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 Clustering with Outliers

 Problem Background
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Input: a 𝑘-center instance (𝑃, 𝑘), number of outliers 𝑧

Output: a set 𝐶 ⊆ 𝑃 of at most 𝑘 points with minimum clustering cost          

(max 𝑑 𝑝, 𝐶 , 𝑠. 𝑡. |𝑃′| ≥ 𝑛 − 𝑧
𝑝∈𝑃′

)

 𝑘-center with outlier

 Problem definition

An instance for the 𝑘-center with outliers problem with 𝑛 = 8, 𝑧 = 2, 𝑘 = 2
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 Distributed clustering: in this setting, the dataset 𝑃 is split among 𝑚
machines, and 𝑃𝑖 is the set of data points stored on machine 𝑖

 Communication cost: communications can only happen between the 

coordinator and the 𝑚 machines. The communication is measured in the 

total number of words sent by machines and the coordinator 

 Output: a set 𝐶 of 𝑘 centers, a bound 𝐿 on maximum radius

 Problem definition

𝑃

𝑃𝑖
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 Distributed Algorithms 

 Related works

Method Rounds Approximation Ratio Communication Cost

Local Time

(Local computation time)

(Coordinator time)

Reference

Greedy 2 13(1 + 𝜖) 𝑂(𝑚 𝑘 + 𝑧 𝑙𝑜𝑔Δ)
𝑂 𝑛𝑖𝑘𝑙𝑜𝑔Δ

𝑂( 𝑘 + 𝑧 2𝑙𝑜𝑔Δ)
NeurIPS 2015

Convex Hull 2 (𝑂 1 , 2 + 𝜖) 𝑂
𝑚

𝜖
+𝑚𝑘 𝑙𝑜𝑔Δ

෨𝑂 𝑛𝑖
2

෨𝑂 𝑚𝑘 +
𝑚

𝜖

2
SPAA 2017

Aggregating 4 (24 1 + 𝜖 , 1 + 𝜖) 𝑂
𝑚𝑘

𝜖

𝑙𝑜𝑔Δ

𝜖

෨𝑂 𝑛𝑖
2

෨𝑂
𝑚𝑘

𝜖

2
NeurIPS 2018

Space-narrowing 

Sampling
2 (14 1 + 𝜖 , 1 + 𝜖) 𝑂

𝑚𝑘𝑙𝑜𝑔𝑚

𝜖

𝑙𝑜𝑔Δ

𝜖

𝑛𝑖𝑘𝑙𝑜𝑔𝑚

𝜖

𝑙𝑜𝑔Δ

𝜖

෨𝑂
𝑚𝑘

𝜖

2 Ours

Inliers-Recalling 

Sampling
4

(14 1 + 𝜖 , 1 + 𝜖)
𝑂

𝑚3𝑘𝑙𝑜𝑔(𝑚𝑘)

𝜖2

𝑂
𝑛𝑖𝑚

3𝑘𝑙𝑜𝑔 𝑚𝑘

𝜖2

෨𝑂
𝑚3𝑘

𝜖2

2 Ours
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 General Sampling Idea

 Space-Narrowing Sampling

Sampling Covering

𝑅 = 2𝐿



自 强 不 息  厚 德 载 物 T s i n g h u a  U n i v e r s i t y  o f  C h i n a自 强 不 息  厚 德 载 物 C e n t r a l  S o u t h  U n i v e r s i t y

 General Sampling Idea

 Space-Narrowing Sampling

Sampling

Covering

𝑅 = 2𝐿
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 Our strategy

 Space-Narrowing Sampling

Single machine algorithm:
1. Check the remaining uncovered data size and gradually increase the sample size

2. Perform sampling and data removal

It can be guaranteed that

1. With constant probability, the number of  uncovered inliers is at most 𝜖𝑧

2. Each machine can find a 2-approximate solution with 𝑂(𝑘) centers opened

3. The communication cost can be bounded by 𝑂(
𝑚𝑘

𝜖

𝑙𝑜𝑔Δ

𝜖
)
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 Key Strategy: Avoid guessing an optimal radius 𝑂𝑝𝑡 on each machine

 Inliers-Recalling Sampling

Obtain a 2-approximation solution on each machine with 1 + 𝜖 𝑧 outliers discarded

𝑅 = 2𝑂𝑝𝑡

Uncovered Optimal Clusters:

1. 𝐶𝑖
∗ ≥

𝜖𝑧

2𝑘𝑚
(large uncovered clusters), which 

takes at least a fraction of 
𝜖

1+𝜖 2𝑘𝑚
. In this case, 

sampling works for sample size 
1+𝜖 2𝑘𝑚

𝜖
𝑙𝑜𝑔

1

𝜂

2. 𝐶𝑖
∗ <

𝜖𝑧

2𝑘𝑚
 (small uncovered clusters), can be discarded as 

outliers

Sampling
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 Key Strategy: Avoid guessing an optimal radius 𝑂𝑝𝑡 on each machine

 Inliers-Recalling Sampling

Problem: We only have obtained the sampled centers, but we do not know the uncovered small clusters and outliers

𝑅 = 2𝑂𝑝𝑡

Sampling
Strategy: Iteratively guessing the nearest 

𝜖𝑧

2𝑚
 

data points in the discarded 1 + 𝜖 𝑧 data 
points as inliers. 

We can find most inliers with distances smaller 
than 2𝑂𝑝𝑡 to the sampled centers.
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 Key Strategy: Avoid guessing an optimal radius 𝑂𝑝𝑡 on each machine

 Inliers-Recalling Sampling

Problem: We only have obtained the sampling centers, but we do not know the uncovered small clusters and outliers

𝑅 = 2𝑂𝑝𝑡

Sampling
We can now obtain 𝑂

𝑚

𝜖
 candidate radius for 

each machine and finally we only need to try all 
the radius.
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