡𝑢𝑢𝜃𝜃𝑡𝑡

TDVP gives the tangent space approximation of the (perfect) OBTI solution

Integrate and generalize TDVP and OBTI! 
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Our Method: Time-Evolving Natural Gradient (TENG)
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TENG generalizes TDVP and OBTI, and resolves the limitations
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Our Method: Time-Evolving Natural Gradient (TENG)
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TENG solves                                                     via a multi-step tangent space approximation at each time step    

𝑢𝑢𝜃𝜃1′
𝑢𝑢𝜃𝜃𝑡𝑡 𝑢𝑢𝜃𝜃1′

𝑢𝑢𝜃𝜃2′

𝑢𝑢𝜃𝜃2′𝑢𝑢𝜃𝜃3′ 𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡
𝑢𝑢𝜃𝜃𝑡𝑡

Iteration 1 Iteration 2

Iteration 3 Solution
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Our Method: Time-Evolving Natural Gradient (TENG)
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TENG solves                                                     via a multi-step tangent space approximation at each time step    

𝑢𝑢𝜃𝜃1′
𝑢𝑢𝜃𝜃𝑡𝑡

𝑢𝑢𝜃𝜃1′
𝑢𝑢𝜃𝜃2′

𝑢𝑢𝜃𝜃2′𝑢𝑢𝜃𝜃3′ 𝑢𝑢𝜃𝜃𝑡𝑡+Δ𝑡𝑡
𝑢𝑢𝜃𝜃𝑡𝑡

Iteration 1 Iteration 2

Iteration 3 Solution

≔
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Further Enhancing the Efficiency
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=

Cost of solving the least square solution is
𝐶𝐶 ∼ 𝑁𝑁𝑠𝑠𝑁𝑁𝑝𝑝2

…… and it can be low-rank/ill-conditioned

Sparse update!
Randomly subsample parameters for each least square

 

First proposed under the context of TDVP 
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First-Order Euler Time-Integration Schemes
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Second-Order Time-Integration Schemes
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Connection to Natural Gradient
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Hilbert natural gradient formulation:

Hilbert gram matrix

Mathematical equivalent to least squares, but numerically less stable
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Error Bound
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Theoretical Results
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Properties
• TENG is reparameterization invariant
• TENG allows fast convergence at each time step
• TENG is not affected by the ill-conditionedness of least square problems

Complexity analysis
• TENG: 𝐶𝐶lstsq𝑁𝑁it𝑇𝑇/Δ𝑡𝑡        (both 𝐶𝐶lstsq and 𝑁𝑁it can be made small)
• TDVP: 𝐶𝐶lstsq′ 𝑇𝑇/Δ𝑡𝑡              (large 𝐶𝐶lstsq′  necessary for accurate solution)
• OBTI: 𝑁𝑁it′ 𝑇𝑇/Δ                      (large 𝑁𝑁it′  necessary for accurate solution)
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Experiments: Setup and Baseline
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2D and 3D Heat Equation:
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
1

10
∇2𝑢𝑢

2D Allen-Cahn Equation:
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
1

200
∇2𝑢𝑢 + 𝑢𝑢 − 𝑢𝑢3

2D Burgers’ Equation:
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
1

100
∇2𝑢𝑢 − 𝑢𝑢

𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥1

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥2

Reference ground truth:
• Spectral method

Baselines:
• TDVP

 Sparse update
 RK4 solver

• OBTI
 Adam/LBFGS solver

• PINN
 Adam/ENGD/BFGS solver
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Experiments: Overall Results
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TENG-Euler is better than most algorithms
TENG-Heun achieves the best results in all cases

Relative 𝐿𝐿2-error:
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Experiments: Overall Results
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TENG-Euler is better than most algorithms
TENG-Heun achieves the best results in all cases

Global relative 𝐿𝐿2-error:
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Experiments: Heat Equation
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TENG achieves the best results in all cases

Ours
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Experiments: Burgers’ Equation
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TENG achieves the best results in all cases

Ours
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Experiments: Loss
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Loss close to machine precision
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Experiments: More Challenging Examples
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TENG remains the best algorithm even at challenging examples
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Summary and Outlook

Summary
• We introduce TENG, generalizing TDVP and OBTI
• TENG is a highly accurate and efficient PDE solver
• TENG encompass TENG-Euler and higher-order TENG-Heun, significantly outperforms existing 

state-of-the-art methods 
• TENG achieves loss close to machine precision

Outlook
• Generalize to vector-valued PDE, higher dimensions, and challenging boundary conditions
• Extend TENG to nonlinear and multiscale physics PDEs in other domains
• Integrate TENG with cutting-edge machine learning architectures
• Optimize TENG’s performance for large-scale computational tasks
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