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Introduction: optimal transport problem (OT)
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OT(µ0, µj) := inf
γ∈Γ(µ0,µj )

∫
Ω2

∥x0 − x j∥2dγ(x , y)

where Ω ⊂ Rd , µ0, µj ∈ P(Ω), Γ(µ0, µj) := {γ ∈ P(Ω2) : γ0 = µ0, γ1 = µj}.
Statistics: hypothesis test, statistical inference

Machine learning: GAN, VAE, transfer learning

Limitation: Requires equal total amount of mass between the two
measures.
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Introduction: optimal partial transport (OPT)
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OPTλ(µ
0, µj) := inf

γ∈Γ≤(µ0,µj )

∫
Ω2

∥x0 − x j∥dγ(x0, x j)

+λ(|µ0 − γ0|TV + |µj − γ1|TV ),

where µ0, µj ∈ M+(Ω), Γ≤(µ
0, µj) := {γ ∈ M+(Ω

2) : γ0 ≤ µ0, γ1 ≤ µj},
and λ ≥ 0.

Benefits: Partial matching and comparison of measures with unequal
mass.
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Our work: LOPT embedding

Based on the above formulation, we define

µj 7→ (uj , µ̄j , ν j) := (T − id, γ0, µ
j − γ1).

where v0, γ0, ν
j are defined as in the last proposition.

Linear OPT discrepancy:

LOPTµ0,λ = ∥ui − uj∥2µ̄i∧µ̄j ,2λ + λ(|µ̄i − µ̄j |+ |ν i − ν j |)

≈ OPTλ(µ
i , µj)

where

∥ui − uj∥2µ̄∧ν̄,2λ :=

∫
Ω2

∥ui − uj∥2 ∧ 2λd(µ̄i ∧ ν̄ j)

When µi = µ0, we proved that LOPT can recover OPT distance, i.e.

LOPTµ0,λ(µ
0, µj) = OPTλ(µ

0, µj).
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Application: Point cloud interpolation

Given two point clouds (e.g.,
digits 0 and 9) from MNIST,
which are corrupted with
uniformly distributed noise,
how to find a reasonable
interpolation between them?
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PCA analysis

Given 900 digits from MNIST
dataset corresponding to
digits 0, 1, 3 in equal
proportions. Each digit is a
weighted point set with
added η ∗ 100 percentage of
uniformly distributed noise.
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Thank you
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