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[Dai et al., 2021]

 More broadly:  
 VAE global minima generalize many classical linear methods.
 Useful for feature learning, interpretability, solving underdetermined 

inverse problems …

 These VAE capabilities can be formalized through the notion of 
optimal sparse representations.

 Simple representative example:

With linear decoder, VAE minima learn PCA dimensions. 
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 Under broad conditions, VAE global minima provably satisfy 
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 Open question:  What about bad VAE local minima?
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 Analogous AE for multiple sparse regression:
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* *
0) diag         iii    x zw W X U

0)             unique optimal sparse representation      i U

) No analogous AE can satisfy equivalent recovery resultiv

bad local and/or global minima cannot be ruled out

How is this possible? Marginalization over VAE latent space 
introduces selective smoothing effect
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Empirical Examples
0 0Goal:  Recover ground-truth   from observations  U X ΦU
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Neuromagnetic inverse modeling

  00,1 ,    has unit-norm nonzero rows NΦ U

same global 
minimum

  00,1 ,    has scaled nonzero rows NΦ U

same global 
minimum

leadfield matrix,   highly correlated columns Φ

same global 
minimum

poor approx to theory close approx to theory



Summary
 Prior work has shown that the VAE global minima can 

provably recover low-dimensional structure in data.

 But previously no strict guarantees (outside of cases that 
reduce to PCA) regarding bad local minima.

 We demonstrate a challenging regime whereby all VAE 
local minima produce optimal sparse representations.

 Made possible by VAE marginalization.

 Practical relevance:
 Helps to explain the effectiveness of VAEs in modeling low-

dimensional structure in data.
 Motivates diverse VAE use cases beyond generating samples.
 Theory makes accurate predictions regarding empirical VAE behavior 

in broader regimes of interest, e.g., more complex decoders.
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