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• Optimal transport theory has made popular news’ headlines for over a decade.

• Our focus today: foundations & computations relevant for ML (high-d, GPU, NN). 
• We won’t be able to cover everything, this is an invitation to read on & experiment with OT. 
• This is WIP, we cite many refs but forgot many: please do reach out if we missed yours!

Disclaimers: We cannot cover everything OT is about!

Villani Figalli Caffarelli

2



Outline of the Tutorial
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Modeling Measure Dynamics with Optimal Transport Part 3

Part 2 Duality, Monge Formulations and Brenier Theorems

Part 1 Kantorovich Formulation of OT and Computations

Prelude Warm-Up: Starting with Optimal Matchings  
• OT problems as extensions / generalizations of CS.101 optimal matchings







A Puzzle
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The Puzzle is: Who Went Were?
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For Now, Assume Particles Moved Along Straight Lines
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How many possible trajectories?



For Now, Assume Particles Moved Along Straight Lines

7

How many possible trajectories?

There are 6! = 6 x 5 x 4 x 3 x 2 = 720 permutations



Optimal Transport v.0.0, a.k.a. Linear Assignment Problem
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Goal: Find most “natural” explanation
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KönigEgerváry Kuhn



9

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZqgkereuE7+WcxkC8dTwTQ6atjA="></latexit>x6

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

Optimal Transport v.0.0, a.k.a. Linear Assignment Problem

To get the best permutation , run Hungarian algorithm (or variants)(6,4,5,3,2,1)

KönigEgerváry Kuhn



10

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZqgkereuE7+WcxkC8dTwTQ6atjA="></latexit>x6

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

KönigEgerváry Kuhn

Optimal Transport v.0.0, a.k.a. Linear Assignment Problem

Sum of these lengths = {Wasserstein, OT, Fréchet, Kantorovich, EMD} distance between 
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Linear Assignments Are Useful

[Schiebinger+19]

o

[Carion+20]

https://www.cell.com/cell/pdf/S0092-8674(19)30039-X.pdf
https://ai.meta.com/blog/end-to-end-object-detection-with-transformers/
https://www.cs.toronto.edu/~zemel/documents/tpms.pdf


[Colab2]

• Bad scaling, typically  complexity for  points 
• Optimal matchings are unstable, and hard to parallelize efficiently on GPU

O(n3) n [Colab1]

Unforuntately, optimal matchings (OM) are not convenient tools for ML:

Computing optimal matchings runs into multiple issues:
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Optimal Matchings Raise More Questions than Answers

• What if the numbers of x and y points differ, ? weighted points? 
• What if there is no obvious cost function? e.g. x and y points are in ≠ spaces? 
• What if we need ways to generalize, and move new out-of-sample points? 
• What if we want stochasticity? From straight-lines to random stochastic paths?

n ≠ m

Even more problematically, OM are brittle, rigid, and lack generalization:
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<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

<latexit sha1_base64="xo0So6iHc1klGxDWhZQVnqcb9Pg="></latexit>

x 2 X
<latexit sha1_base64="VFcD857VhoutuqcbjOpzVXOlYGA="></latexit>

y 2 Y

<latexit sha1_base64="kKnTpAyMi4wS5EIAKq5X/4E40ps="></latexit>

c(x,y)?

14



<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

Optimal Matchings Raise More Questions than Answers

• What if the numbers of x and y points differ, ? weighted points? 
• What if there is no obvious cost function? e.g. x and y points are in ≠ spaces? 
• What if we need ways to generalize, and move new out-of-sample points? 
• What if we want stochasticity? From straight-lines to random stochastic paths?

n ≠ m

Even more problematically, they are brittle, rigid, and lack generalization:

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZqgkereuE7+WcxkC8dTwTQ6atjA="></latexit>x6 y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

<latexit sha1_base64="pabrcfkJCslUnRF7btBt8MUpesQ="></latexit>xnew
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<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

Optimal Matchings Raise More Questions than Answers

• What if the numbers of x and y points differ, ? weighted points? 
• What if there is no obvious cost function? e.g. x and y points are in ≠ spaces? 
• What if we need ways to generalize, and move new out-of-sample points? 
• What if we want stochasticity? From straight-lines to random stochastic paths?

n ≠ m

Even more problematically, they are brittle, rigid, and lack generalization:
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<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>
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x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZqgkereuE7+WcxkC8dTwTQ6atjA="></latexit>x6 y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6

<latexit sha1_base64="pabrcfkJCslUnRF7btBt8MUpesQ="></latexit>xnew ?
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Optimal Matchings Raise More Questions than Answers

• What if the numbers of x and y points differ, ? weighted points? 
• What if there is no obvious cost function? e.g. x and y points are in ≠ spaces? 
• What if we need ways to generalize, and move new out-of-sample points? 
• What if we want stochasticity? From straight-lines to random stochastic paths?

n ≠ m

Even more problematically, they are brittle, rigid, and lack generalization:

<latexit sha1_base64="ga0pHD6SNihhOyYF02eoV+Fda2A="></latexit>µ
<latexit sha1_base64="0u5DntJDtCAQtGwEK3HKHYU4N5Q="></latexit>⌫

<latexit sha1_base64="dsK0quo13FSbiG+HnNdag/V+dVk="></latexit>

⌫̂n = 1
n

Pn
j=1 �yj

<latexit sha1_base64="JduFDM+lWu0/+anlhMmuzQNxrVE="></latexit>

µ̂n = 1
n

Pn
i=1 �xi16



Optimal Matchings Raise More Questions than Answers

• What if the numbers of x and y points differ, ? weighted points? 
• What if there is no obvious cost function? e.g. x and y points are in ≠ spaces? 
• What if we need ways to generalize, and move new out-of-sample points? 
• What if we need stochasticity? From straight-lines to stochastic processes?

n ≠ m

Even more problematically, they are brittle, rigid, and lack generalization:

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZqgkereuE7+WcxkC8dTwTQ6atjA="></latexit>x6 y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

<latexit sha1_base64="01lR6xzMpyxCqC9CgKYpgiGslS8="></latexit>y6
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Landscape / Jargon of Optimal Transport Problems

P ?

<latexit sha1_base64="wjLnKy2ZJShNCjIzcfW3s4ZQbBM="></latexit>

�?

<latexit sha1_base64="fDKuxzh7JKeCktwvkNgOOoIcwes="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

�

<latexit sha1_base64="+IgjzpE05PQ9/opsVIe0Dtowrrc="></latexit>

b4�y4

<latexit sha1_base64="Reo0ge8wGmc7jUayyIWTFptvNhQ="></latexit>

a1�x1

<latexit sha1_base64="2b0wnOwOeiz094ODNHgQ2sBZIAM="></latexit>

a2�x2

<latexit sha1_base64="FpxY2euY8zCbAQZ0NY/sWeDoxYI="> </latexit>

a3�x3

<latexit sha1_base64="Yf5Yi6GOq3MrpFD7ETrL3py8Bp0="></latexit>

a4�x4

<latexit sha1_base64="EmkEOg6YGuk+BESkXlvsz6pc5D4="></latexit>

a5�x5

<latexit sha1_base64="f3npxi9WXqrzP0tIjKu/iS0QgFE="></latexit>

a6�x6

<latexit sha1_base64="s33MtQHFTWytg2TQeS9aC5QnpAs="></latexit>

b1�y1

<latexit sha1_base64="MmNCHiGd6yz5cnpX9nhdwGtDZPs="></latexit>

b2�y2

<latexit sha1_base64="6gxJ1D581hatEPniLt0Y/IWeoBE="></latexit>

b3�y3

<latexit sha1_base64="Sv6D8v49d9yDCYH57SkE3DjNl+Y="> </latexit>

T ?(x)

<latexit sha1_base64="dNb3eCoWsvFv4njvlHW94f+lciU="></latexit>

x

<latexit sha1_base64="n3Gu5AmIMO8Hcuwlzq6ozGKIazg="></latexit>

µ

<latexit sha1_base64="4vHlmYfdqiUxK1vSkrOZpjTtjbE="> </latexit>

⌫

<latexit sha1_base64="raBuFbDkb4yVPrWq9IGOtqoyz3E="></latexit>

T ?
]µ = ⌫

<latexit sha1_base64="zdqG5mfE2HE9T7WfkI78Pagn9DU="></latexit>

• LAP, Kantorovich (Rubinstein), duality and potential. 
• Optimal coupling, transport plans, EMD, Wasserstein

<latexit sha1_base64="ga0pHD6SNihhOyYF02eoV+Fda2A="></latexit>µ
<latexit sha1_base64="0u5DntJDtCAQtGwEK3HKHYU4N5Q="></latexit>⌫

• Monge Problem, Brenier & Gangbo-McCann theorems 
• Monge-Ampère PDE, Benamou-Brenier, JKO 
• Schrödinger bridge, stochastic control

• QAP, Gromov-Wasserstein (GW) distance 
• Fused GW, graph isomorphism problems

18



Outline of the Tutorial

19

Modeling Measure Dynamics with Optimal Transport 

Part 1

Part 2

Part 3

Duality, Monge Formulations and Brenier Theorems

Kantorovich Formulation of OT and Computations 

• Optimizing over space of coupling matrices, linear programs 
• Regularized OT, entropic and rank constrained, unbalanced, quadratic 
• Differentiability of OT plans

Prelude Warm-Up: Starting with Optimal Matchings 



Optimal Transport between Two Empirical Measures

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

20

<latexit sha1_base64="2mgLJCr51bIpBsmoSJJXieqQXXA="></latexit>

(⌦, c)

Part 1



m factories 
need those 
resources

n mines 
capture

resources

Kantorovich Formulation of Optimal Transport

21

Kantorovich KoopmansDantzigHitchcock

Part 1



m factories 
need those 
resources

Each of the n mines must dispatch its production

n mines 
capture

resources

Kantorovich Formulation of Optimal Transport

21

Kantorovich KoopmansDantzigHitchcock

Part 1



m factories 
need those 
resources

Each of the m factories must get resource it needs

n mines 
capture

resources

Kantorovich Formulation of Optimal Transport

21

Kantorovich KoopmansDantzigHitchcock

Part 1



Optimal Transport computes the least-costly transport matrix

m factories 
need that 
resource

n mines 
capture

resources

OT on Two Empirical Measures

22



OT on Two Empirical Measures: Matrices

23

/////

Couplings 
<latexit sha1_base64="X6OvFdP4fTz7Jcz2xZAbJII7cM0="></latexit>

P
<latexit sha1_base64="uYwz9r6rKBM+QzQQEMaWA4TXP+Q="></latexit>

MXY
def
= [c(xi,yj)]ijCost matrix 
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P
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MXY
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OT on Two Empirical Measures: Matrices

23

/////

1 1
2

3

456

2 3
4 5
6

7Couplings 
<latexit sha1_base64="X6OvFdP4fTz7Jcz2xZAbJII7cM0="></latexit>

P
<latexit sha1_base64="uYwz9r6rKBM+QzQQEMaWA4TXP+Q="></latexit>

MXY
def
= [c(xi,yj)]ijCost matrix 



OT on Two Empirical Measures: Matrices

23

/////

1 1
2

3

456

2 3
4 5
6

7Couplings 
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P

<latexit sha1_base64="/toS1+o8YMv28ejqz5AIgwi/9z0="></latexit>a

<latexit sha1_base64="uYwz9r6rKBM+QzQQEMaWA4TXP+Q="></latexit>
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MXY
def
= [c(xi,yj)]ij

U(a, b)
def
= {P 2 Rn⇥m

+ |P1m = a,P T1n = b}

Cost matrix 

1
2
3
4
5
6
7

1 2 3 4 5 6

1
2
3
4
5
6
7

1 2 3 4 5 6



OT on Two Empirical Measures: Matrices

23

/////

1 1
2

3

456

2 3
4 5
6

7Couplings 
<latexit sha1_base64="X6OvFdP4fTz7Jcz2xZAbJII7cM0="></latexit>

P

<latexit sha1_base64="/toS1+o8YMv28ejqz5AIgwi/9z0="></latexit>a

<latexit sha1_base64="7+VpAQwOix/QxbmJQUlp5g+xY0Y="></latexit>

b

<latexit sha1_base64="uYwz9r6rKBM+QzQQEMaWA4TXP+Q="></latexit>

MXY
def
= [c(xi,yj)]ij

U(a, b)
def
= {P 2 Rn⇥m

+ |P1m = a,P T1n = b}

Cost matrix 

1
2
3
4
5
6
7

1 2 3 4 5 6

1
2
3
4
5
6
7

1 2 3 4 5 6



OT on Two Empirical Measures: Matrices

23

/////

1 1
2

3

456

2 3
4 5
6

7Couplings 
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<latexit sha1_base64="TA/YC2K42JN5E5QieHwvhiL8OC0="></latexit>

Wc(µ,⌫) = min
P2U(a,b)

hP ,MXY i



Easy Case: 1D Point Clouds

24

Suppose the mines and factories live in a 1D world.
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Optimal Transport is solved in 1D using sorting:
“Repeat until termination: the leftmost mine transfers 

as much as it can to the leftmost factory still in need of resource.”

Computation: O(n log n + m log m)
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O((n + m)nm log(n + m))
min-cost-flow solver used in practice.
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Wc(µ,⌫) not di↵erentiable.not differentiable
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P�
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P�
def
= argmin

P2U(a,b)
hP ,MXY i+ �Reg(P )

Why regularize? 
• Computational efficiency  
• Statistical regularity 
• Robustness 
• Differentiability 
• Structure
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P�

[Dessein+16] [Blondel+18]

Why regularize? 
• Computational efficiency  
• Statistical regularity 
• Robustness 
• Differentiability 
• Structure
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Solving Entropy Regularized OT

Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�

Sinkhorn’s Algorithm (a.k.a. IPFP, RAS): Initialize      , then repeat

30

u a

KKv
v  b

KKTu

<latexit sha1_base64="aJvEbp4+gDCb7eEaSduOmjIOFRY="></latexit>v

[Deming+40, Wilson62, Sinkhorn64, Erlander92, Galichon+10, Cuturi13]



Solving Entropy Regularized OT

Sinkhorn’s Algorithm, in log domain:

31

�  �
⇣
log b� log KKT (e↵/�)

⌘
↵ �

⇣
loga� log KK(e�/�)

⌘
(u,v)

def
=(e↵/� , e�/�)

Prop. If P�
def
= argmin

P2U(a,b)
hP ,MXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that

P� = diag(u)KKdiag(v), KK
def
= e�MXY /�



Unbalanced Generalizations for OT
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min
P2Rn⇥m

+

hP ,MXY i+ ⇢aKL(P1mka) + ⇢bKL(P T1nkb)
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<latexit sha1_base64="FHrnN6Iif6oUwZsUGXz3Z6svfMQ="></latexit>

Def. Optimal Transport Problem

min
P2U(a,b)

hP ,MXY i [Frogner+15, Chizat+16]
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v =
�
b/KKTu

� ⇢b

⇢b+�

Still a Sinkhorn-esque Algorithm!
<latexit sha1_base64="2WsEOl0/n9NW/bwrPvl22U9c1hs="></latexit>

u = (a/KKv)
⇢a

⇢a+�

W�(µ,⌫)
def
= min

P2U(a,b)
hP ,MXY i � �E(P )
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Semi-Balanced Sinkhorn
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(n,d) · (d,m) · (m, r) · r = O ((n+m)(d+ r))
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O(n+m) if MXY = ABT
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On a Simpler 1D Problem
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The Quadratic (Gromov-Wasserstein) Optimal Tranport Problem

39

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="aaeEhgsbQ8mqrEwGUkmjqLpJWe8="></latexit>

P ? = argmin
P1m=a,PT 1n=b

E(P )

Memoli Sturm

KoopmansBeckman 
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<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i

Memoli Sturm

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2
KoopmansBeckman 



The Quadratic (Gromov-Wasserstein) Optimal Tranport Problem

39

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="cl/A0QbJxniD2WU4XJr0BCpleSI="></latexit>c1
<latexit sha1_base64="Wc3guLYzr054gDNLwKNB+ee/nWM="></latexit>c2

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i

Memoli Sturm

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2
KoopmansBeckman 

Any linear solver can be used



The Quadratic (Gromov-Wasserstein) Optimal Tranport Problem

39

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="cl/A0QbJxniD2WU4XJr0BCpleSI="></latexit>c1
<latexit sha1_base64="Wc3guLYzr054gDNLwKNB+ee/nWM="></latexit>c2

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="XQmCe2fe45uIYq7kVIun+CHPDe8="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i � �E(P )

Memoli Sturm

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2
KoopmansBeckman 

Any linear solver can be used



The Quadratic (Gromov-Wasserstein) Optimal Tranport Problem

39

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="cl/A0QbJxniD2WU4XJr0BCpleSI="></latexit>c1
<latexit sha1_base64="Wc3guLYzr054gDNLwKNB+ee/nWM="></latexit>c2

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="5Nkh0WM31uFZd69PUWHHvGnOmY4="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

rank(P )=r

hrE(Pt),P i

Memoli Sturm

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2
KoopmansBeckman 

Any linear solver can be used
GW

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Hessians.html


Low-Rank and GW are Compatible, yielding Linear Time Algorithm

40

<latexit sha1_base64="BdK0pQYiYVxrHEMuIkJYK0FtQ2Y="> </latexit>

C1 = AAT
<latexit sha1_base64="GfgJsWfa+xbLiCgGXp30BvduPJU="></latexit>

C2 = BBT

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="5Nkh0WM31uFZd69PUWHHvGnOmY4="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

rank(P )=r

hrE(Pt),P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2

[Scetbon+22]



Low-Rank and GW are Compatible, yielding Linear Time Algorithm

40

<latexit sha1_base64="BdK0pQYiYVxrHEMuIkJYK0FtQ2Y="> </latexit>

C1 = AAT
<latexit sha1_base64="GfgJsWfa+xbLiCgGXp30BvduPJU="></latexit>

C2 = BBT

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="5Nkh0WM31uFZd69PUWHHvGnOmY4="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

rank(P )=r

hrE(Pt),P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2

[Scetbon+22]

<latexit sha1_base64="JVVYRdeonDgA9NvPHznw2jQCrI8="></latexit>

QQt+1, gt+1, RRt+1  arg min
QQ2U(a,g),
RR2U(b,g),

g2⌃r

�hC1 QQtD(gt)
�1 RRT

t C2, QQD(1/g)RRT i.

<latexit sha1_base64="FTJvjQKgmFM4WANZbH+wkth/bmQ="></latexit>

Pt
<latexit sha1_base64="btUmXI0bVnneKbxpk/z1GpK2gs4="></latexit>

P



Low-Rank and GW are Compatible, yielding Linear Time Algorithm

40

<latexit sha1_base64="BdK0pQYiYVxrHEMuIkJYK0FtQ2Y="> </latexit>

C1 = AAT
<latexit sha1_base64="GfgJsWfa+xbLiCgGXp30BvduPJU="></latexit>

C2 = BBT

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="5Nkh0WM31uFZd69PUWHHvGnOmY4="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

rank(P )=r

hrE(Pt),P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2

[Scetbon+22]

<latexit sha1_base64="JVVYRdeonDgA9NvPHznw2jQCrI8="></latexit>

QQt+1, gt+1, RRt+1  arg min
QQ2U(a,g),
RR2U(b,g),

g2⌃r

�hC1 QQtD(gt)
�1 RRT

t C2, QQD(1/g)RRT i.

<latexit sha1_base64="FTJvjQKgmFM4WANZbH+wkth/bmQ="></latexit>

Pt
<latexit sha1_base64="btUmXI0bVnneKbxpk/z1GpK2gs4="></latexit>

P



Low-Rank and GW are Compatible, yielding Linear Time Algorithm

40

<latexit sha1_base64="BdK0pQYiYVxrHEMuIkJYK0FtQ2Y="> </latexit>

C1 = AAT
<latexit sha1_base64="GfgJsWfa+xbLiCgGXp30BvduPJU="></latexit>

C2 = BBT

<latexit sha1_base64="Yh6dyHdc0ZpB6MHTv3GMj+kQU9g="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

hrE(Pt),P i
<latexit sha1_base64="5Nkh0WM31uFZd69PUWHHvGnOmY4="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

rank(P )=r

hrE(Pt),P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

<latexit sha1_base64="fcaUw2p97fkmOHHINikZAY4MYu0="></latexit>

rE(P ) / �C1PC2

[Scetbon+22]

<latexit sha1_base64="JVVYRdeonDgA9NvPHznw2jQCrI8="></latexit>

QQt+1, gt+1, RRt+1  arg min
QQ2U(a,g),
RR2U(b,g),

g2⌃r

�hC1 QQtD(gt)
�1 RRT

t C2, QQD(1/g)RRT i.

<latexit sha1_base64="FTJvjQKgmFM4WANZbH+wkth/bmQ="></latexit>

Pt
<latexit sha1_base64="btUmXI0bVnneKbxpk/z1GpK2gs4="></latexit>

P

<latexit sha1_base64="yEVS1Wt4rid8deApl+sOvbdE8Kw="> </latexit>

QQt+1, gt+1, RRt+1  arg min
QQ2U(a,g),
RR2U(b,g),

g2⌃r

�hAAT QQtD(g�1/2
t )D(g�1/2

t )RRT
t B

TB, QQD(1/g)RRT i.
<latexit sha1_base64="s+9CkhCV+hlSA5BpbwyYrgqy1ZY="></latexit>

At
<latexit sha1_base64="lAxkKByrlkMNfCakV/VrbFm11zQ="></latexit>

Bt LRGW

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/GWLRSinkhorn.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html


Fused Gromov-Wasserstein

41

[Vayer+’18]

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="lXHLzPqwmedehX8RpwS1xMNGaCk="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

h�C1PtC2 + ↵ CC3,P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>



Fused Gromov-Wasserstein

41

[Vayer+’18]

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="5Pfe5tjYP+MUx3EqNsIDFkqNFCg="></latexit>

fy5 2 Rd
<latexit sha1_base64="mdSto6A1wqrK/TPPHpYllGOWCZs="> </latexit>

fx4 2 Rd

<latexit sha1_base64="lXHLzPqwmedehX8RpwS1xMNGaCk="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

h�C1PtC2 + ↵ CC3,P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>



Fused Gromov-Wasserstein

41

<latexit sha1_base64="GId5Qt4l2a24rjQXq7aw8IqCITs="></latexit>

+↵
X

i,j

P ij c3(fxi , fyj ) [Vayer+’18]

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="5Pfe5tjYP+MUx3EqNsIDFkqNFCg="></latexit>

fy5 2 Rd
<latexit sha1_base64="mdSto6A1wqrK/TPPHpYllGOWCZs="> </latexit>

fx4 2 Rd

<latexit sha1_base64="lXHLzPqwmedehX8RpwS1xMNGaCk="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

h�C1PtC2 + ↵ CC3,P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>



Fused Gromov-Wasserstein

41

<latexit sha1_base64="GId5Qt4l2a24rjQXq7aw8IqCITs="></latexit>

+↵
X

i,j

P ij c3(fxi , fyj ) [Vayer+’18]

x4

<latexit sha1_base64="OXW9GqP5iIAF3Ktb59z0VWuCvkE="></latexit>

y1

<latexit sha1_base64="5/3/SqfeQueSBoU9VFhsO/6qSHI="></latexit>

y2

<latexit sha1_base64="BAXsXmy1X9cqIyieK2eNdb1OGlU="></latexit>

y4

<latexit sha1_base64="ekoEsD/g9EELaXK+0X/mSQOg7Zg="></latexit>

y5

<latexit sha1_base64="7FZM1h/cnmmWBowH6xRqOsaiK3A="></latexit>

x5

<latexit sha1_base64="OX2FcB5yvoaAD8PXEabh89RdIt4="></latexit>

x3

<latexit sha1_base64="wuOwi13KiguGrk4vhriFF0+eF74="></latexit>

x2

<latexit sha1_base64="1xMNO2Rvs4f6bmO67MZRfrW4S4c="></latexit>

x1

<latexit sha1_base64="2uhqune8uMRG0kv/NFHCb0g7WsI="></latexit>

<latexit sha1_base64="5Pfe5tjYP+MUx3EqNsIDFkqNFCg="></latexit>

fy5 2 Rd
<latexit sha1_base64="mdSto6A1wqrK/TPPHpYllGOWCZs="> </latexit>

fx4 2 Rd

<latexit sha1_base64="lXHLzPqwmedehX8RpwS1xMNGaCk="></latexit>

Pt+1  argmin
P1m=a,PT 1n=b

h�C1PtC2 + ↵ CC3,P i

<latexit sha1_base64="ZgdhN1sW11/t9yv6n1xpPXBxRIE="></latexit>

E(P ) :=
X

i,i0,j,j0

P ijP i0j0(c1(xi,xi0)�c2(yj ,yj0))2

FGW… also compatible with 
LR formulation

y3

<latexit sha1_base64="8sGRWJBe0h4O+UahDIu05UMswg4="></latexit>

https://moscot.readthedocs.io/en/latest/notebooks/tutorials/500_spatiotemporal.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html


Problem \ Solver Linear Program Entropic Regularization Low-Rank Constraint

Linear OT Problem N < 10k, unstable, no GPU linear / quadratic (N~100k)
Convex (Sinkhorn), GPU

linear (N ~ 500k) 
not cvx, GPU friendly 

2021~

Fused-GW Problem unstable
quadratic / cubic (N~20k) 

not cvx, GPU. 
2016~

linear (N ~ 500k) 
not cvx, GPU 

2022

Unbalanced Linear OT Partial OT formulations
linear / quadratic (N~100k)

cvx (Sinkhorn), GPU 
2015~ linear(N ~ 500k) 

not cvx, GPU 
2023

Unbalanced Fused-GW NA
quadratic / cubic (N < 10k) 

not cvx, GPU 
2022~

Rough Picture of What is Doable and What is Not [REDO with REFS]
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<latexit sha1_base64="sP5Td1+GyNkL4gJc+cxS4gI0IDo="></latexit>

�"E(P )
<latexit sha1_base64="TNkpW7F/GeIeakvCM8z0VfmlpaE="></latexit>

rank(P ) = r



MXY

U(a, b)

P ?

Differentiating the OT Objective Function

0

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>

43

Computing                can be usually handled with the Envelope (Danskin) theorem,
where       can stand for any parameter defining the problem.

Computing r⌅W is easy.

<latexit sha1_base64="jDKtNuhRSnMNoMV1ndPkR7yX2Tg="></latexit>

here ⌅ can be anything,

<latexit sha1_base64="S3760+hWkXNoudytrasar0MqUi0="></latexit>



U(a, b)

P ?

Differentiating the OT Objective Function

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>

43

Computing                can be usually handled with the Envelope (Danskin) theorem,
where       can stand for any parameter defining the problem.

Computing r⌅W is easy.

<latexit sha1_base64="jDKtNuhRSnMNoMV1ndPkR7yX2Tg="></latexit>

here ⌅ can be anything,

<latexit sha1_base64="S3760+hWkXNoudytrasar0MqUi0="></latexit>



U(a, b)

P ?

Differentiating the OT Objective Function

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

0

hP ?(a,X + �X, b,Y ),MX+�XY i

<latexit sha1_base64="TNxv7V/sBk9dWW3SL1W96aZEDyQ="></latexit>

hP ?(a,X, b,Y ),MXY i

<latexit sha1_base64="hN1dGZcB4Q5R7/zGIie2g+pahSk="></latexit>

<latexit sha1_base64="RqUeJ1vxiWejXWlo/LbHMA27t3E="></latexit>

= hP ?(a,X, b,Y ),MX+�XY i

43

Computing                can be usually handled with the Envelope (Danskin) theorem,
where       can stand for any parameter defining the problem.

Computing r⌅W is easy.

<latexit sha1_base64="jDKtNuhRSnMNoMV1ndPkR7yX2Tg="></latexit>

here ⌅ can be anything,

<latexit sha1_base64="S3760+hWkXNoudytrasar0MqUi0="></latexit>



MXY

U(a, b)

P ?

Differentiating the OT Solution
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U(a, b)

P ?

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

Differentiating the OT Solution
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U(a, b)

P ?

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

<latexit sha1_base64="Q9GFaWsHIt8lQ4x5Jmi6VPbJqoI="></latexit>

@P ?

@⌅ 2 {0,1}

Differentiating the OT Solution
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U(a, b)

P ?

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

<latexit sha1_base64="Q9GFaWsHIt8lQ4x5Jmi6VPbJqoI="></latexit>

@P ?

@⌅ 2 {0,1}

Differentiating the OT Solution
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<latexit sha1_base64="o3IM3UhJ3W4w3g9HLOWD3aoDtk8="></latexit>

P�
def
= argmin

P2U(a,b)
hP ,MXY i � �E(P )

<latexit sha1_base64="dJszoch2tWqf7mvqDHEhMCrtFjI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ5lsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rToiaciZp0zDDaSdRFEXIaTsc38z89hNVmsXywUwSGggcShYxgsZKnUa/N0QhsF+ueFVvDneV+DmpQI5Gv/zVG8QkFVQawlHrru8lJshQGUY4nZZ6qaYJkjEOaddSiYLqIJvfO3XPrDJwo1jZksadq78nMhRaT0RoOwWakV72ZuJ/Xjc10XWQMZmkhkqyWBSl3DWxO3veHTBFieETS5AoZm91yQgVEmMjKtkQ/OWXV0nroupfVmv3tUr9Lo+jCCdwCufgwxXU4RYa0AQCHJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A44eP6A==</latexit>

P�



U(a, b)

P ?

M(X+�X)Y

<latexit sha1_base64="TBRPkp3GQ1QqWXFgRXHrXqHq2mk="></latexit>

<latexit sha1_base64="Q9GFaWsHIt8lQ4x5Jmi6VPbJqoI="></latexit>

@P ?

@⌅ 2 {0,1}

Differentiating the OT Solution

44

<latexit sha1_base64="31DO8D6LmCD7bDi8oR8g99dxveg=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIp6s6CG91VsA9oQriZTtqhM0mcmQgl9Dvc+CtuXCjiTtz4N07bgNp6YOBwzn3MPUHCmdK2/WUVlpZXVteK66WNza3tnfLuXkvFqSS0SWIey04AinIW0aZmmtNOIimIgNN2MLyc+O17KhWLo1s9SqgnoB+xkBHQRvLLjhtKIJmbgNQMOG74bh+EgPGP5AYcyFDdpSDpGF/45YpdtafAi8TJSQXlaPjlD7cXk1TQSBMOSnUdO9FeNplOOB2X3FTRxGyAPu0aGoGgysump43xkVF6OIyleZHGU/V3RwZCqZEITKUAPVDz3kT8z+umOjz3MhYlqaYRmS0KU451jCc54R6TlGg+MgSIZOavmAzAZKVNmiUTgjN/8iJpnVSd02rtplapX+dxFNEBOkTHyEFnqI6uUAM1EUEP6Am9oFfr0Xq23qz3WWnBynv20R9Yn99cBKG2</latexit>

@P�

@⌅ ?
<latexit sha1_base64="o3IM3UhJ3W4w3g9HLOWD3aoDtk8="></latexit>

P�
def
= argmin

P2U(a,b)
hP ,MXY i � �E(P )

<latexit sha1_base64="dJszoch2tWqf7mvqDHEhMCrtFjI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPBi94q2A9oQ5lsN+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rToiaciZp0zDDaSdRFEXIaTsc38z89hNVmsXywUwSGggcShYxgsZKnUa/N0QhsF+ueFVvDneV+DmpQI5Gv/zVG8QkFVQawlHrru8lJshQGUY4nZZ6qaYJkjEOaddSiYLqIJvfO3XPrDJwo1jZksadq78nMhRaT0RoOwWakV72ZuJ/Xjc10XWQMZmkhkqyWBSl3DWxO3veHTBFieETS5AoZm91yQgVEmMjKtkQ/OWXV0nroupfVmv3tUr9Lo+jCCdwCufgwxXU4RYa0AQCHJ7hFd6cR+fFeXc+Fq0FJ585hj9wPn8A44eP6A==</latexit>

P�
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<latexit sha1_base64="+9qfac5G9Q6U/K1q7AFSKDlCfxw="></latexit>✓
@P�

@⌅

◆T

can be evaluated using either unrolling or the implicit function theorem.

Sinkhorn Hessians

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Hessians.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Hessians.html
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<latexit sha1_base64="+9qfac5G9Q6U/K1q7AFSKDlCfxw="></latexit>✓
@P�

@⌅

◆T

can be evaluated using either unrolling or the implicit function theorem.

Sinkhorn Hessians

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Hessians.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Hessians.html
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Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1

time
<latexit sha1_base64="fkc0s/3cYscdkKBk5KpSx6weQYM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoifh0LXjxWMLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkorq2vrG+XNytb2zu5edf/g0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqd+64lrIxL1gOOUBzEdKBEJRtFKfo5n3qRXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUY3QS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PK97V/XL+4tao1HEUYYjOIZT8OAaGnAHTfCBgYBneIU3RzkvzrvzMW8tOcXMIfyB8/kDfbeOfA==</latexit>

t+ 1
<latexit sha1_base64="0NusLrt8ZlOS4NAbPSiYZV6QhK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv44FLx4rGFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glP8czb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKObIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8nte9q/rl/UWt0SjiKMMRHMMpeHANDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBgMOOfg==</latexit>

t� 1
<latexit sha1_base64="ngW4PT5898/6gypiE3YErcnTBsg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhwyn/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Va/eXlXo9j6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP6YBjgw=</latexit>

t

Optimal transport plan for recovering developmental trajectories
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Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1

time
<latexit sha1_base64="fkc0s/3cYscdkKBk5KpSx6weQYM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoifh0LXjxWMLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkorq2vrG+XNytb2zu5edf/g0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqd+64lrIxL1gOOUBzEdKBEJRtFKfo5n3qRXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUY3QS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PK97V/XL+4tao1HEUYYjOIZT8OAaGnAHTfCBgYBneIU3RzkvzrvzMW8tOcXMIfyB8/kDfbeOfA==</latexit>

t+ 1
<latexit sha1_base64="0NusLrt8ZlOS4NAbPSiYZV6QhK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv44FLx4rGFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glP8czb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKObIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8nte9q/rl/UWt0SjiKMMRHMMpeHANDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBgMOOfg==</latexit>

t� 1
<latexit sha1_base64="ngW4PT5898/6gypiE3YErcnTBsg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhwyn/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Va/eXlXo9j6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP6YBjgw=</latexit>

t

measurement snapshot

Optimal transport plan for recovering developmental trajectories
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Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1

time
<latexit sha1_base64="fkc0s/3cYscdkKBk5KpSx6weQYM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoifh0LXjxWMLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkorq2vrG+XNytb2zu5edf/g0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqd+64lrIxL1gOOUBzEdKBEJRtFKfo5n3qRXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUY3QS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PK97V/XL+4tao1HEUYYjOIZT8OAaGnAHTfCBgYBneIU3RzkvzrvzMW8tOcXMIfyB8/kDfbeOfA==</latexit>

t+ 1
<latexit sha1_base64="0NusLrt8ZlOS4NAbPSiYZV6QhK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv44FLx4rGFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glP8czb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKObIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8nte9q/rl/UWt0SjiKMMRHMMpeHANDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBgMOOfg==</latexit>

t� 1
<latexit sha1_base64="ngW4PT5898/6gypiE3YErcnTBsg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhwyn/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Va/eXlXo9j6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP6YBjgw=</latexit>

t

feature vector measurement snapshot

Optimal transport plan for recovering developmental trajectories



46

Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1

time
<latexit sha1_base64="fkc0s/3cYscdkKBk5KpSx6weQYM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoifh0LXjxWMLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkorq2vrG+XNytb2zu5edf/g0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqd+64lrIxL1gOOUBzEdKBEJRtFKfo5n3qRXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUY3QS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PK97V/XL+4tao1HEUYYjOIZT8OAaGnAHTfCBgYBneIU3RzkvzrvzMW8tOcXMIfyB8/kDfbeOfA==</latexit>

t+ 1
<latexit sha1_base64="0NusLrt8ZlOS4NAbPSiYZV6QhK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv44FLx4rGFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glP8czb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKObIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8nte9q/rl/UWt0SjiKMMRHMMpeHANDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBgMOOfg==</latexit>

t� 1
<latexit sha1_base64="ngW4PT5898/6gypiE3YErcnTBsg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhwyn/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Va/eXlXo9j6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP6YBjgw=</latexit>

t

cell type

cell type

undifferentiated  
cells

feature vector measurement snapshot

Optimal transport plan for recovering developmental trajectories
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Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1

time
<latexit sha1_base64="fkc0s/3cYscdkKBk5KpSx6weQYM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoifh0LXjxWMLbQhrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dkorq2vrG+XNytb2zu5edf/g0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqd+64lrIxL1gOOUBzEdKBEJRtFKfo5n3qRXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUY3QS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PK97V/XL+4tao1HEUYYjOIZT8OAaGnAHTfCBgYBneIU3RzkvzrvzMW8tOcXMIfyB8/kDfbeOfA==</latexit>

t+ 1
<latexit sha1_base64="0NusLrt8ZlOS4NAbPSiYZV6QhK8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURv44FLx4rGFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O6WV1bX1jfJmZWt7Z3evun/waJJMM+6zRCa6HVLDpVDcR4GSt1PNaRxK3gpHt1O/9cS1EYl6wHHKg5gOlIgEo2glP8czb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KukElqTMdzUwxyqlEwySeVbmZ4StmIDnjHUkVjboJ8duyEnFilT6JE21JIZurviZzGxozj0HbGFIdm0ZuK/3mdDKObIBcqzZArNl8UZZJgQqafk77QnKEcW0KZFvZWwoZUU4Y2n4oNwVt8eZk8nte9q/rl/UWt0SjiKMMRHMMpeHANDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBgMOOfg==</latexit>

t� 1
<latexit sha1_base64="ngW4PT5898/6gypiE3YErcnTBsg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilhwyn/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6l1Va/eXlXo9j6MIJ3AK5+DBNdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP6YBjgw=</latexit>

t

cell type

cell type

undifferentiated  
cells

feature vector measurement snapshot

<latexit sha1_base64="HrjZLwMqMu71pR6AuqaoOYWfQ+w=">AAAB8XicdVDLSgNBEJyNrxhfUY9eBoPgQZddYzbxFvCitwjmgckSZieTZMjs7DLTK4Qlf+HFgyJe/Rtv/o2Th6CiBQ1FVTfdXUEsuAbH+bAyS8srq2vZ9dzG5tb2Tn53r6GjRFFWp5GIVCsgmgkuWR04CNaKFSNhIFgzGF1O/eY9U5pH8hbGMfNDMpC8zykBI93VuimcuicYJt18wbFLpbJTLGJDKuULzzXEc4sVx8Ou7cxQQAvUuvn3Ti+iScgkUEG0brtODH5KFHAq2CTXSTSLCR2RAWsbKknItJ/OLp7gI6P0cD9SpiTgmfp9IiWh1uMwMJ0hgaH+7U3Fv7x2Av2Kn3IZJ8AknS/qJwJDhKfv4x5XjIIYG0Ko4uZWTIdEEQompJwJ4etT/D9pnNmuZ5duzgvV60UcWXSADtExclEZVdEVqqE6okiiB/SEni1tPVov1uu8NWMtZvbRD1hvn+ulkHs=</latexit>

Pt�1,t

Optimal transport plan for recovering developmental trajectories
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Part 2Motivating Example: Cell DifferentiationffËË
oo

ffËË
o<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1
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Part 2Motivating Example: Cell Differentiation
Time course of induced pluripotent stem celll development

iPSC Neural

MET

Stromal
Trophoblasts

Ephithelial

Radial Glia

fate transition table
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Part 1

These solvers are used as subroutines, tricks to speed/stabilize them matter 

• (Nonlinear) acceleration of fixed point iterations, and their differentiation 

• Faster kernel multiplications (with caveat that they must remain >0) 

• Amortized and/or clever initializations, notably for LR approaches.

Theory and statistics help setting right levels of regularization  

• Stats: Sinkhorn vs. LP plugin 

• Debiasing approaches 
<latexit sha1_base64="+e1TKpPyZ2BZkoeyh01hE96F2Vk="></latexit>

Ŵreg(µ,⌫) = Wreg(µ,⌫)� 1
2 (Wreg(µ,µ) +Wreg(⌫,⌫))

More structured losses, beyond linear/quadratic

Accel
Grid

MetaOT

[Altschuler+17, Genevay+18, Mena+19, Stromme+22]

[Genevay+17, Feydy+18, Chizat+22]

[Alvarez-Melis+19, Redko+20]

[Cuturi+11, Paty+19, Lin+20, Chuang+23]Choosing cost-functions adaptively

SinkDiv

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/One_Sinkhorn.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/introduction_grid.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/MetaOT.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/sinkhorn_divergence_gradient_flow.html


Outline of the Tutorial
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Modeling Measure Dynamics with Optimal Transport 

Part 1

Part 2

Part 3

Duality, Monge Formulations and Brenier Theorems 

• Kantorovich duality 
• c-concavity, Gangbo-McCann and Brenier theorems 
• Entropic map estimators, learning neural Monge maps

Kantorovich Formulation of OT and Computations

Prelude Warm-Up: Starting with Optimal Matchings 



51

Part 2

drug

patient before treatment

Goal: give patients targeted therapies tailored to their molecular profile

Motivating Example: Personalized Medecine



o
tumor cells

51

Part 2

drug

patient before treatment

Goal: give patients targeted therapies tailored to their molecular profile

Motivating Example: Personalized Medecine



ffËË

o
after treatment

o
tumor cells

51

Part 2

drug

patient before treatment

Goal: give patients targeted therapies tailored to their molecular profile

Motivating Example: Personalized Medecine



ffËË

o
after treatment

o
tumor cells

51

Part 2

drug

geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.

COMMENTNATURECOMMUNICATIONS|https://doi.org/10.1038/s41467-022-30549-4
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.

COMMENTNATURECOMMUNICATIONS|https://doi.org/10.1038/s41467-022-30549-4

2NATURECOMMUNICATIONS|��������(2022)�13:2728�|https://doi.org/10.1038/s41467-022-30549-4|www.nature.com/naturecommunications

gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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geneexpressionandchromatinaccessibility)aremeasuredfrom
differentcells,samples,orexperiments,and(c)matchedinter-
modalityintegrationwheremultiplemodalitiesaremeasured
fromthesamecell.

Here,weprovidefourexperimentalexamplestodemonstrate
theadvantagesofintra-modalityintegrationofmultiplesingle-
cellRNAsequencing(scRNA-seq)datacomparedtotheanalysis
ofindividualdatasets(Fig.1b).Thefirstadvantageistoimprove
cellpopulationidentificationandenablecomparativeanalysis
amongdifferentpatients,treatments,timepoints,andspecies.
Onestudyscreenedthegeneexpressionof25,149CD4+Tcells
fromsixcancertypesanddiscoveredapreviouslyunder-
appreciatedtumor-infiltratingfollicularregulatoryTcellgroup.
ThiscellsubsetcaneffectivelysuppressantitumorTcellsandis
associatedwithresistancetoanti-PD-1therapy5.Thesecond
advantageistoenablethediscoveryofawidespectrumofdif-
ferentimmunecelltypesandtheirgenemarkers.Zhangetal.
profiledandintegratedscRNA-seqdataof397,810Tcellsfrom
316patientsof21cancertypes,anddepictedthepan-cancer
landscapeofTcells(including17CD8+and24CD4+sub-
clusters)intheTME6.Specificmarkers,suchasTNFRSF9(in
regulatoryTcells),ZNF683andCXCR6(intissue-resident

memoryTcells),andGZMK(ineffectormemorycells),were
identifiedineachsubtype.Thethirdadvantageisintegrating
differentsequencingtechnologiesandleveragingtheirunique
features7.Forexample,usingoneSmart-Seq2(deepsequencing
depthandhighsensitivity)scRNA-seqand10XGenomics(sui-
tablefordetectinglargecellpopulationsduetoitsmassive
throughputs)scRNA-seqdatafromCD45+immunecells,Zhang
etal.identifiedLAMP3+dendriticcellsasanimportantcelltype
originatingfromtumors,migratingtohepaticlymphnodes,and
shapingthelymphocytefunctionthroughantigen-specific
priming8.Thefourthadvantageistheabilitytobuildsingle-cell
atlas,suchasthetumorimmuneatlas9,inordertoprovidea
comprehensivecompendiumofimmunecellsandaninspection
ofgeneexpressionpatternsindifferentimmunecelltypes.

Comparedwiththestudiesonlyusinganindividualsingle-cell
sequencingdataset,theunmatchedinter-modalityintegrationhas
shownadvancesindetectingtumorintrinsicandextrinsicfactors
affectingcriticalsubpopulations.Here,weprovidethreeexamples
toshowcasehowtheintegrationledtoaccuratecellsubpopula-
tionpredictionandcharacterizationbycombininguniquefea-
turesfromdifferentmodalities(Fig.1c).Thefirstexampleof
unmatchedinter-modalityintegrationistocombinescRNA-seq

Fig.1scMulti-omicsprofilingandapplicationexamplesinimmuno-oncology.aAnoverviewofvariousscMulti-omicsdatatypes.Sequencingtechniques
includingsingle-cellDNAsequencing(scDNA-seq)forDNAsequenceprofiling,single-cellRNAsequencing(scRNA-seq)forgeneexpressionprofiling,
Single-cellsequencingassayfortransposase-accessiblechromatinsequencing(scATAC-seq)forchromatinaccessibilityprofiling,single-cellhigh-
throughputchromosomeconformationsequencing(scHiC-seq)forchromatinarchitectureorganization,single-cellcleavageundertargetsandrelease
usingnuclease(scCUN&RUN)forhistonemodificationprofiling,single-cellantibody-derivedtagsequencing(scADT-seq)forproteinabundanceprofiling,
single-cellTcellorBcellreceptorsequencing(scT/BCR-seq)forreceptorrepertoire(therecombinationofthevariable(V),diversity(D),andjoining(J)
genesofT/Bcellreceptors)diversityandclonalityprofiling,andsingle-cellmethylationsequencing(scMethyl-seq)forDNAmethylationstatusprofiling.
b–dscMulti-omicsenabledimmuno-oncologyresearch.
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gene expression and chromatin accessibility) are measured from
different cells, samples, or experiments, and (c) matched inter-
modality integration where multiple modalities are measured
from the same cell.

Here, we provide four experimental examples to demonstrate
the advantages of intra-modality integration of multiple single-
cell RNA sequencing (scRNA-seq) data compared to the analysis
of individual datasets (Fig. 1b). The first advantage is to improve
cell population identification and enable comparative analysis
among different patients, treatments, time points, and species.
One study screened the gene expression of 25,149 CD4+ T cells
from six cancer types and discovered a previously under-
appreciated tumor-infiltrating follicular regulatory T cell group.
This cell subset can effectively suppress antitumor T cells and is
associated with resistance to anti-PD-1 therapy5. The second
advantage is to enable the discovery of a wide spectrum of dif-
ferent immune cell types and their gene markers. Zhang et al.
profiled and integrated scRNA-seq data of 397,810 T cells from
316 patients of 21 cancer types, and depicted the pan-cancer
landscape of T cells (including 17 CD8+ and 24 CD4+ sub-
clusters) in the TME6. Specific markers, such as TNFRSF9 (in
regulatory T cells), ZNF683 and CXCR6 (in tissue-resident

memory T cells), and GZMK (in effector memory cells), were
identified in each subtype. The third advantage is integrating
different sequencing technologies and leveraging their unique
features7. For example, using one Smart-Seq2 (deep sequencing
depth and high sensitivity) scRNA-seq and 10X Genomics (sui-
table for detecting large cell populations due to its massive
throughputs) scRNA-seq data from CD45+ immune cells, Zhang
et al. identified LAMP3+ dendritic cells as an important cell type
originating from tumors, migrating to hepatic lymph nodes, and
shaping the lymphocyte function through antigen-specific
priming8. The fourth advantage is the ability to build single-cell
atlas, such as the tumor immune atlas9, in order to provide a
comprehensive compendium of immune cells and an inspection
of gene expression patterns in different immune cell types.

Compared with the studies only using an individual single-cell
sequencing dataset, the unmatched inter-modality integration has
shown advances in detecting tumor intrinsic and extrinsic factors
affecting critical subpopulations. Here, we provide three examples
to showcase how the integration led to accurate cell subpopula-
tion prediction and characterization by combining unique fea-
tures from different modalities (Fig. 1c). The first example of
unmatched inter-modality integration is to combine scRNA-seq

Fig. 1 scMulti-omics profiling and application examples in immuno-oncology. a An overview of various scMulti-omics data types. Sequencing techniques
including single-cell DNA sequencing (scDNA-seq) for DNA sequence profiling, single-cell RNA sequencing (scRNA-seq) for gene expression profiling,
Single-cell sequencing assay for transposase-accessible chromatin sequencing (scATAC-seq) for chromatin accessibility profiling, single-cell high-
throughput chromosome conformation sequencing (scHiC-seq) for chromatin architecture organization, single-cell cleavage under targets and release
using nuclease (scCUN&RUN) for histone modification profiling, single-cell antibody-derived tag sequencing (scADT-seq) for protein abundance profiling,
single-cell T cell or B cell receptor sequencing (scT/BCR-seq) for receptor repertoire (the recombination of the variable (V), diversity (D), and joining (J)
genes of T/B cell receptors) diversity and clonality profiling, and single-cell methylation sequencing (scMethyl-seq) for DNA methylation status profiling.
b–d scMulti-omics enabled immuno-oncology research.
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T ? = argmin
T :Rp!Rp

T ]µ=⌫

Z
c(x,T (x))dµ(x)

µ

<latexit sha1_base64="4vHlmYfdqiUxK1vSkrOZpjTtjbE="></latexit>

⌫

<latexit sha1_base64="raBuFbDkb4yVPrWq9IGOtqoyz3E="></latexit>

<latexit sha1_base64="sDZdGiX+1/IJyiXMITDcKa3DKB8="></latexit>

T]µ = ⌫

56

Monge Brenier Gangbo CaffarelliMcCann

Monge Maps

<latexit sha1_base64="OUvdcmsruaybeq5+MsvO98uig64="></latexit>

B

<latexit sha1_base64="a0ucB7fWhT1SZSuZ6Vl67IpRlJk="></latexit>

T�1(B)

<latexit sha1_base64="e18nVfTwhtAxRT1+beRPLhsLIe4="></latexit>

T ]µ = ⌫

<latexit sha1_base64="Jk9SlzdhUDEQMXu6mQoVgtOQ5xM="></latexit> ,

<latexit sha1_base64="TPMIpxCkbWG/vafmhdpn1Wnu4TM="></latexit>

8B ⇢ Rd,⌫(B) = µ(T�1(B))



57

<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i

From Couplings to Monge through Duality



<latexit sha1_base64="D4FLtK9Ifxi0fzLnTEpIJvBGSzU="></latexit>

Wc(µ,⌫) = max
↵2Rn,�2Rm

↵i+�jc(xi,yj)

↵Ta+ �T b
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<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i

From Couplings to Monge through Duality



<latexit sha1_base64="D4FLtK9Ifxi0fzLnTEpIJvBGSzU="></latexit>

Wc(µ,⌫) = max
↵2Rn,�2Rm

↵i+�jc(xi,yj)

↵Ta+ �T b

57

<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i

From Couplings to Monge through Duality



<latexit sha1_base64="D4FLtK9Ifxi0fzLnTEpIJvBGSzU="></latexit>

Wc(µ,⌫) = max
↵2Rn,�2Rm

↵i+�jc(xi,yj)

↵Ta+ �T b

57

<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i
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From Couplings to Monge through Duality
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Kantorovich

Kantorovich-Dual

<latexit sha1_base64="Ll3ba8s81G7WLey+biVb/dmUtgI="> T47+ucjVjvv/zdnB6BedHUipwtxQxhulGcQPXO2w/WC+ESfJhG0Jq5e11rsibnZdfp8FXwarrblVHSs3AJj1Lsf5pVw+bW8UxUW5PfCpv2fSgij/oMkdKmp/0aQ646m/XlKxHBo9Qudn+Q8DQIjOM5YWdwqr0jWVA0BOZSDcoq+86trBDz6tHJ3lM3UPvlromn82p/7wdq3Tfdp5/Prxwvqu+JM6v577+7l/mHs41517Nrc+tzN3NPdmzrn3+3vuveBeuPMvO/+68287/86hv7onZP52TvvZ+Y//Bv4WZfA=</latexit>

T ? = argmin
T :Rp!Rp

T ]µ=⌫

Z
c(x,T (x))dµ(x)

<latexit sha1_base64="bmtdqxVyHfdPCPzjG3Cfihf+AbI="></latexit>

Wc(µ,⌫) = max
↵2Rn,�2Rm

↵i+�jc(xi,yj)

↵Ta+ �T b

<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i

Monge



Roadmap to Solve Monge Problem

58

Kantorovich

Kantorovich-Dual

<latexit sha1_base64="Ll3ba8s81G7WLey+biVb/dmUtgI="> T47+ucjVjvv/zdnB6BedHUipwtxQxhulGcQPXO2w/WC+ESfJhG0Jq5e11rsibnZdfp8FXwarrblVHSs3AJj1Lsf5pVw+bW8UxUW5PfCpv2fSgij/oMkdKmp/0aQ646m/XlKxHBo9Qudn+Q8DQIjOM5YWdwqr0jWVA0BOZSDcoq+86trBDz6tHJ3lM3UPvlromn82p/7wdq3Tfdp5/Prxwvqu+JM6v577+7l/mHs41517Nrc+tzN3NPdmzrn3+3vuveBeuPMvO/+68287/86hv7onZP52TvvZ+Y//Bv4WZfA=</latexit>

T ? = argmin
T :Rp!Rp

T ]µ=⌫

Z
c(x,T (x))dµ(x)

<latexit sha1_base64="bmtdqxVyHfdPCPzjG3Cfihf+AbI="></latexit>

Wc(µ,⌫) = max
↵2Rn,�2Rm

↵i+�jc(xi,yj)

↵Ta+ �T b

<latexit sha1_base64="aoUdNpO9I5wWqSSEEmoc8LiEYN8="></latexit>

Wc(µ,⌫) = min
P2Rn⇥m

+

P1m=a,PT 1n=b

hP ,MXY i
<latexit sha1_base64="BWK/UvksqQaF45QoyOdjJdvFV/o="></latexit>

P ? = arg inf
P2⇧(µ,⌫)

ZZ
c(x,y)P (dx, dy).

<latexit sha1_base64="pi0QN/CZhkXc2kQsDqIpQecqpA8="></latexit>

f?, g? 2 arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .

͢

͢

Monge
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<latexit sha1_base64="Ll3ba8s81G7WLey+biVb/dmUtgI="> T47+ucjVjvv/zdnB6BedHUipwtxQxhulGcQPXO2w/WC+ESfJhG0Jq5e11rsibnZdfp8FXwarrblVHSs3AJj1Lsf5pVw+bW8UxUW5PfCpv2fSgij/oMkdKmp/0aQ646m/XlKxHBo9Qudn+Q8DQIjOM5YWdwqr0jWVA0BOZSDcoq+86trBDz6tHJ3lM3UPvlromn82p/7wdq3Tfdp5/Prxwvqu+JM6v577+7l/mHs41517Nrc+tzN3NPdmzrn3+3vuveBeuPMvO/+68287/86hv7onZP52TvvZ+Y//Bv4WZfA=</latexit>

T ? = argmin
T :Rp!Rp

T ]µ=⌫

Z
c(x,T (x))dµ(x)

<latexit sha1_base64="BWK/UvksqQaF45QoyOdjJdvFV/o="></latexit>

P ? = arg inf
P2⇧(µ,⌫)

ZZ
c(x,y)P (dx, dy).

<latexit sha1_base64="I90rhxcd9hubaCnqAr2Y5iEFMLY="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .

Kantorovich

Kantorovich-Dual

Monge



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

<latexit sha1_base64="zThqAeg3vzkrv6VC7vDAMH9b8P8="></latexit>

f(x) + g(y)  c(x,y)

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

<latexit sha1_base64="UYFj2OAys593DAh3L7FvB9sI8T4="></latexit>

g(y)  c(x,y)� f(x)

<latexit sha1_base64="zThqAeg3vzkrv6VC7vDAMH9b8P8="></latexit>

f(x) + g(y)  c(x,y)

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

<latexit sha1_base64="Oo3QdbROMbM/vbPm0jlCd7gH25c="></latexit>

g(y)  inf
x

c(x,y)� f(x)

<latexit sha1_base64="UYFj2OAys593DAh3L7FvB9sI8T4="></latexit>

g(y)  c(x,y)� f(x)

<latexit sha1_base64="zThqAeg3vzkrv6VC7vDAMH9b8P8="></latexit>

f(x) + g(y)  c(x,y)

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).c-transform:

<latexit sha1_base64="Oo3QdbROMbM/vbPm0jlCd7gH25c="></latexit>

g(y)  inf
x

c(x,y)� f(x)

<latexit sha1_base64="UYFj2OAys593DAh3L7FvB9sI8T4="></latexit>

g(y)  c(x,y)� f(x)

<latexit sha1_base64="zThqAeg3vzkrv6VC7vDAMH9b8P8="></latexit>

f(x) + g(y)  c(x,y)

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .



Suppose we fix function     , can we propose a “good” function for      ?<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="> </latexit>g
<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f

60

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).c-transform:

<latexit sha1_base64="Oo3QdbROMbM/vbPm0jlCd7gH25c="></latexit>

g(y)  inf
x

c(x,y)� f(x)

<latexit sha1_base64="UYFj2OAys593DAh3L7FvB9sI8T4="></latexit>

g(y)  c(x,y)� f(x)

<latexit sha1_base64="zThqAeg3vzkrv6VC7vDAMH9b8P8="></latexit>

f(x) + g(y)  c(x,y)

Duality: c-transforms 
<latexit sha1_base64="Gz6+i8PuNouX/Cg0lspPGq/AoG8="></latexit>

f?, g? = arg sup
f ,g:Rd!R

f(x)+g(y)c(x,y)

Z

Rd

f dµ+

Z

Rd

g d⌫ .

Given a potential, one can get automatically the “best” other one using c-transforms.



61

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 



61

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 



61

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 



61

<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>
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def
= inf
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c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="1PZXKLhvGPgPNzjv+8x4G2DqdAc="></latexit>

yet, f?(y0) = infz c(z,y0)� f?(z).

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="1PZXKLhvGPgPNzjv+8x4G2DqdAc="></latexit>

yet, f?(y0) = infz c(z,y0)� f?(z).

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

<latexit sha1_base64="W2WlyhdngKfHhxT+dcMMlw0mvOE="></latexit>

) x0 is minimizer, r1c(x0,y0) = rf?(x0)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="1PZXKLhvGPgPNzjv+8x4G2DqdAc="></latexit>

yet, f?(y0) = infz c(z,y0)� f?(z).

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

<latexit sha1_base64="W2WlyhdngKfHhxT+dcMMlw0mvOE="></latexit>

) x0 is minimizer, r1c(x0,y0) = rf?(x0)
<latexit sha1_base64="EwfJ6L6XYTT9yEbh9Mi9ZE2j7k0="></latexit>

therefore y0 = r1c(x, ·)�1 � rf?(x)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

definition 
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="1PZXKLhvGPgPNzjv+8x4G2DqdAc="></latexit>

yet, f?(y0) = infz c(z,y0)� f?(z).

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

<latexit sha1_base64="W2WlyhdngKfHhxT+dcMMlw0mvOE="></latexit>

) x0 is minimizer, r1c(x0,y0) = rf?(x0)
<latexit sha1_base64="EwfJ6L6XYTT9yEbh9Mi9ZE2j7k0="></latexit>

therefore y0 = r1c(x, ·)�1 � rf?(x)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

Primal-dual relationship (KKT)

definition 
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<latexit sha1_base64="1Kk6UCZz9/cTJaQL2KHiosYI4KA="></latexit>

, f?(x0) + f?(y0) = c(x0,y0).

<latexit sha1_base64="2itYRYUfYujjuFR7f0Hkkqorn1A=">AABEeHiczVx7d9vGclduX7fqK7f9s/9sKsnXiila1LUTJ7lJ9aJlRbIsU7ItW5B4QGAJosJLAEiRxsH9Hv1E/Qz9Kv2nndnFLrALQLFzenqqHJPAzG9md2dnZ2cfzCjy3CTd3PzPL37zZ3/+F3/5V7/96+W/+du/+/t/+PJ3//g2CaexRd9YoRfGFyMzoZ4b0Depm3r0Ioqp6Y88+m50s4f8dzMaJ24YnKeLiF75phO4Y9cyUyANv/z31VWj/2pwkJ3m10aSmvFDoz/o72fz4WbeMfq7B/1sAY/r5CeySYxjOk5j15kALg7vCIeOuWBekVwnjwgXdkpmqetHYB7Am5W3lNZdXV0efrmy2d1kf6T+0CseVpaKv9Ph73b/w7BDa+rTILU8M0kue5tRepWZcepaHs2XjWlCI9O6MR2amemIOsnE7fhTL3WhMR3Tc8LYTSd++eRaitAlPAamT5OrjBk+J2tAsck4j </latexit>

P ?(x0,y0) > 0 , f?(x0) + g?(y0) = c(x0,y0).

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)

<latexit sha1_base64="1PZXKLhvGPgPNzjv+8x4G2DqdAc="></latexit>

yet, f?(y0) = infz c(z,y0)� f?(z).

<latexit sha1_base64="hKyWUtP5GYK7lU5M3GCqE+lp8QI="></latexit>

, f?(y0) = c(x0,y0)� f?(x0).

<latexit sha1_base64="W2WlyhdngKfHhxT+dcMMlw0mvOE="></latexit>

) x0 is minimizer, r1c(x0,y0) = rf?(x0)
<latexit sha1_base64="EwfJ6L6XYTT9yEbh9Mi9ZE2j7k0="></latexit>

therefore y0 = r1c(x, ·)�1 � rf?(x)

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?

Gangbo-McCann Theorem

Primal-dual relationship (KKT)

c-transforms 

definition 
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Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?
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<latexit sha1_base64="9xbY67mC7rWlg0VsE2OMFW3YAjc="></latexit>

c(x,y) = h(x� y),h : Rd ! R, convex

Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?
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<latexit sha1_base64="xi3rEn6b4yV8e5hDmyhrQzIYZME="></latexit>

r1c(x,y) = rh(x� y)

<latexit sha1_base64="9xbY67mC7rWlg0VsE2OMFW3YAjc="></latexit>

c(x,y) = h(x� y),h : Rd ! R, convex

Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?
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<latexit sha1_base64="xi3rEn6b4yV8e5hDmyhrQzIYZME="></latexit>

r1c(x,y) = rh(x� y)
<latexit sha1_base64="hVjLpZbW+b2ot5yHIGmltBjY3e0="></latexit>

r1c(x, ·) = rh(x� ·)

<latexit sha1_base64="9xbY67mC7rWlg0VsE2OMFW3YAjc="></latexit>

c(x,y) = h(x� y),h : Rd ! R, convex

Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?
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<latexit sha1_base64="xi3rEn6b4yV8e5hDmyhrQzIYZME="></latexit>

r1c(x,y) = rh(x� y)
<latexit sha1_base64="hVjLpZbW+b2ot5yHIGmltBjY3e0="></latexit>

r1c(x, ·) = rh(x� ·)
<latexit sha1_base64="+A4KR+qcXJOAWOb7LPn6LL7Kv1U="></latexit>

r1c(x, ·)�1 = x� (rh)�1(·)

<latexit sha1_base64="9xbY67mC7rWlg0VsE2OMFW3YAjc="></latexit>

c(x,y) = h(x� y),h : Rd ! R, convex

Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



62

<latexit sha1_base64="xi3rEn6b4yV8e5hDmyhrQzIYZME="></latexit>

r1c(x,y) = rh(x� y)
<latexit sha1_base64="hVjLpZbW+b2ot5yHIGmltBjY3e0="></latexit>

r1c(x, ·) = rh(x� ·)
<latexit sha1_base64="+A4KR+qcXJOAWOb7LPn6LL7Kv1U="></latexit>

r1c(x, ·)�1 = x� (rh)�1(·)
<latexit sha1_base64="tWTZ2CQJJ2yyXx0JoQzaFMBZYIY="></latexit>

r1c(x, ·)�1 = x�rh⇤(·)

<latexit sha1_base64="9xbY67mC7rWlg0VsE2OMFW3YAjc="></latexit>

c(x,y) = h(x� y),h : Rd ! R, convex

<latexit sha1_base64="pe1euaMlCTnamBlTKfGNAC68cBE="></latexit>

h⇤(z) = sup
x
hx, zi � h(x)

Translation invariant costs generated by a convex functional
<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



Gangbo-McCann and Brenier Theorems

63

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)General cost function c

Translation invariant cost h
<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="DzNXlmT/FSCj8eJCvrkbjBGyiPY="></latexit>

h = 1
2k · k

2
2 ! rh = rh⇤ = Id

Squared-Euclidean Cost
<latexit sha1_base64="WWfTV+A+NGUCGTMJ4P1r8VMVcJQ="></latexit>

T ?(x) = x�rf?(x) = r( 12k · k
2
2 � f?)(x)

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



Gangbo-McCann and Brenier Theorems
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<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)General cost function c

Translation invariant cost h
<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="DzNXlmT/FSCj8eJCvrkbjBGyiPY="></latexit>

h = 1
2k · k

2
2 ! rh = rh⇤ = Id

Squared-Euclidean Cost
<latexit sha1_base64="WWfTV+A+NGUCGTMJ4P1r8VMVcJQ="></latexit>

T ?(x) = x�rf?(x) = r( 12k · k
2
2 � f?)(x)

can prove this is convex

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



Gangbo-McCann and Brenier Theorems
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<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)General cost function c

Translation invariant cost h
<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="DzNXlmT/FSCj8eJCvrkbjBGyiPY="></latexit>

h = 1
2k · k

2
2 ! rh = rh⇤ = Id

Squared-Euclidean Cost
<latexit sha1_base64="IkB3zHNALaETMxHY+XG2W5cVLPo="></latexit>

T ?(x) = r'?(x)

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



Gangbo-McCann and Brenier Theorems

63

<latexit sha1_base64="Q7mgrJMQQUapCrdescg4t2Nz0A0="></latexit>

T ?(x) = r1c(x, ·)�1 � rf?(x)General cost function c

Translation invariant cost h
<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="DzNXlmT/FSCj8eJCvrkbjBGyiPY="></latexit>

h = 1
2k · k

2
2 ! rh = rh⇤ = Id

Squared-Euclidean Cost
<latexit sha1_base64="IkB3zHNALaETMxHY+XG2W5cVLPo="></latexit>

T ?(x) = r'?(x)
<latexit sha1_base64="DiUI+dvysygVq3jDDcKfqWyWP6M="></latexit>

'? = argmin
' cvx

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="rai/Y/rifroNDaChNjHuPLoGRIE="></latexit>

f(y)
def
= inf

x
c(x,y)� f(x).

c-transform: <latexit sha1_base64="Z6Dt6kyP+UfnNCqY1P7QCRT5HmQ="></latexit>

g(x)
def
= inf

y
c(x,y)� g(y).

              is a c-concave function  
if exists      such that<latexit sha1_base64="EMEl9XNrFoaChl10wkC6ojT6gdw="></latexit>g

<latexit sha1_base64="efbnbhZyEy0wJOrock2JoDjeNR4="></latexit>

f
<latexit sha1_base64="Ou6alTRzjjP2RCOyeKpJY3VuXlc="></latexit>

f = g.

           is necessarily c-concave
<latexit sha1_base64="wcy0p8NRzNhZ8l3LM/3+rOokFd4="></latexit>

f?



First Attempt at Computing OT Maps, using Sinkhorn

64

• Use two samples of points from each measure + regularization parameter,

• Run Sinkhorn algorithm to get                 point-wise dual values (these correspond to 
the                values in log-space returned by Sinkhorn). 

• Extend these values out-of-sample, with a “soft” -transform, to create the estimator:h

<latexit sha1_base64="yhIyyoQvB98K/LqFibKORiHb3tU="></latexit>x1, . . . ,xn,y1, . . . ,ym, �

<latexit sha1_base64="lo+THp5hfJJ3HrTdIMOUvweSCd8="></latexit>

f̂n(x) = �� log
P

j e
�h(x�yj)+g?

j

�

<latexit sha1_base64="xYknt2mFLbuZ99ANhYzU6JrOtug="></latexit>

f?
i , g

?
j

64
[Pooladian+21]

<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="v9XDgjZgjIclFl/752QIXW05hvI="></latexit>

↵?
i ,�

?
j



Monge / Bregman Entropic Maps

65

<latexit sha1_base64="AeZKAO78pKvbX3C9WqpyBvxIbTo="></latexit>

rf̂n(x) =
P

j pj(x)rh(x� yj)

65

<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="CyQco5iallyxNWEHNYXdcLRaPos="></latexit>

pj(x) :=
e(�h(x�yj)+g?

j )/�

P
k e

(�h(x�yk)+g?
k)/�



Monge / Bregman Entropic Maps

65

<latexit sha1_base64="AeZKAO78pKvbX3C9WqpyBvxIbTo="></latexit>

rf̂n(x) =
P

j pj(x)rh(x� yj)

<latexit sha1_base64="IJsWbKmWqoTfqKDnR3W5BI6hqxE="> jJXkNllCTCEFreJ87dAvzkXsyruLPoQkEMdF+3gtFhYuO4oXj2BCjMK/dkMRBRlmc3Sdfk/u5fA/gfbnyTuH9R/XuhbMNL9uA1QAs1qzhbm1/cvSPeaZ23P9vzg5GP+nsQErl5oYy3ihlED9wtcP3g8VGnCQTviWsXlZb74q47Lr8PQu+DFZac6s6Vm4AcOtdjrNLuXzaXs/zi3J74GP/nkkLovwHTe5QUfsXTaoznvrXSyqWQ6NH6Pw8/+EACNEZ42lxJ7cqXVM5ABRUDsIt+sqrrh384OPK0Vk+Uffgi4Wu+c/m1B/erHa6TzuPX60srG3Mib9fzP3t3N/NPZjrzj2bW5vbmTuaez3nzP3z3L/M/dvcv2//586vdn678zcC+vOfFTJ/Paf97ZD/BlksLYg=</latexit>

argmin
z

X

i

�iDh(z|zi) Bregman barycenter

<latexit sha1_base64="Zu5e70jVnk7E7iJFuTpvokTV3rw="></latexit>

Dh(z|w) = h(z)� h(w)� hrh(w), z�wi Bregman divergence
<latexit sha1_base64="+2jDkY15fDJ8PowriqcGZqtbYaE="> qKjWOE4NvgoLGo3JHGQ0SzO75GH5F4h3wN4X628U3j/Ub174WzLy7dgNQCLNWu4W9ufHP1rkasd9/+fs4PRzzo7kFKFuaGMN0oziB+42mH7wXwjTpIJ2xJWL+utd0Xc7Lr8Pgu+DNZac6s6Vm4AMOtdjvNLuXza2SyKi3J74FN/z6QFUf5BkztU1P6iSXXGU3+9pGI5NHqEzs/yHwaAEJ1nLC3uFFalayoHgJzKQLhFX3nVtYMffFo5Ostn6h58tdA1/2xO/eHteqf7tPP49frCxpb4kzq/mvvHuX+auz/XnXs2tzH3cu5o7s2cM/dvc/8x959z/7Xz3y8XXz58ucqhv/yFkPn7Oe3n5dP/AeXQMhY=</latexit>

rh⇤ (
P

i �irh(zi)) =

65

<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="CyQco5iallyxNWEHNYXdcLRaPos="></latexit>

pj(x) :=
e(�h(x�yj)+g?

j )/�

P
k e

(�h(x�yk)+g?
k)/�



Monge / Bregman Entropic Maps

65

<latexit sha1_base64="AeZKAO78pKvbX3C9WqpyBvxIbTo="></latexit>

rf̂n(x) =
P

j pj(x)rh(x� yj)

<latexit sha1_base64="IJsWbKmWqoTfqKDnR3W5BI6hqxE="> jJXkNllCTCEFreJ87dAvzkXsyruLPoQkEMdF+3gtFhYuO4oXj2BCjMK/dkMRBRlmc3Sdfk/u5fA/gfbnyTuH9R/XuhbMNL9uA1QAs1qzhbm1/cvSPeaZ23P9vzg5GP+nsQErl5oYy3ihlED9wtcP3g8VGnCQTviWsXlZb74q47Lr8PQu+DFZac6s6Vm4AcOtdjrNLuXzaXs/zi3J74GP/nkkLovwHTe5QUfsXTaoznvrXSyqWQ6NH6Pw8/+EACNEZ42lxJ7cqXVM5ABRUDsIt+sqrrh384OPK0Vk+Uffgi4Wu+c/m1B/erHa6TzuPX60srG3Mib9fzP3t3N/NPZjrzj2bW5vbmTuaez3nzP3z3L/M/dvcv2//586vdn678zcC+vOfFTJ/Paf97ZD/BlksLYg=</latexit>

argmin
z

X

i

�iDh(z|zi) Bregman barycenter

<latexit sha1_base64="Zu5e70jVnk7E7iJFuTpvokTV3rw="></latexit>

Dh(z|w) = h(z)� h(w)� hrh(w), z�wi Bregman divergence
<latexit sha1_base64="+2jDkY15fDJ8PowriqcGZqtbYaE="> qKjWOE4NvgoLGo3JHGQ0SzO75GH5F4h3wN4X628U3j/Ub174WzLy7dgNQCLNWu4W9ufHP1rkasd9/+fs4PRzzo7kFKFuaGMN0oziB+42mH7wXwjTpIJ2xJWL+utd0Xc7Lr8Pgu+DNZac6s6Vm4AMOtdjvNLuXza2SyKi3J74FN/z6QFUf5BkztU1P6iSXXGU3+9pGI5NHqEzs/yHwaAEJ1nLC3uFFalayoHgJzKQLhFX3nVtYMffFo5Ostn6h58tdA1/2xO/eHteqf7tPP49frCxpb4kzq/mvvHuX+auz/XnXs2tzH3cu5o7s2cM/dvc/8x959z/7Xz3y8XXz58ucqhv/yFkPn7Oe3n5dP/AeXQMhY=</latexit>

rh⇤ (
P

i �irh(zi)) =

65

<latexit sha1_base64="ukbucGcw+JT5jbS9XC6PIr2xC5s="></latexit>

T ?(x) = x�rh⇤ � rf?(x)

<latexit sha1_base64="CyQco5iallyxNWEHNYXdcLRaPos="></latexit>

pj(x) :=
e(�h(x�yj)+g?

j )/�

P
k e

(�h(x�yk)+g?
k)/�

<latexit sha1_base64="VP1nq9B2CTi50haM9QouZ1n5Uos="></latexit>

rh⇤ � rf̂n(x)Displacement                                                  is a Bregman barycenter



Monge / Bregman Entropic Maps
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h(z) = 1
2kzk

2
2

66



Monge / Bregman Entropic Maps

66

h(z) = 1
2kzk

2
2

66



Coffee Break

… we will continue with neural optimal transport, and! 
    dynamic and stochastic control formulations!



Outline of the Tutorial

68

Modeling Measure Dynamics with Optimal Transport 

Part 1

Part 2

Part 3

Duality, Monge Formulations and Brenier Theorems 

• Kantorovich duality 
• c-concavity, Gangbo-McCann and Brenier theorems 
• Entropic map estimators, learning neural Monge maps

Kantorovich Formulation of OT and Computations

Prelude Warm-Up: Starting with Optimal Matchings 



Predicting Out-of-Sample

69

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Part 2

So far: optimal transport between given point clouds



Predicting Out-of-Sample
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ
<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?
<latexit sha1_base64="FDU2ydsiRlBr1YxRxBAkV3Ohoj4="></latexit>x

<latexit sha1_base64="WweGovp8MDmC7g0XhCDob2EcR8M="></latexit>

T (x)

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

Part 2

So far: optimal transport between given point clouds
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

<latexit sha1_base64="H28ESv3CjyCcDRLAdH9bVf0dleA=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HgRW8V7Ac0oWy2k3bpZhN2J9oS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDRYLGLVDqgGwSU0kKOAdqKARoGAVjC8mfqtR1Cax/IBxwn4Ee1LHnJG0UjeqOshjDCT8DTplitO1ZnBXiZuTiokR71b/vJ6MUsjkMgE1brjOgn6GVXImYBJyUs1JJQNaR86hkoagfaz2c0T+8QoPTuMlSmJ9kz9PZHRSOtxFJjOiOJAL3pT8T+vk2J47WdcJimCZPNFYSpsjO1pAHaPK2AoxoZQpri51WYDqihDE1PJhOAuvrxMmmdV97J6cX9eqd3lcRTJETkmp8QlV6RGbkmdNAgjCXkmr+TNSq0X6936mLcWrHzmkPyB9fkD1GWSPQ==</latexit>xnew

What if we want to make out-of-sample predictions?

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?
<latexit sha1_base64="FDU2ydsiRlBr1YxRxBAkV3Ohoj4="></latexit>x

<latexit sha1_base64="WweGovp8MDmC7g0XhCDob2EcR8M="></latexit>

T (x)

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

Part 2

So far: optimal transport between given point clouds
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

<latexit sha1_base64="H28ESv3CjyCcDRLAdH9bVf0dleA=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HgRW8V7Ac0oWy2k3bpZhN2J9oS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDRYLGLVDqgGwSU0kKOAdqKARoGAVjC8mfqtR1Cax/IBxwn4Ee1LHnJG0UjeqOshjDCT8DTplitO1ZnBXiZuTiokR71b/vJ6MUsjkMgE1brjOgn6GVXImYBJyUs1JJQNaR86hkoagfaz2c0T+8QoPTuMlSmJ9kz9PZHRSOtxFJjOiOJAL3pT8T+vk2J47WdcJimCZPNFYSpsjO1pAHaPK2AoxoZQpri51WYDqihDE1PJhOAuvrxMmmdV97J6cX9eqd3lcRTJETkmp8QlV6RGbkmdNAgjCXkmr+TNSq0X6936mLcWrHzmkPyB9fkD1GWSPQ==</latexit>xnew

What if we want to make out-of-sample predictions?

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?
<latexit sha1_base64="FDU2ydsiRlBr1YxRxBAkV3Ohoj4="></latexit>x

<latexit sha1_base64="WweGovp8MDmC7g0XhCDob2EcR8M="></latexit>

T (x)

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

Part 2

So far: optimal transport between given point clouds
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

<latexit sha1_base64="H28ESv3CjyCcDRLAdH9bVf0dleA=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HgRW8V7Ac0oWy2k3bpZhN2J9oS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IBFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDRYLGLVDqgGwSU0kKOAdqKARoGAVjC8mfqtR1Cax/IBxwn4Ee1LHnJG0UjeqOshjDCT8DTplitO1ZnBXiZuTiokR71b/vJ6MUsjkMgE1brjOgn6GVXImYBJyUs1JJQNaR86hkoagfaz2c0T+8QoPTuMlSmJ9kz9PZHRSOtxFJjOiOJAL3pT8T+vk2J47WdcJimCZPNFYSpsjO1pAHaPK2AoxoZQpri51WYDqihDE1PJhOAuvrxMmmdV97J6cX9eqd3lcRTJETkmp8QlV6RGbkmdNAgjCXkmr+TNSq0X6936mLcWrHzmkPyB9fkD1GWSPQ==</latexit>xnew

What if we want to make out-of-sample predictions?

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?
<latexit sha1_base64="FDU2ydsiRlBr1YxRxBAkV3Ohoj4="></latexit>x

<latexit sha1_base64="WweGovp8MDmC7g0XhCDob2EcR8M="></latexit>

T (x)

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

neural optimal transport

Part 2

So far: optimal transport between given point clouds
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<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

before treatment

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?

drug

o
<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

neural optimal transport

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫o
<latexit sha1_base64="FDU2ydsiRlBr1YxRxBAkV3Ohoj4="></latexit>x

after treatment

Part 2

So far: optimal transport between given point clouds
What if we want to make out-of-sample predictions?
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<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

before treatment

drug

after treatment

oo
unseen patient

Part 2

So far: optimal transport between given point clouds
What if we want to make out-of-sample predictions?
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<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

before treatment

drug

after treatment

<latexit sha1_base64="Q264/MjJJL732X3h/aKKCsUhAw0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5iHZJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSgQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuR8QwwRVrIEfB2olmREaCtaLR7dRvPTFteKwecJywUJKB4n1OCVrpMRgSzAKVTrrlilf1ZnCXiZ+TCuSod8tfQS+mqWQKqSDGdHwvwTAjGjkVbFIKUsMSQkdkwDqWKiKZCbPZwRP3xCo9tx9rWwrdmfp7IiPSmLGMbKckODSL3lT8z+uk2L8OM66SFJmi80X9VLgYu9Pv3R7XjKIYW0Ko5vZWlw6JJhRtRiUbgr/48jJpnlX9y+rF/XmldpPHUYQjOIZT8OEKanAHdWgABQnP8ApvjnZenHfnY95acPKZQ/gD5/MHMS2Qrg==</latexit>

⌫̂

oo
unseen patient

Part 2

So far: optimal transport between given point clouds
What if we want to make out-of-sample predictions?
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<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

before treatment

drug

after treatment

<latexit sha1_base64="Q264/MjJJL732X3h/aKKCsUhAw0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5iHZJcxOJsmQmdllplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrSgQ36HnfTmFldW19o7hZ2tre2d0r7x80TZxqyho0FrFuR8QwwRVrIEfB2olmREaCtaLR7dRvPTFteKwecJywUJKB4n1OCVrpMRgSzAKVTrrlilf1ZnCXiZ+TCuSod8tfQS+mqWQKqSDGdHwvwTAjGjkVbFIKUsMSQkdkwDqWKiKZCbPZwRP3xCo9tx9rWwrdmfp7IiPSmLGMbKckODSL3lT8z+uk2L8OM66SFJmi80X9VLgYu9Pv3R7XjKIYW0Ko5vZWlw6JJhRtRiUbgr/48jJpnlX9y+rF/XmldpPHUYQjOIZT8OEKanAHdWgABQnP8ApvjnZenHfnY95acPKZQ/gD5/MHMS2Qrg==</latexit>

⌫̂

o
o

unseen patient

Part 2

So far: optimal transport between given point clouds
What if we want to make out-of-sample predictions?
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Part 2

easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Ajovsky+17, Genevay+18, Salimans+18, Korotin+20, Rout+22]

generated  
samples

<latexit sha1_base64="RwTAqrxd5KDllfrS0mq+nQPSpro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAiyeJYB6SXcLsZJIMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwg5737RRWVtfWN4qbpa3tnd298v5B08SppqxBYxHrdkQME1yxBnIUrJ1oRmQkWCsa3Uz91hPThsfqAccJCyUZKN7nlKCVHoMhwSxQ6aRbrnhVbwZ3mfg5qUCOerf8FfRimkqmkApiTMf3EgwzopFTwSalIDUsIXREBqxjqSKSmTCbHTxxT6zSc/uxtqXQnam/JzIijRnLyHZKgkOz6E3F/7xOiv3rMOMqSZEpOl/UT4WLsTv93u1xzSiKsSWEam5vdemQaELRZlSyIfiLLy+T5lnVv6xe3J9Xand5HEU4gmM4BR+uoAa3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/ADTJkLo=</latexit>

⌫̂

<latexit sha1_base64="oAQSKGAfzFTW0ldEx6oRGHdC7mI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsuLEbqdAXNCFMppN26GQSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf3WR+54EISSPeVOOYuCEacBpQjJSWPPOg6TlyiETshEgNMWLp3aRincL6iWeWrao1BVwkdk7KIEfDM7+cfoSTkHCFGZKyZ1uxclMkFMWMTEpOIkmM8AgNSE9TjkIi3XT6wgQea6UPg0jo4gpO1d8TKQqlHIe+7swOlfNeJv7n9RIVXLsp5XGiCMezRUHCoIpglgfsU0GwYmNNEBZU3wqxzgNhpVMr6RDs+ZcXSfusal9WL+7Py7V6HkcRHIIjUAE2uAI1cAsaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AdyylnU=</latexit>

T]N (0, I)

data 
samples

In generative modeling, OT takes different roles:
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easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Ajovsky+17, Genevay+18, Salimans+18, Korotin+20, Rout+22]

1. OT distance serves as loss function 
between data and generated samples 

2.  OT maps as generative models

generated  
samples

<latexit sha1_base64="RwTAqrxd5KDllfrS0mq+nQPSpro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAiyeJYB6SXcLsZJIMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwg5737RRWVtfWN4qbpa3tnd298v5B08SppqxBYxHrdkQME1yxBnIUrJ1oRmQkWCsa3Uz91hPThsfqAccJCyUZKN7nlKCVHoMhwSxQ6aRbrnhVbwZ3mfg5qUCOerf8FfRimkqmkApiTMf3EgwzopFTwSalIDUsIXREBqxjqSKSmTCbHTxxT6zSc/uxtqXQnam/JzIijRnLyHZKgkOz6E3F/7xOiv3rMOMqSZEpOl/UT4WLsTv93u1xzSiKsSWEam5vdemQaELRZlSyIfiLLy+T5lnVv6xe3J9Xand5HEU4gmM4BR+uoAa3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/ADTJkLo=</latexit>

⌫̂

<latexit sha1_base64="oAQSKGAfzFTW0ldEx6oRGHdC7mI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsuLEbqdAXNCFMppN26GQSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf3WR+54EISSPeVOOYuCEacBpQjJSWPPOg6TlyiETshEgNMWLp3aRincL6iWeWrao1BVwkdk7KIEfDM7+cfoSTkHCFGZKyZ1uxclMkFMWMTEpOIkmM8AgNSE9TjkIi3XT6wgQea6UPg0jo4gpO1d8TKQqlHIe+7swOlfNeJv7n9RIVXLsp5XGiCMezRUHCoIpglgfsU0GwYmNNEBZU3wqxzgNhpVMr6RDs+ZcXSfusal9WL+7Py7V6HkcRHIIjUAE2uAI1cAsaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AdyylnU=</latexit>

T]N (0, I)

data 
samples

In generative modeling, OT takes different roles:
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easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Ajovsky+17, Genevay+18, Salimans+18, Korotin+20, Rout+22]

1. OT distance serves as loss function 
between data and generated samples 

2.  OT maps as generative models

generated  
samples

loss 
function 

<latexit sha1_base64="RwTAqrxd5KDllfrS0mq+nQPSpro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAiyeJYB6SXcLsZJIMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwg5737RRWVtfWN4qbpa3tnd298v5B08SppqxBYxHrdkQME1yxBnIUrJ1oRmQkWCsa3Uz91hPThsfqAccJCyUZKN7nlKCVHoMhwSxQ6aRbrnhVbwZ3mfg5qUCOerf8FfRimkqmkApiTMf3EgwzopFTwSalIDUsIXREBqxjqSKSmTCbHTxxT6zSc/uxtqXQnam/JzIijRnLyHZKgkOz6E3F/7xOiv3rMOMqSZEpOl/UT4WLsTv93u1xzSiKsSWEam5vdemQaELRZlSyIfiLLy+T5lnVv6xe3J9Xand5HEU4gmM4BR+uoAa3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/ADTJkLo=</latexit>

⌫̂

<latexit sha1_base64="oAQSKGAfzFTW0ldEx6oRGHdC7mI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsuLEbqdAXNCFMppN26GQSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf3WR+54EISSPeVOOYuCEacBpQjJSWPPOg6TlyiETshEgNMWLp3aRincL6iWeWrao1BVwkdk7KIEfDM7+cfoSTkHCFGZKyZ1uxclMkFMWMTEpOIkmM8AgNSE9TjkIi3XT6wgQea6UPg0jo4gpO1d8TKQqlHIe+7swOlfNeJv7n9RIVXLsp5XGiCMezRUHCoIpglgfsU0GwYmNNEBZU3wqxzgNhpVMr6RDs+ZcXSfusal9WL+7Py7V6HkcRHIIjUAE2uAI1cAsaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AdyylnU=</latexit>

T]N (0, I)

data 
samples

In generative modeling, OT takes different roles:
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easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Ajovsky+17, Genevay+18, Salimans+18, Korotin+20, Rout+22]

1. OT distance serves as loss function 
between data and generated samples 

2.  OT maps as generative models

generated  
samples

loss 
function 

<latexit sha1_base64="RwTAqrxd5KDllfrS0mq+nQPSpro=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAiyeJYB6SXcLsZJIMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7okRwg5737RRWVtfWN4qbpa3tnd298v5B08SppqxBYxHrdkQME1yxBnIUrJ1oRmQkWCsa3Uz91hPThsfqAccJCyUZKN7nlKCVHoMhwSxQ6aRbrnhVbwZ3mfg5qUCOerf8FfRimkqmkApiTMf3EgwzopFTwSalIDUsIXREBqxjqSKSmTCbHTxxT6zSc/uxtqXQnam/JzIijRnLyHZKgkOz6E3F/7xOiv3rMOMqSZEpOl/UT4WLsTv93u1xzSiKsSWEam5vdemQaELRZlSyIfiLLy+T5lnVv6xe3J9Xand5HEU4gmM4BR+uoAa3UIcGUJDwDK/w5mjnxXl3PuatBSefOYQ/cD5/ADTJkLo=</latexit>

⌫̂

<latexit sha1_base64="oAQSKGAfzFTW0ldEx6oRGHdC7mI=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsuLEbqdAXNCFMppN26GQSZiZCCcWNv+LGhSJu/Qp3/o2TNgttPXDhcM693HuPHzMqlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryygRmLRwxCLR9ZEkjHLSUlQx0o0FQaHPSMcf3WR+54EISSPeVOOYuCEacBpQjJSWPPOg6TlyiETshEgNMWLp3aRincL6iWeWrao1BVwkdk7KIEfDM7+cfoSTkHCFGZKyZ1uxclMkFMWMTEpOIkmM8AgNSE9TjkIi3XT6wgQea6UPg0jo4gpO1d8TKQqlHIe+7swOlfNeJv7n9RIVXLsp5XGiCMezRUHCoIpglgfsU0GwYmNNEBZU3wqxzgNhpVMr6RDs+ZcXSfusal9WL+7Py7V6HkcRHIIjUAE2uAI1cAsaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AdyylnU=</latexit>

T]N (0, I)

generative model
<latexit sha1_base64="Jd1J9LlogYF3/F4r88jaYWtW8yQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94SyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbT6g0j2XdjBP0IzqQPOSMGivV6r1iyS27c5BV4mWkBBmqveJXtx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mh07JmVX6JIyVLWnIXP09MaGR1uMosJ0RNUO97M3E/7xOasJbf8JlkhqUbLEoTAUxMZl9TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2rstXtctS5SGLIw8ncArn4MENVOAeqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/tQSM6Q==</latexit>

T

data 
samples

In generative modeling, OT takes different roles:



Various Neural Optimal Transport Solvers

73

Part 2

How to parameterize optimal transport?  

MONGE
<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)
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How to parameterize optimal transport?  

MONGE
<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost
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Various Neural Optimal Transport Solvers

73

Part 2

How to parameterize optimal transport?  

MONGE
<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

<latexit sha1_base64="vafeemrZamixsd+zCE4RvtBb9RU=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFV8XIeDFk0TIC7JL6J1MkiGzs8vMbDCsOfgrXjwo4tXf8ObfOEn2oIkFDUVVN91dfsSZ0rb9bWWWlldW17LruY3Nre2d/O5eXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJn4jSGVioWiqkcR9QLoCdZlBLSR2vmDavHh5NoV4HPA7hBk1GdGaecLdsmeAi8SJyUFlKLSzn+5nZDEARWacFCq5diR9hKQmhFOxzk3VjQCMoAebRkqIKDKS6b3j/GxUTq4G0pTQuOp+nsigUCpUeCbzgB0X817E/E/rxXr7pWXMBHFmgoyW9SNOdYhnoSBO0xSovnIECCSmVsx6YMEok1kOROCM//yIqmflpyL0vn9WaF8l8aRRYfoCBWRgy5RGd2iCqohgh7RM3pFb9aT9WK9Wx+z1oyVzuyjP7A+fwBoapUg</latexit>

T (x) = r'(x)where
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<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

Approach:  learn   T

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

Approach:  learn   

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

Approach:  learn   T

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

Approach:  learn   T

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

• with                           or without regularization [Yang+19][Uscidda+23]

<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

Approach:  learn   

[Makkuva+21, Korotin+20]
• convex   and (near-)exact conjugate

<latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>'

• convex   and approximate conjugate
<latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>'

[Taghvaei+19, Amos23] <latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

Approach:  learn   T

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

• with                           or without regularization [Yang+19][Uscidda+23]

<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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Part 2

How to parameterize optimal transport?  

MONGE
<latexit sha1_base64="RpuSPTcJhJ5ttSqeQL6lCK3Xd7U="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

kx� T (x)k22dµ(x)

Euclidean distance as transport cost

Approach:  learn   

[Makkuva+21, Korotin+20]
• convex   and (near-)exact conjugate

<latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>'

• convex   and approximate conjugate
<latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>'

[Taghvaei+19, Amos23]

• arbitrary     <latexit sha1_base64="IQW8SEQo4vf6qI3+qQG1jDS+PGE=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9gHtUDJppg1NMiHJFMrQj3DjQhG3fo87/8a0nYW2HrhwOOde7r0nUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWj+5nfGlNtWCKf7ETRUOCBZDEj2Dqp1R1jrYasV674VX8OtEqCnFQgR71X/ur2E5IKKi3h2JhO4CsbZlhbRjidlrqpoQqTER7QjqMSC2rCbH7uFJ05pY/iRLuSFs3V3xMZFsZMROQ6BbZDs+zNxP+8Tmrj2zBjUqWWSrJYFKcc2QTNfkd9pimxfOIIJpq5WxEZYo2JdQmVXAjB8surpHlRDa6rV4+XldpdHkcRTuAUziGAG6jBA9ShAQRG8Ayv8OYp78V79z4WrQUvnzmGP/A+fwB+io+w</latexit>' [Nhan Dam+19, Korotin+21, Rout+21]

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex 
conjugate

Approach:  learn   T

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

• with                           or without regularization [Yang+19][Uscidda+23]

<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'
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… via the Brenier Theorem
Part 2

Approximate         via convex function     <latexit sha1_base64="DPB+ZjpeRevwUEGZsWkkk41pOQ0=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmUF+4B2KJk008ZmkiHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqpOeh1kyHvlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9Zvbg/r9Ru8jiKcATHcAo+XEEN7qAODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH5BEjyM=</latexit>g�
<latexit sha1_base64="utERz5HGtPAhHQ9L+NSG4ZCqAA8=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx48SQRzAKZMdR0epImPYvdNYEw5Du8eFDEqx/jzb+xk8xBEx8UPN6roqqen0ih0ba/rcLK6tr6RnGztLW9s7tX3j9o6jhVjDdYLGPV9kFzKSLeQIGStxPFIfQlb/nDm6nfGnGlRRw94DjhXgj9SASCARrJc0egkoF4dDWC6pYrdtWegS4TJycVkqPeLX+5vZilIY+QSdC649gJehkoFEzySclNNU+ADaHPO4ZGEHLtZbOjJ/TEKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ndVIMrr1MREmKPGLzRUEqKcZ0mgDtCcUZyrEhwJQwt1I2AAUMTU4lE4Kz+PIyaZ5Vncvqxf15pXaXx1EkR+SYnBKHXJEauSV10iCMPJFn8krerJH1Yr1bH/PWgpXPHJI/sD5/AC9Lkmw=</latexit>

'?

[Makkuva+21, Korotin+20]
Neural Solver

Approach:  learn   

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex conjugate

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/neural_dual.html


<latexit sha1_base64="0e8o7vc6D6SdoJIfVdqiWR3D/fg="></latexit>

arg sup
'✓ convex

inf
g� convex

�
Z

'✓(x)dµ(x)�
Z
hy,rg�(y)i � '✓(rg�(y)) d⌫(y)
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… via the Brenier Theorem
Part 2

Approximate         via convex function     <latexit sha1_base64="DPB+ZjpeRevwUEGZsWkkk41pOQ0=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmUF+4B2KJk008ZmkiHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqpOeh1kyHvlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9Zvbg/r9Ru8jiKcATHcAo+XEEN7qAODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH5BEjyM=</latexit>g�
<latexit sha1_base64="utERz5HGtPAhHQ9L+NSG4ZCqAA8=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx48SQRzAKZMdR0epImPYvdNYEw5Du8eFDEqx/jzb+xk8xBEx8UPN6roqqen0ih0ba/rcLK6tr6RnGztLW9s7tX3j9o6jhVjDdYLGPV9kFzKSLeQIGStxPFIfQlb/nDm6nfGnGlRRw94DjhXgj9SASCARrJc0egkoF4dDWC6pYrdtWegS4TJycVkqPeLX+5vZilIY+QSdC649gJehkoFEzySclNNU+ADaHPO4ZGEHLtZbOjJ/TEKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ndVIMrr1MREmKPGLzRUEqKcZ0mgDtCcUZyrEhwJQwt1I2AAUMTU4lE4Kz+PIyaZ5Vncvqxf15pXaXx1EkR+SYnBKHXJEauSV10iCMPJFn8krerJH1Yr1bH/PWgpXPHJI/sD5/AC9Lkmw=</latexit>

'?

[Makkuva+21, Korotin+20]

<latexit sha1_base64="N2iJXt/ZeCUftIqnRbNZJwBLxwQ="></latexit>

arg sup
f✓ convex

inf
g� convex

�
Z

f✓(x)dµ(x)�
Z

hy,rg�(y)i � f✓(rg�(y)) d⌫(y)

Neural Solver

Approach:  learn   

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex conjugate

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/neural_dual.html


parameterize via  
input convex neural networks [Amos+17]

<latexit sha1_base64="0e8o7vc6D6SdoJIfVdqiWR3D/fg="></latexit>

arg sup
'✓ convex

inf
g� convex

�
Z

'✓(x)dµ(x)�
Z
hy,rg�(y)i � '✓(rg�(y)) d⌫(y)

Neural Optimal Transport Solvers
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… via the Brenier Theorem
Part 2

Approximate         via convex function     <latexit sha1_base64="DPB+ZjpeRevwUEGZsWkkk41pOQ0=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmUF+4B2KJk008ZmkiHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqpOeh1kyHvlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9Zvbg/r9Ru8jiKcATHcAo+XEEN7qAODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH5BEjyM=</latexit>g�
<latexit sha1_base64="utERz5HGtPAhHQ9L+NSG4ZCqAA8=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4CjPidgx48SQRzAKZMdR0epImPYvdNYEw5Du8eFDEqx/jzb+xk8xBEx8UPN6roqqen0ih0ba/rcLK6tr6RnGztLW9s7tX3j9o6jhVjDdYLGPV9kFzKSLeQIGStxPFIfQlb/nDm6nfGnGlRRw94DjhXgj9SASCARrJc0egkoF4dDWC6pYrdtWegS4TJycVkqPeLX+5vZilIY+QSdC649gJehkoFEzySclNNU+ADaHPO4ZGEHLtZbOjJ/TEKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ndVIMrr1MREmKPGLzRUEqKcZ0mgDtCcUZyrEhwJQwt1I2AAUMTU4lE4Kz+PIyaZ5Vncvqxf15pXaXx1EkR+SYnBKHXJEauSV10iCMPJFn8krerJH1Yr1bH/PWgpXPHJI/sD5/AC9Lkmw=</latexit>

'?

[Makkuva+21, Korotin+20]

<latexit sha1_base64="N2iJXt/ZeCUftIqnRbNZJwBLxwQ="></latexit>

arg sup
f✓ convex

inf
g� convex

�
Z

f✓(x)dµ(x)�
Z

hy,rg�(y)i � f✓(rg�(y)) d⌫(y)

Neural Solver

Approach:  learn   

<latexit sha1_base64="WRfvwn+G19C2dEu9JknlRMC3QeA="></latexit>

'⇤ := sup
x2Rd

hx, yi � '(x)

convex conjugate

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="i1shtIJ/efWJU0J2dmvOgEFzNmI="></latexit>

f? = arg inf
f convex

Z
fdµ+

Z
f⇤d⌫

<latexit sha1_base64="IJepPajCxQ8wZGR9yJcAU2VWCcc=">AAACL3icbVDLSgMxFM34tr6qLt0EiyAKZUZ8LYuCuFSwVejUkknv2NAkMyR3imXoH7nxV9yIKOLWvzCtXdTHgcDJOfdy7z1RKoVF33/xJianpmdm5+YLC4tLyyvF1bWaTTLDocoTmZibiFmQQkMVBUq4SQ0wFUm4jjqnA/+6C8aKRF9hL4WGYndaxIIzdFKzeBYKHdMQtE0ZB+p+SMMuM2lb0BDhHo3KW/1QZXT3h3m7M+bqrFks+WV/CPqXBCNSIiNcNItPYSvhmQKNXDJr64GfYiNnBgWX0C+EmQW3UYfdQd1RzRTYRj68t0+3nNKicWLccysN1fGOnClreypylYph2/72BuJ/Xj3D+LiRC51mCJp/D4ozSTGhg/BoSxjgKHuOMG6E25XyNjOMo4u44EIIfp/8l9T2ysFh+eByv1Q5GcUxRzbIJtkmATkiFXJOLkiVcPJAnsgrefMevWfv3fv4Lp3wRj3r5Ae8zy+8C6on</latexit>

inf

Z
'dµ+

Z
'⇤d⌫

<latexit sha1_base64="w5/iOWbPIz643Tyi+KeV7bMPUF0=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEvHiOYBTKTUNPpSZr0LHTXRMKQ//DiQRGv/os3/8ZOMgdNfFDweK+Kqnp+IoVG2/62VlbX1jc2C1vF7Z3dvf3SwWFDx6livM5iGauWD5pLEfE6CpS8lSgOoS950x/eTf3miCst4ugRxwn3QuhHIhAM0EgddwQqGYiOqxEU7ZbKdsWegS4TJydlkqPWLX25vZilIY+QSdC67dgJehkoFEzySdFNNU+ADaHP24ZGEHLtZbOrJ/TUKD0axMpUhHSm/p7IINR6HPqmMwQc6EVvKv7ntVMMbrxMREmKPGLzRUEqKcZ0GgHtCcUZyrEhwJQwt1I2AAUMTVBFE4Kz+PIyaZxXnKvK5cNFuXqbx1Egx+SEnBGHXJMquSc1UieMKPJMXsmb9WS9WO/Wx7x1xcpnjsgfWJ8/hoWSig==</latexit>

'?
<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'<latexit sha1_base64="cb81eOCKi+LOR9fBzrLHxECKfVU=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XBje4q2Ae0Q8mkmTY0yYQkUyhDP8KNC0Xc+j3u/BvTdhbaeuDC4Zx7ufeeSHFmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWN7mZ+a0y1YYl8shNFQ4EHksWMYOukVneMtRqyXrniV/050CoJclKBHPVe+avbT0gqqLSEY2M6ga9smGFtGeF0WuqmhipMRnhAO45KLKgJs/m5U3TmlD6KE+1KWjRXf09kWBgzEZHrFNgOzbI3E//zOqmNb8OMSZVaKsliUZxyZBM0+x31mabE8okjmGjmbkVkiDUm1iVUciEEyy+vkuZFNbiuXj1eVmoPeRxFOIFTOIcAbqAG91CHBhAYwTO8wpunvBfv3ftYtBa8fOYY/sD7/AGApY+3</latexit>'

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/neural_dual.html
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<latexit sha1_base64="aKw5vdtMf6y/H27pIaQm4QT4jPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL+IpAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3L4sjDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+uPjQ0=</latexit>x

<latexit sha1_base64="yL06sMbrT4yNINAkffs+Fc/Nb2w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi3iqaD+gDWWznbRLN5uwuxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqud355XabR5HEY7gGE7Bg0uowQ3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AFBKNsw==</latexit>z1
<latexit sha1_base64="zRius6zsJm4NiOZTMahV6TU6mew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXsRTRPOAZAmzk95kyOzsMjMrxJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9i3L1rlqq3WZx5OEETuEcPLiEGtxAHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHFZaNtA==</latexit>z2

<latexit sha1_base64="olI+XJFi3TTtBF83oyewiOQaRi4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY8CKeKtgPaJeSTbNt2CS7JFmhLv0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGkniG5mfueRKs1i+WAmCfUFHkkWMoKNlTpPgyy6qE0H5YpbdedAq8TLSQVyNAflr/4wJqmg0hCOte55bmL8DCvDCKfTUj/VNMEkwiPas1RiQbWfzc+dojOrDFEYK1vSoLn6eyLDQuuJCGynwGasl72Z+J/XS0147WdMJqmhkiwWhSlHJkaz39GQKUoMn1iCiWL2VkTGWGFibEIlG4K3/PIqadeq3mW1fl+vNO7yOIpwAqdwDh5cQQNuoQktIBDBM7zCm5M4L86787FoLTj5zDH8gfP5Aw7Mj2w=</latexit> z k
�
2

<latexit sha1_base64="qZYcWUgigBACbG02ydJZXMMOZ7Y=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi3iqYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWaj31stG5N+mVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3dCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuG1nwmVpMgVmy8KU0kwJtPfSV9ozlCOLaFMC3srYUOqKUObUNGG4C2+vEyaFxXvslK9r5Zrd3kcBTiGEzgDD66gBrdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHDUePaw==</latexit> z k
�
1

<latexit sha1_base64="m+F50xY4vCJgxT72vUUqLcdmhEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF/FUwbSFNpTNdtou3WzC7kaoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjpOFUOfxSJW7ZBqFFyib7gR2E4U0igU2ArHNzO/9YhK81g+mEmCQUSHkg84o8ZK/lMvG0975Ypbdecgq8TLSQVyNHrlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWD6yDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHlR9S6rtftapX6Xx1GEEziFc/DgCupwCw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AzDdjvk=</latexit>zk

<latexit sha1_base64="TVPE4dd/vbdXEjxzSgxoVFhXhB8="></latexit>

W z
1 ·

<latexit sha1_base64="s8YRpukFygrR70/bW7TZLrnHAe4="></latexit>

W z
k�2·

<latexit sha1_base64="1cB+wq95Gkm6q6Wf6Ks/5g3M1M4="></latexit>

(wz
k�1)

T ·

<latexit sha1_base64="O0+bCkQGLO03K/cLQEtWZWxOOwU="></latexit>

zi+1 = �i (W
x
i x+W z

i zi + bi)

<latexit sha1_base64="0AZU1BGzTXRSkU4U4HXhXzwuIZw="></latexit>�0
<latexit sha1_base64="QCl1LvKMKVtTh6DGgq+rCwxDFN8="></latexit>�1

<latexit sha1_base64="sXlCmKsw6HY7PckFhU/+1Xf4a6A="></latexit>�k�2
<latexit sha1_base64="y5htU1GDvtVcMlEXWnW1x9BBXe0="></latexit>�k�1

Part 2

[Amos+17]

<latexit sha1_base64="GCK/sLHMznQN293SVpyD1DcSoVY=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRS1GXBjbiqYB/QxjCZTNqhk0yYuVFL7Ke4caGIW7/EnX/j9LHQ1gMXDufcy733BKngGhzn21paXlldWy9sFDe3tnd27dJeU8tMUdagUkjVDohmgiesARwEa6eKkTgQrBUMLsd+654pzWVyC8OUeTHpJTzilICRfLvU8p27R9yloQR8ggPf8e2yU3EmwIvEnZEymqHu21/dUNIsZglQQbTuuE4KXk4UcCrYqNjNNEsJHZAe6xiakJhpL5+cPsJHRglxJJWpBPBE/T2Rk1jrYRyYzphAX897Y/E/r5NBdOHlPEkzYAmdLooygUHicQ445IpREENDCFXc3IppnyhCwaRVNCG48y8vkuZpxT2rVG+q5dr1LI4COkCH6Bi56BzV0BWqowai6AE9o1f0Zj1ZL9a79TFtXbJmM/voD6zPHxuZkqQ=</latexit>

W x
0 ·+b0

If all  are increasing convex, if all                   , then               is convexσi
<latexit sha1_base64="0x87h2Z6n+zAWTY2H4hV0nv5Kg4="></latexit>

W z
i � 0

<latexit sha1_base64="AtaG5mZyiRwWbBbpUj7DoG7BaRM="></latexit>

'✓(x)

<latexit sha1_base64="Bv3hPJnvcOOsFi1xM1EdBOr8pVs=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMiNtFCHrxGMEskAxDT6cnadLTM3TXBGOIF3/FiwdFvPoX3vwbO8tBEx8UPN6roqpekAiuwXG+rczC4tLySnY1t7a+sbllb+9UdZwqyio0FrGqB0QzwSWrAAfB6oliJAoEqwXd65Ff6zGleSzvoJ8wLyJtyUNOCRjJt/eaPaKSDveb0GFACvdHGF/iB7/r23mn6IyB54k7JXk0Rdm3v5qtmKYRk0AF0brhOgl4A6KAU8GGuWaqWUJol7RZw1BJIqa9wfiDIT40SguHsTIlAY/V3xMDEmndjwLTGRHo6FlvJP7nNVIIL7wBl0kKTNLJojAVGGI8igO3uGIURN8QQhU3t2LaIYpQMKHlTAju7MvzpHpcdM+Kp7cn+dLVNI4s2kcHqIBcdI5K6AaVUQVR9Iie0St6s56sF+vd+pi0ZqzpzC76A+vzBxuAlgY=</latexit>

'✓(x) = zk
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<latexit sha1_base64="aKw5vdtMf6y/H27pIaQm4QT4jPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL+IpAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3L4sjDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+uPjQ0=</latexit>x

<latexit sha1_base64="yL06sMbrT4yNINAkffs+Fc/Nb2w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi3iqaD+gDWWznbRLN5uwuxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqud355XabR5HEY7gGE7Bg0uowQ3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AFBKNsw==</latexit>z1
<latexit sha1_base64="zRius6zsJm4NiOZTMahV6TU6mew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXsRTRPOAZAmzk95kyOzsMjMrxJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9i3L1rlqq3WZx5OEETuEcPLiEGtxAHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHFZaNtA==</latexit>z2

<latexit sha1_base64="olI+XJFi3TTtBF83oyewiOQaRi4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY8CKeKtgPaJeSTbNt2CS7JFmhLv0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGkniG5mfueRKs1i+WAmCfUFHkkWMoKNlTpPgyy6qE0H5YpbdedAq8TLSQVyNAflr/4wJqmg0hCOte55bmL8DCvDCKfTUj/VNMEkwiPas1RiQbWfzc+dojOrDFEYK1vSoLn6eyLDQuuJCGynwGasl72Z+J/XS0147WdMJqmhkiwWhSlHJkaz39GQKUoMn1iCiWL2VkTGWGFibEIlG4K3/PIqadeq3mW1fl+vNO7yOIpwAqdwDh5cQQNuoQktIBDBM7zCm5M4L86787FoLTj5zDH8gfP5Aw7Mj2w=</latexit> z k
�
2

<latexit sha1_base64="qZYcWUgigBACbG02ydJZXMMOZ7Y=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi3iqYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWaj31stG5N+mVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3dCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuG1nwmVpMgVmy8KU0kwJtPfSV9ozlCOLaFMC3srYUOqKUObUNGG4C2+vEyaFxXvslK9r5Zrd3kcBTiGEzgDD66gBrdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHDUePaw==</latexit> z k
�
1

<latexit sha1_base64="m+F50xY4vCJgxT72vUUqLcdmhEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF/FUwbSFNpTNdtou3WzC7kaoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjpOFUOfxSJW7ZBqFFyib7gR2E4U0igU2ArHNzO/9YhK81g+mEmCQUSHkg84o8ZK/lMvG0975Ypbdecgq8TLSQVyNHrlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWD6yDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHlR9S6rtftapX6Xx1GEEziFc/DgCupwCw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AzDdjvk=</latexit>zk

<latexit sha1_base64="TVPE4dd/vbdXEjxzSgxoVFhXhB8="></latexit>

W z
1 ·

<latexit sha1_base64="s8YRpukFygrR70/bW7TZLrnHAe4="></latexit>

W z
k�2·

<latexit sha1_base64="1cB+wq95Gkm6q6Wf6Ks/5g3M1M4="></latexit>

(wz
k�1)

T ·

<latexit sha1_base64="O0+bCkQGLO03K/cLQEtWZWxOOwU="></latexit>

zi+1 = �i (W
x
i x+W z

i zi + bi)
<latexit sha1_base64="xPa7v8ekNr6/B1xF1EqcNzNQ/YI="></latexit>

z0 = 0

<latexit sha1_base64="qqD8eKNnchSbuY1UYblbhJ3EdiM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi3iqaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rUeujYjVA44T7kd0oEQoGEUr3T/13F654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqud355XabR5HEY7gGE7Bg0uowQ3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AEo6Nsg==</latexit>z0

<latexit sha1_base64="U5W3fbibWahbHWPXm1sCTKniGDk="></latexit>

W z
o ·

<latexit sha1_base64="0AZU1BGzTXRSkU4U4HXhXzwuIZw="></latexit>�0
<latexit sha1_base64="QCl1LvKMKVtTh6DGgq+rCwxDFN8="></latexit>�1

<latexit sha1_base64="sXlCmKsw6HY7PckFhU/+1Xf4a6A="></latexit>�k�2
<latexit sha1_base64="y5htU1GDvtVcMlEXWnW1x9BBXe0="></latexit>�k�1

<latexit sha1_base64="zTtv187QQSsjq+q9hXAnbvAJdTg=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRS1GXBjbiqYB/QxjCZTNqhk0yYuVFL7Ke4caGIW7/EnX/j9LHQ1gMXDufcy733BKngGhzn21paXlldWy9sFDe3tnd27dJeU8tMUdagUkjVDohmgiesARwEa6eKkTgQrBUMLsd+654pzWVyC8OUeTHpJTzilICRfLvU8t27R9yloQR8ggPf9e2yU3EmwIvEnZEymqHu21/dUNIsZglQQbTuuE4KXk4UcCrYqNjNNEsJHZAe6xiakJhpL5+cPsJHRglxJJWpBPBE/T2Rk1jrYRyYzphAX897Y/E/r5NBdOHlPEkzYAmdLooygUHicQ445IpREENDCFXc3IppnyhCwaRVNCG48y8vkuZpxT2rVG+q5dr1LI4COkCH6Bi56BzV0BWqowai6AE9o1f0Zj1ZL9a79TFtXbJmM/voD6zPHx6vkqY=</latexit>

W x
1 ·+b1

<latexit sha1_base64="KzKrMuHpKCsv8gK6GSXB0MoCisk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSxJKeqy4EZcVbAPaGOYTCbt0MlMmJmIJRQ3/oobF4q49Svc+TdO2yy0euDC4Zx7ufeeIGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6GFxO/fUekooLf6FFCvBj1OY0oRtpIvr3X9rPhSXV8ew97OBQaHsNgpvh22ak4U8C/xM1JGeRo+PZnLxQ4jQnXmCGluq6TaC9DUlPMyLjUSxVJEB6iPukaylFMlJdNXxjDQ6OEMBLSFNdwqv6cyFCs1CgOTGeM9EDNexPxP6+b6ujcyyhPUk04ni2KUga1gJM8YEglwZqNDEFYUnMrxAMkEdYmtZIJwZ1/+S9pVSvuaaV2XSvXr/I4imAfHIAj4IIzUAeXoAGaAIMH8ARewKv1aD1bb9b7rLVg5TO74Besj29CmZYY</latexit>

W x
k�2 ·+bk�2

<latexit sha1_base64="AP9Pj2cktt8XhlP/5TmNzT+mrts=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUsivpYFN+KqQl/QpmEymdShk0yYmagldOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HixmVyrK+jdzc/MLiUn65sLK6tr5hbm41JE8EJnXMGRctD0nCaETqiipGWrEgKPQYaXr9y5HfvCNCUh7V1CAmToh6EQ0oRkpLrrlbunfT/pE97D4cdGuwg32u4CH0JqJrFq2yNQacJXZGiiBD1TW/Oj7HSUgihRmSsm1bsXJSJBTFjAwLnUSSGOE+6pG2phEKiXTS8RtDuK8VHwZc6IoUHKu/J1IUSjkIPd0ZInUrp72R+J/XTlRw4aQ0ihNFIjxZFCQMKg5HmUCfCoIVG2iCsKD6VohvkUBY6eQKOgR7+uVZ0jgu22fl05uTYuU6iyMPdsAeKAEbnIMKuAJVUAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/YHz+AK3Yl2I=</latexit>

(wx
k�1)

T ·+bk�1

Part 2

[Amos+17]

<latexit sha1_base64="GCK/sLHMznQN293SVpyD1DcSoVY=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRS1GXBjbiqYB/QxjCZTNqhk0yYuVFL7Ke4caGIW7/EnX/j9LHQ1gMXDufcy733BKngGhzn21paXlldWy9sFDe3tnd27dJeU8tMUdagUkjVDohmgiesARwEa6eKkTgQrBUMLsd+654pzWVyC8OUeTHpJTzilICRfLvU8p27R9yloQR8ggPf8e2yU3EmwIvEnZEymqHu21/dUNIsZglQQbTuuE4KXk4UcCrYqNjNNEsJHZAe6xiakJhpL5+cPsJHRglxJJWpBPBE/T2Rk1jrYRyYzphAX897Y/E/r5NBdOHlPEkzYAmdLooygUHicQ445IpREENDCFXc3IppnyhCwaRVNCG48y8vkuZpxT2rVG+q5dr1LI4COkCH6Bi56BzV0BWqowai6AE9o1f0Zj1ZL9a79TFtXbJmM/voD6zPHxuZkqQ=</latexit>

W x
0 ·+b0

If all  are increasing convex, if all                   , then               is convexσi
<latexit sha1_base64="0x87h2Z6n+zAWTY2H4hV0nv5Kg4="></latexit>

W z
i � 0

<latexit sha1_base64="AtaG5mZyiRwWbBbpUj7DoG7BaRM="></latexit>

'✓(x)

<latexit sha1_base64="Bv3hPJnvcOOsFi1xM1EdBOr8pVs=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMiNtFCHrxGMEskAxDT6cnadLTM3TXBGOIF3/FiwdFvPoX3vwbO8tBEx8UPN6roqpekAiuwXG+rczC4tLySnY1t7a+sbllb+9UdZwqyio0FrGqB0QzwSWrAAfB6oliJAoEqwXd65Ff6zGleSzvoJ8wLyJtyUNOCRjJt/eaPaKSDveb0GFACvdHGF/iB7/r23mn6IyB54k7JXk0Rdm3v5qtmKYRk0AF0brhOgl4A6KAU8GGuWaqWUJol7RZw1BJIqa9wfiDIT40SguHsTIlAY/V3xMDEmndjwLTGRHo6FlvJP7nNVIIL7wBl0kKTNLJojAVGGI8igO3uGIURN8QQhU3t2LaIYpQMKHlTAju7MvzpHpcdM+Kp7cn+dLVNI4s2kcHqIBcdI5K6AaVUQVR9Iie0St6s56sF+vd+pi0ZqzpzC76A+vzBxuAlgY=</latexit>

'✓(x) = zk
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<latexit sha1_base64="aKw5vdtMf6y/H27pIaQm4QT4jPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BL+IpAfOAZAmzk95kzOzsMjMrhpAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3cz81iMqzWN5b8YJ+hEdSB5yRo2V6k+9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlR9i7LlXqlVL3L4sjDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzseiNedkM8fwB87nD+uPjQ0=</latexit>x

<latexit sha1_base64="yL06sMbrT4yNINAkffs+Fc/Nb2w=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi3iqaD+gDWWznbRLN5uwuxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApG11O/9YhK81g+mHGCfkQHkoecUWOl+6ee1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuqud355XabR5HEY7gGE7Bg0uowQ3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8AFBKNsw==</latexit>z1
<latexit sha1_base64="zRius6zsJm4NiOZTMahV6TU6mew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXsRTRPOAZAmzk95kyOzsMjMrxJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V7p96lV6x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeGVP+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSrJS9i3L1rlqq3WZx5OEETuEcPLiEGtxAHRrAYADP8ApvjnBenHfnY9Gac7KZY/gD5/MHFZaNtA==</latexit>z2

<latexit sha1_base64="olI+XJFi3TTtBF83oyewiOQaRi4=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY8CKeKtgPaJeSTbNt2CS7JFmhLv0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtgTTmTtGWY4bSbKIpFwGkniG5mfueRKs1i+WAmCfUFHkkWMoKNlTpPgyy6qE0H5YpbdedAq8TLSQVyNAflr/4wJqmg0hCOte55bmL8DCvDCKfTUj/VNMEkwiPas1RiQbWfzc+dojOrDFEYK1vSoLn6eyLDQuuJCGynwGasl72Z+J/XS0147WdMJqmhkiwWhSlHJkaz39GQKUoMn1iCiWL2VkTGWGFibEIlG4K3/PIqadeq3mW1fl+vNO7yOIpwAqdwDh5cQQNuoQktIBDBM7zCm5M4L86787FoLTj5zDH8gfP5Aw7Mj2w=</latexit> z k
�
2

<latexit sha1_base64="qZYcWUgigBACbG02ydJZXMMOZ7Y=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRS1GPBi3iqYD+gDWWz3bRLN5uwOxFq6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWaj31stG5N+mVym7FnYEsEy8nZchR75W+uv2YpRFXyCQ1puO5CfoZ1SiY5JNiNzU8oWxEB7xjqaIRN342O3dCTq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuG1nwmVpMgVmy8KU0kwJtPfSV9ozlCOLaFMC3srYUOqKUObUNGG4C2+vEyaFxXvslK9r5Zrd3kcBTiGEzgDD66gBrdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHDUePaw==</latexit> z k
�
1

<latexit sha1_base64="m+F50xY4vCJgxT72vUUqLcdmhEI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF/FUwbSFNpTNdtou3WzC7kaoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjpOFUOfxSJW7ZBqFFyib7gR2E4U0igU2ArHNzO/9YhK81g+mEmCQUSHkg84o8ZK/lMvG0975Ypbdecgq8TLSQVyNHrlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWD6yDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHlR9S6rtftapX6Xx1GEEziFc/DgCupwCw3wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5AzDdjvk=</latexit>zk

<latexit sha1_base64="TVPE4dd/vbdXEjxzSgxoVFhXhB8="></latexit>

W z
1 ·

<latexit sha1_base64="s8YRpukFygrR70/bW7TZLrnHAe4="></latexit>

W z
k�2·

<latexit sha1_base64="1cB+wq95Gkm6q6Wf6Ks/5g3M1M4="></latexit>

(wz
k�1)

T ·

<latexit sha1_base64="O0+bCkQGLO03K/cLQEtWZWxOOwU="></latexit>

zi+1 = �i (W
x
i x+W z

i zi + bi)
<latexit sha1_base64="xPa7v8ekNr6/B1xF1EqcNzNQ/YI="></latexit>

z0 = 0

<latexit sha1_base64="qqD8eKNnchSbuY1UYblbhJ3EdiM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi3iqaD+gDWWz3bRLN5uwOxFq6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup76rUeujYjVA44T7kd0oEQoGEUr3T/13F654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqud355XabR5HEY7gGE7Bg0uowQ3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8AEo6Nsg==</latexit>z0

<latexit sha1_base64="U5W3fbibWahbHWPXm1sCTKniGDk="></latexit>

W z
o ·

<latexit sha1_base64="0AZU1BGzTXRSkU4U4HXhXzwuIZw="></latexit>�0
<latexit sha1_base64="QCl1LvKMKVtTh6DGgq+rCwxDFN8="></latexit>�1

<latexit sha1_base64="sXlCmKsw6HY7PckFhU/+1Xf4a6A="></latexit>�k�2
<latexit sha1_base64="y5htU1GDvtVcMlEXWnW1x9BBXe0="></latexit>�k�1

<latexit sha1_base64="zTtv187QQSsjq+q9hXAnbvAJdTg=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRS1GXBjbiqYB/QxjCZTNqhk0yYuVFL7Ke4caGIW7/EnX/j9LHQ1gMXDufcy733BKngGhzn21paXlldWy9sFDe3tnd27dJeU8tMUdagUkjVDohmgiesARwEa6eKkTgQrBUMLsd+654pzWVyC8OUeTHpJTzilICRfLvU8t27R9yloQR8ggPf9e2yU3EmwIvEnZEymqHu21/dUNIsZglQQbTuuE4KXk4UcCrYqNjNNEsJHZAe6xiakJhpL5+cPsJHRglxJJWpBPBE/T2Rk1jrYRyYzphAX897Y/E/r5NBdOHlPEkzYAmdLooygUHicQ445IpREENDCFXc3IppnyhCwaRVNCG48y8vkuZpxT2rVG+q5dr1LI4COkCH6Bi56BzV0BWqowai6AE9o1f0Zj1ZL9a79TFtXbJmM/voD6zPHx6vkqY=</latexit>

W x
1 ·+b1

<latexit sha1_base64="KzKrMuHpKCsv8gK6GSXB0MoCisk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEQSxJKeqy4EZcVbAPaGOYTCbt0MlMmJmIJRQ3/oobF4q49Svc+TdO2yy0euDC4Zx7ufeeIGFUacf5sgoLi0vLK8XV0tr6xuaWvb3TUiKVmDSxYEJ2AqQIo5w0NdWMdBJJUBww0g6GFxO/fUekooLf6FFCvBj1OY0oRtpIvr3X9rPhSXV8ew97OBQaHsNgpvh22ak4U8C/xM1JGeRo+PZnLxQ4jQnXmCGluq6TaC9DUlPMyLjUSxVJEB6iPukaylFMlJdNXxjDQ6OEMBLSFNdwqv6cyFCs1CgOTGeM9EDNexPxP6+b6ujcyyhPUk04ni2KUga1gJM8YEglwZqNDEFYUnMrxAMkEdYmtZIJwZ1/+S9pVSvuaaV2XSvXr/I4imAfHIAj4IIzUAeXoAGaAIMH8ARewKv1aD1bb9b7rLVg5TO74Besj29CmZYY</latexit>

W x
k�2 ·+bk�2

<latexit sha1_base64="AP9Pj2cktt8XhlP/5TmNzT+mrts=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUsivpYFN+KqQl/QpmEymdShk0yYmagldOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HixmVyrK+jdzc/MLiUn65sLK6tr5hbm41JE8EJnXMGRctD0nCaETqiipGWrEgKPQYaXr9y5HfvCNCUh7V1CAmToh6EQ0oRkpLrrlbunfT/pE97D4cdGuwg32u4CH0JqJrFq2yNQacJXZGiiBD1TW/Oj7HSUgihRmSsm1bsXJSJBTFjAwLnUSSGOE+6pG2phEKiXTS8RtDuK8VHwZc6IoUHKu/J1IUSjkIPd0ZInUrp72R+J/XTlRw4aQ0ihNFIjxZFCQMKg5HmUCfCoIVG2iCsKD6VohvkUBY6eQKOgR7+uVZ0jgu22fl05uTYuU6iyMPdsAeKAEbnIMKuAJVUAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/YHz+AK3Yl2I=</latexit>

(wx
k�1)

T ·+bk�1

Part 2

[Amos+17]

<latexit sha1_base64="GCK/sLHMznQN293SVpyD1DcSoVY=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEEoSRS1GXBjbiqYB/QxjCZTNqhk0yYuVFL7Ke4caGIW7/EnX/j9LHQ1gMXDufcy733BKngGhzn21paXlldWy9sFDe3tnd27dJeU8tMUdagUkjVDohmgiesARwEa6eKkTgQrBUMLsd+654pzWVyC8OUeTHpJTzilICRfLvU8p27R9yloQR8ggPf8e2yU3EmwIvEnZEymqHu21/dUNIsZglQQbTuuE4KXk4UcCrYqNjNNEsJHZAe6xiakJhpL5+cPsJHRglxJJWpBPBE/T2Rk1jrYRyYzphAX897Y/E/r5NBdOHlPEkzYAmdLooygUHicQ445IpREENDCFXc3IppnyhCwaRVNCG48y8vkuZpxT2rVG+q5dr1LI4COkCH6Bi56BzV0BWqowai6AE9o1f0Zj1ZL9a79TFtXbJmM/voD6zPHxuZkqQ=</latexit>

W x
0 ·+b0

If all  are increasing convex, if all                   , then               is convexσi
<latexit sha1_base64="0x87h2Z6n+zAWTY2H4hV0nv5Kg4="></latexit>

W z
i � 0

<latexit sha1_base64="AtaG5mZyiRwWbBbpUj7DoG7BaRM="></latexit>

'✓(x)

<latexit sha1_base64="Bv3hPJnvcOOsFi1xM1EdBOr8pVs=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQ4iXMiNtFCHrxGMEskAxDT6cnadLTM3TXBGOIF3/FiwdFvPoX3vwbO8tBEx8UPN6roqpekAiuwXG+rczC4tLySnY1t7a+sbllb+9UdZwqyio0FrGqB0QzwSWrAAfB6oliJAoEqwXd65Ff6zGleSzvoJ8wLyJtyUNOCRjJt/eaPaKSDveb0GFACvdHGF/iB7/r23mn6IyB54k7JXk0Rdm3v5qtmKYRk0AF0brhOgl4A6KAU8GGuWaqWUJol7RZw1BJIqa9wfiDIT40SguHsTIlAY/V3xMDEmndjwLTGRHo6FlvJP7nNVIIL7wBl0kKTNLJojAVGGI8igO3uGIURN8QQhU3t2LaIYpQMKHlTAju7MvzpHpcdM+Kp7cn+dLVNI4s2kcHqIBcdI5K6AaVUQVR9Iie0St6s56sF+vd+pi0ZqzpzC76A+vzBxuAlgY=</latexit>

'✓(x) = zk

ICNN

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/icnn_inits.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
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However, can we find approaches without 
• constraints in the weight matrices, 

• the challenge to handle conjugate, 

• the problem of initialization?
[Amos23]

[Bunne+22]

[Korotin+21]

… via the Brenier Theorem

parameterize via  
input convex neural networks [Amos+17]

<latexit sha1_base64="0e8o7vc6D6SdoJIfVdqiWR3D/fg="></latexit>

arg sup
'✓ convex

inf
g� convex

�
Z

'✓(x)dµ(x)�
Z
hy,rg�(y)i � '✓(rg�(y)) d⌫(y)

Approximate         via convex function     <latexit sha1_base64="DPB+ZjpeRevwUEGZsWkkk41pOQ0=">AAAB7XicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LoxmUF+4B2KJk008ZmkiHJCGXoP7hxoYhb/8edf2PazkJbD1w4nHMv994TJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoduq3npg2XMkHO05YEJOB5BGnxDqpOeh1kyHvlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQcZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9Zvbg/r9Ru8jiKcATHcAo+XEEN7qAODaDwCM/wCm9IoRf0jj7mrQWUzxzCH6DPH5BEjyM=</latexit>g�
<latexit sha1_base64="e+/ffARG+7rCuYjYVxd+1fwV2PQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgHsKuxMcx4MWTRDAPSdYwO5lNhszMLjOzgbDkK7x4UMSrn+PNv3GS7EETCxqKqm66u4KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfBm6jdHVGkWyQczjqkvcF+ykBFsrPTYGWEVD9jTWbdYcsvuDGiZeBkpQYZat/jV6UUkEVQawrHWbc+NjZ9iZRjhdFLoJJrGmAxxn7YtlVhQ7aezgyfoxCo9FEbKljRopv6eSLHQeiwC2ymwGehFbyr+57UTE177KZNxYqgk80VhwpGJ0PR71GOKEsPHlmCimL0VkQFWmBibUcGG4C2+vEwa52XvsnxxXylV77I48nAEx3AKHlxBFW6hBnUgIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AoGGQWA==</latexit>

'⇤

[Makkuva+21, Korotin+20]

<latexit sha1_base64="N2iJXt/ZeCUftIqnRbNZJwBLxwQ="></latexit>

arg sup
f✓ convex

inf
g� convex

�
Z

f✓(x)dµ(x)�
Z

hy,rg�(y)i � f✓(rg�(y)) d⌫(y)
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… via a Monge Gap for OT-like Maps
Part 2

Approach:  learn   T

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

[Uscidda+23]

• For any cost function  c
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77

… via a Monge Gap for OT-like Maps
Part 2

Approach:  learn   T

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

[Uscidda+23]

• For any cost function  c

• Parameterize  via neural network and a regularizerT
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… via a Monge Gap for OT-like Maps
Part 2

Approach:  learn   T

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

[Uscidda+23]

• For any cost function  c

• Parameterize  via neural network and a regularizerT
<latexit sha1_base64="i6aloDJgWZ0aXd12+cQEOzZHePI="></latexit>

=

Z
c(x, T✓(x))dµ(x)�Wc(µ, T✓]µ) .Monge gap regularizer

gap quantifies how far a map  deviates 
from ideal properties we expect from a -OT map 

Tθ
c
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… via a Monge Gap for OT-like Maps
Part 2

Approach:  learn   T

<latexit sha1_base64="Rq6Vej09brsHvP9hCyTDzOTuiEA="></latexit>

T ? = argmin
T :T]µ⇡⌫

Z

Rd

c(x, T (x))dµ(x)

[Uscidda+23]

• For any cost function  c

• Parameterize  via neural network and a regularizerT
<latexit sha1_base64="i6aloDJgWZ0aXd12+cQEOzZHePI="></latexit>

=

Z
c(x, T✓(x))dµ(x)�Wc(µ, T✓]µ) .Monge gap regularizer

gap quantifies how far a map  deviates 
from ideal properties we expect from a -OT map 

Tθ
c

Monge Gap

https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/gromov_wasserstein.html
https://ott-jax.readthedocs.io/en/latest/tutorials/notebooks/Monge_Gap.html
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol
Sox9

[Gut+18]
4i microscopy



Application: Predicting Treatment Responses to Drugs

78

Part 2

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

average
<latexit sha1_base64="1gO53nvWgT8Z3gt8oD6LPjznJjg=">AAAB+HicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJM21o5kFyp1iH/okLNypu/ROX/o1pOwttPRA4nHNucnP8RAqNjvNtFdbWNza3itulnd29/QP78Kip41Qx3mCxjFXbp5pLEfEGCpS8nShOQ1/ylj+6nfmtMVdaxNEDThLuhXQQiUAwikbq2XYX+SNqllGTogM+7dllp+LMQVaJm5My5Kj37K9uP2ZpyCNkkmrdcZ0EvYwqFEzyaambap5QNjKXdwyNaMi1l803n5Izo/RJECtzIiRz9fdERkOtJ6FvkiHFoV72ZuJ/XifF4NrLRJSkyCO2eChIJcGYzGogfaE4QzkxhDIlzK6EDamiDE1ZpgN3+cerpFmtuBeV6v1luXaTt1GEEziFc3DhCmpwB3VoAIMxPMMrvFlP1ov1bn0sogUrnzmGP7A+fwDH+5QJ</latexit>

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

average
<latexit sha1_base64="1gO53nvWgT8Z3gt8oD6LPjznJjg=">AAAB+HicbVDLSgMxFL1TX7W+Rl26CRbBVZmpgi6LblxWsA9oh5JJM21o5kFyp1iH/okLNypu/ROX/o1pOwttPRA4nHNucnP8RAqNjvNtFdbWNza3itulnd29/QP78Kip41Qx3mCxjFXbp5pLEfEGCpS8nShOQ1/ylj+6nfmtMVdaxNEDThLuhXQQiUAwikbq2XYX+SNqllGTogM+7dllp+LMQVaJm5My5Kj37K9uP2ZpyCNkkmrdcZ0EvYwqFEzyaambap5QNjKXdwyNaMi1l803n5Izo/RJECtzIiRz9fdERkOtJ6FvkiHFoV72ZuJ/XifF4NrLRJSkyCO2eChIJcGYzGogfaE4QzkxhDIlzK6EDamiDE1ZpgN3+cerpFmtuBeV6v1luXaTt1GEEziFc3DhCmpwB3VoAIMxPMMrvFlP1ov1bn0sogUrnzmGP7A+fwDH+5QJ</latexit>

<latexit sha1_base64="gnUCy9ZW03FklLlxBUWxQGQX7+k=">AAAB+HicdVDJSgNBEO1xjXHJqEcvjUHwNMzErLdAQLwZIVEhCaGnU9HGnoXuGjEO+RIvHhTx6qd482/sLIKKPih4vFdFVT0/lkKj635YC4tLyyurmbXs+sbmVs7e3jnXUaI4tHkkI3XpMw1ShNBGgRIuYwUs8CVc+DeNiX9xC0qLKGzhKIZewK5CMRScoZH6dq6LcIeapw2Q8rQ17tt513ErtcKRR13Hc49KtaIhhUK1VPao57hT5Mkczb793h1EPAkgRC6Z1h3PjbGXMoWCSxhnu4mGmPEbdgUdQ0MWgO6l08PH9MAoAzqMlKkQ6VT9PpGyQOtR4JvOgOG1/u1NxL+8ToLDai8VYZwghHy2aJhIihGdpEAHQgFHOTKEcSXMrZRfM8U4mqyyJoSvT+n/5LzgeGWneFbM14/ncWTIHtknh8QjFVInJ6RJ2oSThDyQJ/Js3VuP1ov1OmtdsOYzu+QHrLdPcuqTpA==</latexit>

CellOT [Bunne+23]

Example of a drug on a mixture of two cell lines

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

… do we capture changes in molecular markers?

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy

[Bunne+23]pAKT Marginals

Marker intensity

pERK Marginals

Marker intensity

control
<latexit sha1_base64="ZKquj6g9OUfwmrOqj1sQYA8KT+o=">AAAB+XicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbBT0WvXisYD+gXUo2zbah2WRJZtWy9Kd48KLi1V/i0X9j2u5BWx8MPN6bYWZemAhuwPO+ncLa+sbmVnG7tLO7t3/glg9bRqWasiZVQulOSAwTXLImcBCsk2hG4lCwdji+mfntB6YNV/IeJgkLYjKUPOKUgJX6brkH7AkMzaiSoJWYlvpuxat6c+BV4uekgnI0+u5Xb6BoGjMJVBBjur6XQJARDZwKNi31UsMSQsdkyLqWShIzE2Tz06f41CoDHCltSwKeq78nMhIbM4lD2xkTGJllbyb+53VTiK6CjMskBSbpYlGUCgwKz3LAA64ZBTGxhFDN7a2YjogmFGxaNgN/+eNV0qpV/fNq7e6iUr/O0yiiY3SCzpCPLlEd3aIGaiKKHtEzekVvTua8OO/Ox6K14OQzR+gPnM8fPQ2UQw==</latexit>

treated
<latexit sha1_base64="rn/wr/9Wy0r6w6GKUl7AEhwqLvs=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KkkV7LLgxmUF+4A2lMnkth06mYSZm2IN/RMXblTc+icu/RunbRbaemDgcM493DsnSATX6LrfVmFjc2t7p7hb2ts/ODyyj09aOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsa3c789AaV5LB9wmoAf0aHkA84oGqlv2z2ER9QsQ5NCCGd9u+xW3AWcdeLlpExyNPr2Vy+MWRqBRCao1l3PTdDPqELOBMxKvVRDQtmYDqFrqKQRaD9bXD5zLowSOoNYmSfRWai/ExmNtJ5GgZmMKI70qjcX//O6KQ5qfsZlkiJItlw0SIWDsTOvwQm5AoZiaghliptbHTaiijI0ZZkOvNUfr5NWteJdVar31+V6LW+jSM7IObkkHrkhdXJHGqRJGJmQZ/JK3qwn68V6tz6WowUrz5ySP7A+fwDagJQN</latexit>
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

… do we capture changes in molecular markers?

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy

[Bunne+23]pAKT Marginals

Marker intensity

pERK Marginals

Marker intensity

control
<latexit sha1_base64="ZKquj6g9OUfwmrOqj1sQYA8KT+o=">AAAB+XicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbBT0WvXisYD+gXUo2zbah2WRJZtWy9Kd48KLi1V/i0X9j2u5BWx8MPN6bYWZemAhuwPO+ncLa+sbmVnG7tLO7t3/glg9bRqWasiZVQulOSAwTXLImcBCsk2hG4lCwdji+mfntB6YNV/IeJgkLYjKUPOKUgJX6brkH7AkMzaiSoJWYlvpuxat6c+BV4uekgnI0+u5Xb6BoGjMJVBBjur6XQJARDZwKNi31UsMSQsdkyLqWShIzE2Tz06f41CoDHCltSwKeq78nMhIbM4lD2xkTGJllbyb+53VTiK6CjMskBSbpYlGUCgwKz3LAA64ZBTGxhFDN7a2YjogmFGxaNgN/+eNV0qpV/fNq7e6iUr/O0yiiY3SCzpCPLlEd3aIGaiKKHtEzekVvTua8OO/Ox6K14OQzR+gPnM8fPQ2UQw==</latexit>

treated
<latexit sha1_base64="rn/wr/9Wy0r6w6GKUl7AEhwqLvs=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KkkV7LLgxmUF+4A2lMnkth06mYSZm2IN/RMXblTc+icu/RunbRbaemDgcM493DsnSATX6LrfVmFjc2t7p7hb2ts/ODyyj09aOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsa3c789AaV5LB9wmoAf0aHkA84oGqlv2z2ER9QsQ5NCCGd9u+xW3AWcdeLlpExyNPr2Vy+MWRqBRCao1l3PTdDPqELOBMxKvVRDQtmYDqFrqKQRaD9bXD5zLowSOoNYmSfRWai/ExmNtJ5GgZmMKI70qjcX//O6KQ5qfsZlkiJItlw0SIWDsTOvwQm5AoZiaghliptbHTaiijI0ZZkOvNUfr5NWteJdVar31+V6LW+jSM7IObkkHrkhdXJHGqRJGJmQZ/JK3qwn68V6tz6WowUrz5ySP7A+fwDagJQN</latexit>

average
<latexit sha1_base64="ByL6PRDvsNPUu4cAgu2dOOfvfj4=">AAAB+HicbVDLTsJAFL3FF+Kr6tJNIzFxRVo0kSWJG5eYyCOBhkyHKUyYTpuZWyI2/IkLN2rc+icu/RsH6ELBk0xycs65M3dOkAiu0XW/rcLG5tb2TnG3tLd/cHhkH5+0dJwqypo0FrHqBEQzwSVrIkfBOoliJAoEawfj27nfnjCleSwfcJowPyJDyUNOCRqpb9s9ZI+oaUZMigzZrG+X3Yq7gLNOvJyUIUejb3/1BjFNIyaRCqJ113MT9DOikFPBZqVeqllC6Nhc3jVUkohpP1tsPnMujDJwwliZI9FZqL8nMhJpPY0Ck4wIjvSqNxf/87ophjU/4zJJkUm6fChMhYOxM6/BGXDFKIqpIYQqbnZ16IgoQtGUZTrwVn+8TlrVindVqd5fl+u1vI0inME5XIIHN1CHO2hAEyhM4Ble4c16sl6sd+tjGS1Y+cwp/IH1+QPE+ZP/</latexit>

scGen
<latexit sha1_base64="u3w7+iL/3bMn4EucT5d9N0TbUa4=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV00kSOJBz1iIo8EVjI7NDBhdnYz00skG/7Dgxc1Xv0Xj/6NA+xBwUo6qVR1p7sriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxjdzPzmGLQRkXrASQx+yAZK9AVnaKXHDsITGp4afgtq2i0U3ZI7B10lXkaKJEOtW/jq9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+dXT+m5VXq0H2lbCulc/T2RstCYSRjYzpDh0Cx7M/E/r51gv+KnQsUJguKLRf1EUozoLALaExo4yokljGthb6V8yDTjaIOyGXjLH6+SRrnkXZbK91fFaiVLI0dOyRm5IB65JlVyR2qkTjjR5Jm8kjdn7Lw4787HonXNyWZOyB84nz+TW5LP</latexit>
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<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ

… do we capture changes in molecular markers?

treatedcontrol pERK
eccentricity

Sox9

[Gut+18]
4i microscopy

[Bunne+23]pAKT Marginals

Marker intensity

pERK Marginals

Marker intensity

control
<latexit sha1_base64="ZKquj6g9OUfwmrOqj1sQYA8KT+o=">AAAB+XicbVBNSwMxEM3Wr1q/tnr0EiyCp7JbBT0WvXisYD+gXUo2zbah2WRJZtWy9Kd48KLi1V/i0X9j2u5BWx8MPN6bYWZemAhuwPO+ncLa+sbmVnG7tLO7t3/glg9bRqWasiZVQulOSAwTXLImcBCsk2hG4lCwdji+mfntB6YNV/IeJgkLYjKUPOKUgJX6brkH7AkMzaiSoJWYlvpuxat6c+BV4uekgnI0+u5Xb6BoGjMJVBBjur6XQJARDZwKNi31UsMSQsdkyLqWShIzE2Tz06f41CoDHCltSwKeq78nMhIbM4lD2xkTGJllbyb+53VTiK6CjMskBSbpYlGUCgwKz3LAA64ZBTGxhFDN7a2YjogmFGxaNgN/+eNV0qpV/fNq7e6iUr/O0yiiY3SCzpCPLlEd3aIGaiKKHtEzekVvTua8OO/Ox6K14OQzR+gPnM8fPQ2UQw==</latexit>

treated
<latexit sha1_base64="rn/wr/9Wy0r6w6GKUl7AEhwqLvs=">AAAB+HicbVDLSsNAFJ3UV62vqEs3wSK4KkkV7LLgxmUF+4A2lMnkth06mYSZm2IN/RMXblTc+icu/RunbRbaemDgcM493DsnSATX6LrfVmFjc2t7p7hb2ts/ODyyj09aOk4VgyaLRaw6AdUguIQmchTQSRTQKBDQDsa3c789AaV5LB9wmoAf0aHkA84oGqlv2z2ER9QsQ5NCCGd9u+xW3AWcdeLlpExyNPr2Vy+MWRqBRCao1l3PTdDPqELOBMxKvVRDQtmYDqFrqKQRaD9bXD5zLowSOoNYmSfRWai/ExmNtJ5GgZmMKI70qjcX//O6KQ5qfsZlkiJItlw0SIWDsTOvwQm5AoZiaghliptbHTaiijI0ZZkOvNUfr5NWteJdVar31+V6LW+jSM7IObkkHrkhdXJHGqRJGJmQZ/JK3qwn68V6tz6WowUrz5ySP7A+fwDagJQN</latexit>

average
<latexit sha1_base64="ByL6PRDvsNPUu4cAgu2dOOfvfj4=">AAAB+HicbVDLTsJAFL3FF+Kr6tJNIzFxRVo0kSWJG5eYyCOBhkyHKUyYTpuZWyI2/IkLN2rc+icu/RsH6ELBk0xycs65M3dOkAiu0XW/rcLG5tb2TnG3tLd/cHhkH5+0dJwqypo0FrHqBEQzwSVrIkfBOoliJAoEawfj27nfnjCleSwfcJowPyJDyUNOCRqpb9s9ZI+oaUZMigzZrG+X3Yq7gLNOvJyUIUejb3/1BjFNIyaRCqJ113MT9DOikFPBZqVeqllC6Nhc3jVUkohpP1tsPnMujDJwwliZI9FZqL8nMhJpPY0Ck4wIjvSqNxf/87ophjU/4zJJkUm6fChMhYOxM6/BGXDFKIqpIYQqbnZ16IgoQtGUZTrwVn+8TlrVindVqd5fl+u1vI0inME5XIIHN1CHO2hAEyhM4Ble4c16sl6sd+tjGS1Y+cwp/IH1+QPE+ZP/</latexit>

scGen
<latexit sha1_base64="u3w7+iL/3bMn4EucT5d9N0TbUa4=">AAAB9HicbVDLTgJBEJz1ifhCPXqZSEw8kV00kSOJBz1iIo8EVjI7NDBhdnYz00skG/7Dgxc1Xv0Xj/6NA+xBwUo6qVR1p7sriKUw6Lrfztr6xubWdm4nv7u3f3BYODpumCjRHOo8kpFuBcyAFArqKFBCK9bAwkBCMxjdzPzmGLQRkXrASQx+yAZK9AVnaKXHDsITGp4afgtq2i0U3ZI7B10lXkaKJEOtW/jq9CKehKCQS2ZM23Nj9FOmUXAJ03wnMRAzPmIDaFuqWAjGT+dXT+m5VXq0H2lbCulc/T2RstCYSRjYzpDh0Cx7M/E/r51gv+KnQsUJguKLRf1EUozoLALaExo4yokljGthb6V8yDTjaIOyGXjLH6+SRrnkXZbK91fFaiVLI0dOyRm5IB65JlVyR2qkTjjR5Jm8kjdn7Lw4787HonXNyWZOyB84nz+TW5LP</latexit>

CellOT
<latexit sha1_base64="kT5XURKVoPShvD4GGXgh7nxU56Y=">AAAB93icbVBNS8NAEN3Ur1o/GvXoJVgETyWpgj0WevFmhX5BG8pmO2mXbj7YnYgh9Jd48KLi1Z/i0X/jts1BWx8MPN6bYWaeFwuu0La/jcLW9s7uXnG/dHB4dFw2T067Kkokgw6LRCT7HlUgeAgd5CigH0uggSeg582aC7/3CFLxKGxjGoMb0EnIfc4oamlklocIT6hY1gQh7tvzkVmxq/YS1iZxclIhOVoj82s4jlgSQIhMUKUGjh2jm1GJnAmYl4aJgpiyGZ3AQNOQBqDcbHn43LrUytjyI6krRGup/p7IaKBUGni6M6A4VeveQvzPGyTo192Mh3GCELLVIj8RFkbWIgVrzCUwFKkmlEmub7XYlErKUGelM3DWP94k3VrVua7WHm4qjXqeRpGckwtyRRxySxrkjrRIhzCSkGfySt6M1Hgx3o2PVWvByGfOyB8Ynz+CIZM9</latexit>



Extensions 
• to structured and general cost functionals 
• to unbalanced problems 
• to incomparable spaces 
• to conditional settings 
• to barycenter estimation 
• to Riemannian manifolds

Benchmark

Perspective

80

Applications 
• e.g., image super-resolution

[Korotin+21]

[Bunne+22]

[Lübeck+22, Eyring+22]
[Nekrashevich+23, Bunne+19, Dumont+22]

[Korotin+22, Fan+21]

[Klein+23, Korotin+22, Fan+21]

Statistics of entropic maps [Rigollet+22, Pooladian+21]

Part 2

[Gazdieva+22]

[Rezende+21, Scarvelis+22]



Outline of the Tutorial
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Duality, Monge Formulations and Brenier Theorems

Part 1

Part 2

Part 3 Modeling Measure Dynamics with Optimal Transport

Kantorovich Formulation of OT and Computations

Prelude Warm-Up: Starting with Optimal Matchings 
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Charlotte Bunne @_bunnech

o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

So far:   Static Optimal Transport

<latexit sha1_base64="kDnM9TjKCw76yQul5+cn4COddxU=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48SQRzQLJEHo6PUmTXobuHiEM+QQvHhTx6hd582/sJHPQxAcFj/eqqKoXJZwZ6/vfXmFldW19o7hZ2tre2d0r7x80jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMlHO05oKPBAspgRbJ300BVpr1zxq/4MaJkEOalAjnqv/NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXVTQxNMRnhAO45KLKgJs9mpE3TilD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTG12HGZJJaKsl8UZxyZBWa/o36TFNi+dgRTDRztyIyxBoT69IpuRCCxZeXSfOsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gBkOo3s</latexit>µ

<latexit sha1_base64="Foo8MwVtB6L1B8GROkqe8V7e0Dw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPXRV2itX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9eL+vFK7y+MowhEcwyl4cAU1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w9lv43t</latexit>⌫
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Charlotte Bunne @_bunnech

o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space
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o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?

So far:   Static Optimal Transport

<latexit sha1_base64="kDnM9TjKCw76yQul5+cn4COddxU=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48SQRzQLJEHo6PUmTXobuHiEM+QQvHhTx6hd582/sJHPQxAcFj/eqqKoXJZwZ6/vfXmFldW19o7hZ2tre2d0r7x80jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMlHO05oKPBAspgRbJ300BVpr1zxq/4MaJkEOalAjnqv/NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXVTQxNMRnhAO45KLKgJs9mpE3TilD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTG12HGZJJaKsl8UZxyZBWa/o36TFNi+dgRTDRztyIyxBoT69IpuRCCxZeXSfOsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gBkOo3s</latexit>µ

<latexit sha1_base64="Foo8MwVtB6L1B8GROkqe8V7e0Dw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPXRV2itX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9eL+vFK7y+MowhEcwyl4cAU1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w9lv43t</latexit>⌫
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o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space
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o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

parameterize through  
a neural network

<latexit sha1_base64="HgpFIpdqrUoQFfimycpFLS6nfus=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK/YI2ls120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEikMuu63U1hb39jcKm6Xdnb39g/Kh0ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4bua3n7g2IlYNnCTcj+hQiVAwilZqNx57Bqnulytu1Z2DrBIvJxXIUe+Xv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nj93Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhjZ8JlaTIFVssClNJMCaz38lAaM5QTiyhTAt7K2EjqilDm1DJhuAtv7xKWhdV76p6+XBZqd3mcRThBE7hHDy4hhrcQx2awGAMz/AKb07ivDjvzseiteDkM8fwB87nD1AIj5E=</latexit>

T ?

So far:   Static Optimal Transport

<latexit sha1_base64="kDnM9TjKCw76yQul5+cn4COddxU=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48SQRzQLJEHo6PUmTXobuHiEM+QQvHhTx6hd582/sJHPQxAcFj/eqqKoXJZwZ6/vfXmFldW19o7hZ2tre2d0r7x80jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9HoZuq3nqg2TMlHO05oKPBAspgRbJ300BVpr1zxq/4MaJkEOalAjnqv/NXtK5IKKi3h2JhO4Cc2zLC2jHA6KXVTQxNMRnhAO45KLKgJs9mpE3TilD6KlXYlLZqpvycyLIwZi8h1CmyHZtGbiv95ndTG12HGZJJaKsl8UZxyZBWa/o36TFNi+dgRTDRztyIyxBoT69IpuRCCxZeXSfOsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gBkOo3s</latexit>µ

<latexit sha1_base64="Foo8MwVtB6L1B8GROkqe8V7e0Dw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJaB6QLGF2MpsMmZ1dZnqFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPXRV2itX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uw2s/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5l9eL+vFK7y+MowhEcwyl4cAU1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w9lv43t</latexit>⌫
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o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Next:   Dynamic Optimal Transport

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt

<latexit sha1_base64="T04KHqso9IajRWQc79KKZp7uK1M=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvHiSCOYhyRJmJ5NkyMzuMtMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBQhr6NAyVux5lQFkjeD0c3Ubz5xbUQUPuA45r6ig1D0BaNopceOSropnlUm3WLJLbszkGXiZaQEGWrd4lenF7FE8RCZpMa0PTdGP6UaBZN8UugkhseUjeiAty0NqeLGT2cHT8iJVXqkH2lbIZKZ+nsipcqYsQpsp6I4NIveVPzPayfYv/ZTEcYJ8pDNF/UTSTAi0+9JT2jOUI4toUwLeythQ6opQ5tRwYbgLb68TBqVsndZvrg/L1XvsjjycATHcAoeXEEVbqEGdWCg4Ble4c3Rzovz7nzMW3NONnMIf+B8/gCTw5BQ</latexit>µt+2
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o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space
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Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Next:   Dynamic Optimal Transport

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt

Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

<latexit sha1_base64="i8163f45dCMrg3RPIAPOqbj/IyU=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAiyeJYB6SLGF2MpsMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737Swtr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJn4zSemDY/VA44SFkjSVzzilKCVHjsy7WZ46o+7pbJX8aZwF4mfkzLkqHVLX51eTFPJFFJBjGn7XoJBRjRyKti42EkNSwgdkj5rW6qIZCbIpgeP3WOr9Nwo1rYUulP190RGpDEjGdpOSXBg5r2J+J/XTjG6DjKukhSZorNFUSpcjN3J926Pa0ZRjCwhVHN7q0sHRBOKNqOiDcGff3mRNM4q/mXl4v68XL3L4yjAIRzBCfhwBVW4hRrUgYKEZ3iFN0c7L8678zFrXXLymQP4A+fzB5I+kE8=</latexit>µt+1

<latexit sha1_base64="T04KHqso9IajRWQc79KKZp7uK1M=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvHiSCOYhyRJmJ5NkyMzuMtMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBQhr6NAyVux5lQFkjeD0c3Ubz5xbUQUPuA45r6ig1D0BaNopceOSropnlUm3WLJLbszkGXiZaQEGWrd4lenF7FE8RCZpMa0PTdGP6UaBZN8UugkhseUjeiAty0NqeLGT2cHT8iJVXqkH2lbIZKZ+nsipcqYsQpsp6I4NIveVPzPayfYv/ZTEcYJ8pDNF/UTSTAi0+9JT2jOUI4toUwLeythQ6opQ5tRwYbgLb68TBqVsndZvrg/L1XvsjjycATHcAoeXEEVbqEGdWCg4Ble4c3Rzovz7nzMW3NONnMIf+B8/gCTw5BQ</latexit>µt+2
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o
o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

Next:   Dynamic Optimal Transport

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt

Charlotte Bunne @_bunnech

o

o

<latexit sha1_base64="4Dohe7GwsPyoUmbK02WAg/+7rz8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBiyVRUY9FLx4rmLbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHd1O/+cS1EbF6xHHCg4gOlOgLRtFKPpIz4nXLFbfqzkCWiZeTCuSod8tfnV7M0ogrZJIa0/bcBIOMahRM8kmpkxqeUDaiA962VNGImyCbHTshJ1bpkX6sbSkkM/X3REYjY8ZRaDsjikOz6E3F/7x2iv2bIBMqSZErNl/UTyXBmEw/Jz2hOUM5toQyLeythA2ppgxtPiUbgrf48jJpnFe9q+rFw2WldpvHUYQjOIZT8OAaanAPdfCBgYBneIU3RzkvzrvzMW8tOPnMIfyB8/kDaKGNxg==</latexit>

t� 1
<latexit sha1_base64="ulkjcG0BhXo07eQEuoo3dae5+XE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqioh6LXjxWMG2hDWWz3bZLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkQKg6777RRWVtfWN4qbpa3tnd298v5Bw8SpZtxnsYx1K6SGS6G4jwIlbyWa0yiUvBmO7qZ+84lrI2L1iOOEBxEdKNEXjKKVfCRnxOuWK27VnYEsEy8nFchR75a/Or2YpRFXyCQ1pu25CQYZ1SiY5JNSJzU8oWxEB7xtqaIRN0E2O3ZCTqzSI/1Y21JIZurviYxGxoyj0HZGFIdm0ZuK/3ntFPs3QSZUkiJXbL6on0qCMZl+TnpCc4ZybAllWthbCRtSTRnafEo2BG/x5WXSOK96V9WLh8tK7TaPowhHcAyn4ME11OAe6uADAwHP8ApvjnJenHfnY95acPKZQ/gD5/MHZZWNxA==</latexit>

t+ 1
<latexit sha1_base64="5fd1FL6LLCb1cC6wxy9wbb24Q0M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM12067dbMLuRCihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7ql+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB4sWNAA==</latexit>

t

cell data 
space

Evolution of Cell Populations in Biology

<latexit sha1_base64="i8163f45dCMrg3RPIAPOqbj/IyU=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAiyeJYB6SLGF2MpsMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7wkRwg5737Swtr6yurRc2iptb2zu7pb39holTTVmdxiLWrZAYJrhideQoWCvRjMhQsGY4vJn4zSemDY/VA44SFkjSVzzilKCVHjsy7WZ46o+7pbJX8aZwF4mfkzLkqHVLX51eTFPJFFJBjGn7XoJBRjRyKti42EkNSwgdkj5rW6qIZCbIpgeP3WOr9Nwo1rYUulP190RGpDEjGdpOSXBg5r2J+J/XTjG6DjKukhSZorNFUSpcjN3J926Pa0ZRjCwhVHN7q0sHRBOKNqOiDcGff3mRNM4q/mXl4v68XL3L4yjAIRzBCfhwBVW4hRrUgYKEZ3iFN0c7L8678zFrXXLymQP4A+fzB5I+kE8=</latexit>µt+1

<latexit sha1_base64="T04KHqso9IajRWQc79KKZp7uK1M=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvHiSCOYhyRJmJ5NkyMzuMtMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBQhr6NAyVux5lQFkjeD0c3Ubz5xbUQUPuA45r6ig1D0BaNopceOSropnlUm3WLJLbszkGXiZaQEGWrd4lenF7FE8RCZpMa0PTdGP6UaBZN8UugkhseUjeiAty0NqeLGT2cHT8iJVXqkH2lbIZKZ+nsipcqYsQpsp6I4NIveVPzPayfYv/ZTEcYJ8pDNF/UTSTAi0+9JT2jOUI4toUwLeythQ6opQ5tRwYbgLb68TBqVsndZvrg/L1XvsjjycATHcAoeXEEVbqEGdWCg4Ble4c3Rzovz7nzMW3NONnMIf+B8/gCTw5BQ</latexit>µt+2

time
83



Outline of the Tutorial
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Duality, Monge Formulations and Brenier Theorems

Part 1

Part 2

Part 3 Modeling Measure Dynamics with Optimal Transport 

• Benamou-Brenier Formulation 
• Jordan-Kinderlehrer-Otto Flows 
• Stochastic Control Perspective and Schrödinger Bridges

Kantorovich Formulation of OT and Computations

Prelude Warm-Up: Starting with Optimal Matchings 



Monge-Ampère Equation

85

measure 
with density

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="4gqmFHJ2ZFkRuwnRelyjsZCK6/M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV/LSXu5NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdB7lQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fyV2OuQ==</latexit>p0

measure        
with density..

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
<latexit sha1_base64="/IOWPOxX3uMnUkXS/7Z3uD43fxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGSn/Zyb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTshJ1bpkyhRtqQhM/X3RE5jrcdxaDtjaoZ60ZuK/3mdzETXQc5lmhmUbL4oygQxCZl+TvpcITNibAllittbCRtSRZmx+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fyuKOug==</latexit>p1

Part 3



Monge-Ampère Equation

85

measure 
with density

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="4gqmFHJ2ZFkRuwnRelyjsZCK6/M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV/LSXu5NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdB7lQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fyV2OuQ==</latexit>p0

measure        
with density..

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
<latexit sha1_base64="/IOWPOxX3uMnUkXS/7Z3uD43fxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGSn/Zyb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTshJ1bpkyhRtqQhM/X3RE5jrcdxaDtjaoZ60ZuK/3mdzETXQc5lmhmUbL4oygQxCZl+TvpcITNibAllittbCRtSRZmx+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fyuKOug==</latexit>p1

Brenier’s Theorem
<latexit sha1_base64="vafeemrZamixsd+zCE4RvtBb9RU=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFV8XIeDFk0TIC7JL6J1MkiGzs8vMbDCsOfgrXjwo4tXf8ObfOEn2oIkFDUVVN91dfsSZ0rb9bWWWlldW17LruY3Nre2d/O5eXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJn4jSGVioWiqkcR9QLoCdZlBLSR2vmDavHh5NoV4HPA7hBk1GdGaecLdsmeAi8SJyUFlKLSzn+5nZDEARWacFCq5diR9hKQmhFOxzk3VjQCMoAebRkqIKDKS6b3j/GxUTq4G0pTQuOp+nsigUCpUeCbzgB0X817E/E/rxXr7pWXMBHFmgoyW9SNOdYhnoSBO0xSovnIECCSmVsx6YMEok1kOROCM//yIqmflpyL0vn9WaF8l8aRRYfoCBWRgy5RGd2iCqohgh7RM3pFb9aT9WK9Wx+z1oyVzuyjP7A+fwBoapUg</latexit>

T (x) = r'(x)
<latexit sha1_base64="fCM3GkPABlfgHhQ/ce9Eb1asH2I=">AAACCHicbVDLSgMxFM3UV62vqksXBovgqsyIr41QcONKKtgHdMpwJ820oUlmSDKFUrp046+4caGIWz/BnX9jOu1CWw9c7uGce0nuCRPOtHHdbye3tLyyupZfL2xsbm3vFHf36jpOFaE1EvNYNUPQlDNJa4YZTpuJoiBCThth/2biNwZUaRbLBzNMaFtAV7KIETBWCoqHvoSQA/YHoJIeC/wS9kUauPg6615QLLllNwNeJN6MlNAM1aD45XdikgoqDeGgdctzE9MegTKMcDou+KmmCZA+dGnLUgmC6vYoO2SMj63SwVGsbEmDM/X3xgiE1kMR2kkBpqfnvYn4n9dKTXTVHjGZpIZKMn0oSjk2MZ6kgjtMUWL40BIgitm/YtIDBcTY7Ao2BG/+5EVSPy17F+Xz+7NS5W4WRx4doCN0gjx0iSroFlVRDRH0iJ7RK3pznpwX5935mI7mnNnOPvoD5/MHiL6YbQ==</latexit>r'#µ0 = µ1

Part 3



Monge-Ampère Equation

85

measure 
with density

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="4gqmFHJ2ZFkRuwnRelyjsZCK6/M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV/LSXu5NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdB7lQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fyV2OuQ==</latexit>p0

measure        
with density..

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
<latexit sha1_base64="/IOWPOxX3uMnUkXS/7Z3uD43fxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGSn/Zyb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTshJ1bpkyhRtqQhM/X3RE5jrcdxaDtjaoZ60ZuK/3mdzETXQc5lmhmUbL4oygQxCZl+TvpcITNibAllittbCRtSRZmx+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fyuKOug==</latexit>p1

Brenier’s Theorem
<latexit sha1_base64="vafeemrZamixsd+zCE4RvtBb9RU=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgxEvYFV8XIeDFk0TIC7JL6J1MkiGzs8vMbDCsOfgrXjwo4tXf8ObfOEn2oIkFDUVVN91dfsSZ0rb9bWWWlldW17LruY3Nre2d/O5eXYWxJLRGQh7Kpg+KciZoTTPNaTOSFAKf04Y/uJn4jSGVioWiqkcR9QLoCdZlBLSR2vmDavHh5NoV4HPA7hBk1GdGaecLdsmeAi8SJyUFlKLSzn+5nZDEARWacFCq5diR9hKQmhFOxzk3VjQCMoAebRkqIKDKS6b3j/GxUTq4G0pTQuOp+nsigUCpUeCbzgB0X817E/E/rxXr7pWXMBHFmgoyW9SNOdYhnoSBO0xSovnIECCSmVsx6YMEok1kOROCM//yIqmflpyL0vn9WaF8l8aRRYfoCBWRgy5RGd2iCqohgh7RM3pFb9aT9WK9Wx+z1oyVzuyjP7A+fwBoapUg</latexit>

T (x) = r'(x)
<latexit sha1_base64="fCM3GkPABlfgHhQ/ce9Eb1asH2I=">AAACCHicbVDLSgMxFM3UV62vqksXBovgqsyIr41QcONKKtgHdMpwJ820oUlmSDKFUrp046+4caGIWz/BnX9jOu1CWw9c7uGce0nuCRPOtHHdbye3tLyyupZfL2xsbm3vFHf36jpOFaE1EvNYNUPQlDNJa4YZTpuJoiBCThth/2biNwZUaRbLBzNMaFtAV7KIETBWCoqHvoSQA/YHoJIeC/wS9kUauPg6615QLLllNwNeJN6MlNAM1aD45XdikgoqDeGgdctzE9MegTKMcDou+KmmCZA+dGnLUgmC6vYoO2SMj63SwVGsbEmDM/X3xgiE1kMR2kkBpqfnvYn4n9dKTXTVHjGZpIZKMn0oSjk2MZ6kgjtMUWL40BIgitm/YtIDBcTY7Ao2BG/+5EVSPy17F+Xz+7NS5W4WRx4doCN0gjx0iSroFlVRDRH0iJ7RK3pznpwX5935mI7mnNnOPvoD5/MHiL6YbQ==</latexit>r'#µ0 = µ1

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

the nonlinear Monge-Ampère PDE

Applying the change of variable formula, we get

describes evolution from        to       . 

<latexit sha1_base64="5Q2KgHYUFYwdxhx81/QbZv0yhxk="></latexit>

det
�
@2'(x)

�
p1(r'(x)) = p0(x)

Part 3
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1describes evolution from         to       . 

[Caffarelli90] [Figalli17]

<latexit sha1_base64="5Q2KgHYUFYwdxhx81/QbZv0yhxk="></latexit>

det
�
@2'(x)

�
p1(r'(x)) = p0(x)

measure 
with density

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="4gqmFHJ2ZFkRuwnRelyjsZCK6/M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWz3bRLN5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV/LSXu5NetebW3RnIMvEKUoMCzV71q9tPWBZzhUxSYzqem2KQU42CST6pdDPDU8pGdMA7lioacxPks2Mn5MQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdB7lQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDAQ8wyu8Ocp5cd6dj3lrySlmDuEPnM8fyV2OuQ==</latexit>p0

measure        
with density..

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
<latexit sha1_base64="/IOWPOxX3uMnUkXS/7Z3uD43fxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBiyepYGyhDWWznbRLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kiqHPEpGodkg1Ci7RN9wIbKcKaRwKbIWjm6nfekKleSIfzDjFIKYDySPOqLGSn/Zyb9Kr1ty6OwNZJl5BalCg2at+dfsJy2KUhgmqdcdzUxPkVBnOBE4q3UxjStmIDrBjqaQx6iCfHTshJ1bpkyhRtqQhM/X3RE5jrcdxaDtjaoZ60ZuK/3mdzETXQc5lmhmUbL4oygQxCZl+TvpcITNibAllittbCRtSRZmx+VRsCN7iy8vk8azuXdYv7s9rjbsijjIcwTGcggdX0IBbaIIPDDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fyuKOug==</latexit>p1
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

ĳ    bw

[Benamou+00]
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<latexit sha1_base64="JtN1CwKjQSzje1Ff1PQyLc7hXWY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvOgtgnnAZgmzk0kyZHZ2mekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayUfSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNTu8ziKcATHcAoeXEMN7qAODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gCHIJAl</latexit>

t 2 [0, 1]time interval

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

ĳ    bw

[Benamou+00]
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<latexit sha1_base64="JtN1CwKjQSzje1Ff1PQyLc7hXWY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvOgtgnnAZgmzk0kyZHZ2mekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayUfSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNTu8ziKcATHcAoeXEMN7qAODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gCHIJAl</latexit>

t 2 [0, 1]time interval

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt path
= curve in the space  
    of measures

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

ĳ    bw

[Benamou+00]

time-varying 
vector field

<latexit sha1_base64="uL8kPIN3zZ4kdgOhyk4cxq435/o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICEVqy4LblxJBfuANJTJZNIOnWTCzE2hhH6GGxeKuPVr3Pk3TtoKPg8MczjnXu69x08E1+A471ZhaXllda24XtrY3NreKe/utbVMFWUtKoVUXZ9oJnjMWsBBsG6iGIl8wTr+6Cr3O2OmNJfxHUwS5kVkEPOQUwJGcsdVOME9Gkg47pcrjl13cuDfpGbPfqeCFmj2y2+9QNI0YjFQQbR2a04CXkYUcCrYtNRLNUsIHZEBcw2NScS0l81WnuIjowQ4lMq8GPBM/dqRkUjrSeSbyojAUP/0cvEvz00hvPQyHicpsJjOB4WpwCBxfj8OuGIUxMQQQhU3u2I6JIpQMCmVTAifl+L/SfvUrp3b9duzSuNmEUcRHaBDVEU1dIEa6Bo1UQtRJNE9ekRPFlgP1rP1Mi8tWIueffQN1usHMd2Qmg==</latexit>

v(t, ·)
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<latexit sha1_base64="JtN1CwKjQSzje1Ff1PQyLc7hXWY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvOgtgnnAZgmzk0kyZHZ2mekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayUfSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNTu8ziKcATHcAoeXEMN7qAODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gCHIJAl</latexit>

t 2 [0, 1]time interval

<latexit sha1_base64="NpqDfvQzYWadikv6u+pYLQySkFQ="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

<latexit sha1_base64="NpqDfvQzYWadikv6u+pYLQySkFQ="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

continuity 
equation

conservation of mass

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt path
= curve in the space  
    of measures

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

ĳ    bw

[Benamou+00]

time-varying 
vector field

<latexit sha1_base64="uL8kPIN3zZ4kdgOhyk4cxq435/o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICEVqy4LblxJBfuANJTJZNIOnWTCzE2hhH6GGxeKuPVr3Pk3TtoKPg8MczjnXu69x08E1+A471ZhaXllda24XtrY3NreKe/utbVMFWUtKoVUXZ9oJnjMWsBBsG6iGIl8wTr+6Cr3O2OmNJfxHUwS5kVkEPOQUwJGcsdVOME9Gkg47pcrjl13cuDfpGbPfqeCFmj2y2+9QNI0YjFQQbR2a04CXkYUcCrYtNRLNUsIHZEBcw2NScS0l81WnuIjowQ4lMq8GPBM/dqRkUjrSeSbyojAUP/0cvEvz00hvPQyHicpsJjOB4WpwCBxfj8OuGIUxMQQQhU3u2I6JIpQMCmVTAifl+L/SfvUrp3b9duzSuNmEUcRHaBDVEU1dIEa6Bo1UQtRJNE9ekRPFlgP1rP1Mi8tWIueffQN1usHMd2Qmg==</latexit>

v(t, ·)
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<latexit sha1_base64="JtN1CwKjQSzje1Ff1PQyLc7hXWY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvOgtgnnAZgmzk0kyZHZ2mekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayUfSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNTu8ziKcATHcAoeXEMN7qAODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gCHIJAl</latexit>

t 2 [0, 1]time interval

minimal path

<latexit sha1_base64="qkQoGUffr2JOVRfYNClGNfgo2WI="></latexit>

kvk`2(µt) =

✓Z

Rd

kv(t, x)k2 dµt(x)

◆1/2

infinitesimal length of a vector field 

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

ĳ    bw

[Benamou+00]

time-varying 
vector field

<latexit sha1_base64="uL8kPIN3zZ4kdgOhyk4cxq435/o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICEVqy4LblxJBfuANJTJZNIOnWTCzE2hhH6GGxeKuPVr3Pk3TtoKPg8MczjnXu69x08E1+A471ZhaXllda24XtrY3NreKe/utbVMFWUtKoVUXZ9oJnjMWsBBsG6iGIl8wTr+6Cr3O2OmNJfxHUwS5kVkEPOQUwJGcsdVOME9Gkg47pcrjl13cuDfpGbPfqeCFmj2y2+9QNI0YjFQQbR2a04CXkYUcCrYtNRLNUsIHZEBcw2NScS0l81WnuIjowQ4lMq8GPBM/dqRkUjrSeSbyojAUP/0cvEvz00hvPQyHicpsJjOB4WpwCBxfj8OuGIUxMQQQhU3u2I6JIpQMCmVTAifl+L/SfvUrp3b9duzSuNmEUcRHaBDVEU1dIEa6Bo1UQtRJNE9ekRPFlgP1rP1Mi8tWIueffQN1usHMd2Qmg==</latexit>

v(t, ·)
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<latexit sha1_base64="NpqDfvQzYWadikv6u+pYLQySkFQ="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

<latexit sha1_base64="JtN1CwKjQSzje1Ff1PQyLc7hXWY=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvOgtgnnAZgmzk0kyZHZ2mekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayUfSEYr47pkXdMsVt+rOQJaJl5MK5Kh3y1+dXszSiCtkkhrje26CQUY1Cib5pNRJDU8oG9EB9y1VNOImyGYnT8iJVXqkH2tbCslM/T2R0ciYcRTazoji0Cx6U/E/z0+xfxNkQiUpcsXmi/qpJBiT6f+kJzRnKMeWUKaFvZWwIdWUoU2pZEPwFl9eJs3zqndVvXy4qNTu8ziKcATHcAoeXEMN7qAODWAQwzO8wpuDzovz7nzMWwtOPnMIf+B8/gCHIJAl</latexit>

t 2 [0, 1]time interval

minimal path

<latexit sha1_base64="NpqDfvQzYWadikv6u+pYLQySkFQ="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

<latexit sha1_base64="NpqDfvQzYWadikv6u+pYLQySkFQ="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

minimal“  
“kinetic energy”

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µt

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

time-varying 
vector field

<latexit sha1_base64="uL8kPIN3zZ4kdgOhyk4cxq435/o=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICEVqy4LblxJBfuANJTJZNIOnWTCzE2hhH6GGxeKuPVr3Pk3TtoKPg8MczjnXu69x08E1+A471ZhaXllda24XtrY3NreKe/utbVMFWUtKoVUXZ9oJnjMWsBBsG6iGIl8wTr+6Cr3O2OmNJfxHUwS5kVkEPOQUwJGcsdVOME9Gkg47pcrjl13cuDfpGbPfqeCFmj2y2+9QNI0YjFQQbR2a04CXkYUcCrYtNRLNUsIHZEBcw2NScS0l81WnuIjowQ4lMq8GPBM/dqRkUjrSeSbyojAUP/0cvEvz00hvPQyHicpsJjOB4WpwCBxfj8OuGIUxMQQQhU3u2I6JIpQMCmVTAifl+L/SfvUrp3b9duzSuNmEUcRHaBDVEU1dIEa6Bo1UQtRJNE9ekRPFlgP1rP1Mi8tWIueffQN1usHMd2Qmg==</latexit>

v(t, ·)

ĳ    bw

[Benamou+00]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field
<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

Continuous Normalizing Flows (CNF)
[Chen+23]

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)



✗

Connections to Flow Matching

90

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

Continuous Normalizing Flows (CNF)
[Chen+23]

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)
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TrajectoryNet:�A�Dynamic�Optimal�Transport�Network�for�Modeling�Cellular�Dynamics�

is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�
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x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
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optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�
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port�in�(Section�4.1).�We�then�describe�further�adaptations�
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provide�training�details�in�(Section�4.3).�
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Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�
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to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
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W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�
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forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
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the�output�x:�
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to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�
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is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�
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where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�
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port�in�(Section�4.1).�We�then�describe�further�adaptations�
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to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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tion�for�continuous�measures�approximate�the�flow�using�a�
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dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�
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complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 
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for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�

2 

[Tong+23]
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�

2 

:



✗

Connections to Flow Matching

90

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

Continuous Normalizing Flows (CNF)
[Chen+23]

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

����

����

TrajectoryNet:�A�Dynamic�Optimal�Transport�Network�for�Modeling�Cellular�Dynamics�

is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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TrajectoryNet:�A�Dynamic�Optimal�Transport�Network�for�Modeling�Cellular�Dynamics�

is�of�interest,�this�formulation�is�very�attractive.� Existing�
computational�methods�for�solving�the�dynamic�formula-
tion�for�continuous�measures�approximate�the�flow�using�a�
discretization�of�space-time�(Papadakis�et�al.,�2014).�This�
works�well�in�low�dimensions,�but�scales�poorly�to�high�
dimensions�as�the�complexity�is�exponential�in�the�input�
dimension�d.�We�next�give�background�on�continuous�nor-
malizing�flows,�which�we�show�can�provide�a�solution�with�
computational�complexity�polynomial�in�d.�

3.3.�Continuous�Normalizing�Flows�

A�normalizing�flow�(Rezende�&�Mohamed,�2015)� trans-
forms�a�parametric�(usually�simple)�distribution�to�a�more�
complicated�one.�Using�an�invertible�transformation�f ap-
plied�to�an�initial�latent�random�variable�y with�density�Py ,�
We�define�x = f(y) as�the�output�of�the�flow.�Then�by�the�
change�of�variables�formula,�we�can�compute�the�density�of�
the�output�x:�

@f 
log Px(·) = log Py(·) � log det (6)

@y 

A�large�effort�has�gone�into�creating�architectures�where�
the� log� determinant� of� the� Jacobian� is� efficient� to� com-
pute� (Rezende�&�Mohamed,�2015;�Kingma�et�al.,�2016;�
Papamakarios�et�al.,�2017).�

Now�consider�a�continuous-time�transformation,�where�the�
derivative�of�the�transformation�is�parameterized�by�✓,�thus�

@x(t)at�any�timepoint�t,� = f✓(x(t), t).�At�the�initial�time�t0,@t 
x(t0) is�drawn�from�a�distribution�P (x, t0) which�we�also�
denote�Pt0 (x) for�clarity,�and�it’s�continuously�transformed�
to�x(t1) by�following�the�differential�equation�f✓(x(t), t):�

Z t1 

x(t1) = x(t0) + f✓(x(t), t)dt, x(t0) ⇠ Pt0 (x), 
t0 

log Pt1 (x(t1)) = 
Z t1 

✓ ◆ 
@f✓(x(t), t)log Pt0 (x(t0)) � T r dt, (7)�

t0 @x(t) 

where�at�any�time�t associated�with�every�x through�the�flow�
can�be�found�by�following�the�inverse�flow.� This�model�
is�referred�as�continuous�normalizing�flows�(CNFs)�(Chen�
et�al.,�2018a).� It�can�be�likened�to�the�dynamic�version�of�
optimal�transport,�where�we�model�the�measure�over�time�
rather�than�the�mapping�from�Pt0 to�Pt1 

Unsurprisingly,�there�is�a�deep�connection�between�CNFs�
and�dynamic�optimal�transport.� In�the�next�section�we�ex-
ploit�this�connection�and�show�how�CNFs�can�be�used�to�
provide�a�high�dimensional�solution�to�the�dynamic�optimal�
transport�problem�with�TrajectoryNet.�

Figure 2. Transporting�a�Gaussian� (a)� to�an�S-curve� (b)�via� (c)�
static�optimal�transport,�(d)�Base�TrajectoryNet�without�regulariza-
tion�follows�density�(e)�TrajectoryNet�with�energy�regularization�
demonstrates�more�straight�paths�similar�to�OT.�

4.�TrajectoryNet:�Efficient�Dynamic�Optimal�
Transport�

In�this�section,�we�first�describe�how�to�adapt�continuous�
normalizing�flows�to�approximate�dynamic�optimal�trans-
port�in�(Section�4.1).�We�then�describe�further�adaptations�
for�analysis�of�single-cell�data�in�(Section�4.2)�and�finally�
provide�training�details�in�(Section�4.3).�

4.1.�Dynamic�OT�Approximation�via�Regularized�CNF�

Continuous�normalizing�flows�use�a�maximum�likelihood�
objective�which�can�be�equivalently�expressed�as�a�KL�di-
vergence.�In�TrajectoryNet�we�add�an�energy�regularization�
to�approximate�dynamic�OT.�Dynamic�OT�is�expressed�with�
an�optimization�over�flows�with� constraints� at� t0 and� t1 
(see�eq.�(4)).� By�relaxing�this�constraint�to�minimizing�a�
divergence�at�t1 CNFs�can�approximate�dynamic�OT.�

For�sufficiently�large�� under�constraint�(3)�this�converges�
to�the�optimal�solution�in�(5).� This�is�encapsulated�in�the�
following�theorem.�See�Appendix�A.1�for�proof.�

Theorem�4.1.� With�time�varying�field�f(x, t) : Rd ⇥ R ! 
Rd and� density� P (x, t) : Rd ⇥ R ! R+ such� thatR 
P (x, t)dx = 1 for�all�t0  t  t1 and�subject�to�the�

continuity�(3).�There�exists�a�sufficiently�large�� such�that�
Z t1 

� 
W (µ, ⌫)22 = (t1 � t0) inf E kf(x(t), t)k dt 

(P,f) x0⇠µ t0 

+ �KL(P (·, t1) k ⌫); s.t.�P (·, t0) = µ 

Intuitively,�a�continuous�normalizing�flow�with�a�correctly�
scaled�penalty�on�the�squared�norm�of�f approximates�the�
W2 transport�between�µ and�⌫.� Dynamic�optimal� trans-
port�can�be�thought�of�as�finding�a�distribution�over�paths�
such�that�the�beginnings�of�the�paths�match�the�source�dis-
tribution,�end�of�the�path�matches�the�target�distribution,�
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Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]

McCann’s displacement interpolation
in Euclidean space 
    and                                           :

<latexit sha1_base64="FwJHwQNeVHJhQkw9/7b0rn75KbY=">AAAB/HicbZDLSgMxGIUz9VbrbbRLN8EiVNAyU7xthIIgLivYC3TGkkkzbWgmMyQZ6TCt+CZuXCji1gdx59uYXhZaPRD4OOcP+XO8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/cpw37omQNOS3KomIG6Aupz7FSGmrbeZxcXAIkwN4AZ3h4ChxhnfltlmwStZE8C/YMyiAmapt89PphDgOCFeYISlbthUpN0VCUczIKOfEkkQI91GXtDRyFBDpppPlR3BfOx3oh0IfruDE/XkjRYGUSeDpyQCpnpzPxuZ/WStW/rmbUh7FinA8fciPGVQhHDcBO1QQrFiiAWFB9a4Q95BAWOm+croEe/7Lf6FeLtmnpZOb40Ll6nFaRxbsgj1QBDY4AxVwDaqgBjBIwBN4Aa/Gg/FsvBnv09GMMaswD37J+PgGZsSTww==</latexit>

c(x, y) = kx� yk2
<latexit sha1_base64="2UoMF7agyIniqHOZH9xKbsAmQH0=">AAACDXicbZBLSwMxFIUz9VXrq+rSTbAKFbXMiK+NUBBEdxX6gplhyKRpG5p5kNwRylBw7ca/4saFIm7du/PfmD4Waj0QOJxzQ3I/PxZcgWl+GZmZ2bn5hexibml5ZXUtv75RV1EiKavRSESy6RPFBA9ZDTgI1owlI4EvWMPvXQ77xh2TikdhFfoxcwPSCXmbUwI68vI7TpB4gC+wXbQOYQ/f7AOuup6jukTGeFiazoGXL5glcyQ8bayJKaCJKl7+02lFNAlYCFQQpWzLjMFNiQROBRvknESxmNAe6TBb25AETLnpaJsB3tVJC7cjqU8IeJT+vJGSQKl+4OvJgEBX/e2G4X+dnUD73E15GCfAQjp+qJ0IDBEeosEtLhkF0deGUMn1XzHVGAgFDTCnIVh/V5429aOSdVo6uT0ulK/uxziyaAttoyKy0Bkqo2tUQTVE0QN6Qi/o1Xg0no034308mjEmCDfRLxkf3560mdQ=</latexit>

µt = [(1� t)I + tT ]]µ0

particles move in straight line  
trajectories and with constant speed
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]

<latexit sha1_base64="CBJBevfzoChglVrO2YcKcgln8O8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyKG8uMUHUjFNzoroJ9QDsMmTTThmYyQ5KR1mHwK7p3U1ARt/6HO79G08dCWw/cy+Gce8nN8SJGpbKsLyOzsLi0vJJdza2tb2xumds7VRnGApMKDlko6h6ShFFOKooqRuqRICjwGKl53auRX7snQtKQ36l+RJwAtTn1KUZKS665d9n0BcJJz7VPYC9NdFepa+atgjUGnCf2lORLxefh0WDwXXbNz2YrxHFAuMIMSdmwrUg5CRKKYkbSXDOWJEK4i9qkoSlHAZFOMr4+hYdaaUE/FLq4gmP190aCAin7gacnA6Q6ctYbif95jVj5F05CeRQrwvHkIT9mUIVwFAVsUUGwYn1NEBZU3wpxB+k0lA4sp0OwZ788T6qnBfusULy186UbMEEW7IMDcAxscA5K4BqUQQVg8ACewAt4NR6NofFmvE9GM8Z0Zxf8gfHxA5bAmHY=</latexit>

= x1�x
1�t

McCann’s displacement interpolation
in Euclidean space 
    and                                           :

<latexit sha1_base64="FwJHwQNeVHJhQkw9/7b0rn75KbY=">AAAB/HicbZDLSgMxGIUz9VbrbbRLN8EiVNAyU7xthIIgLivYC3TGkkkzbWgmMyQZ6TCt+CZuXCji1gdx59uYXhZaPRD4OOcP+XO8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/cpw37omQNOS3KomIG6Aupz7FSGmrbeZxcXAIkwN4AZ3h4ChxhnfltlmwStZE8C/YMyiAmapt89PphDgOCFeYISlbthUpN0VCUczIKOfEkkQI91GXtDRyFBDpppPlR3BfOx3oh0IfruDE/XkjRYGUSeDpyQCpnpzPxuZ/WStW/rmbUh7FinA8fciPGVQhHDcBO1QQrFiiAWFB9a4Q95BAWOm+croEe/7Lf6FeLtmnpZOb40Ll6nFaRxbsgj1QBDY4AxVwDaqgBjBIwBN4Aa/Gg/FsvBnv09GMMaswD37J+PgGZsSTww==</latexit>

c(x, y) = kx� yk2
<latexit sha1_base64="2UoMF7agyIniqHOZH9xKbsAmQH0=">AAACDXicbZBLSwMxFIUz9VXrq+rSTbAKFbXMiK+NUBBEdxX6gplhyKRpG5p5kNwRylBw7ca/4saFIm7du/PfmD4Waj0QOJxzQ3I/PxZcgWl+GZmZ2bn5hexibml5ZXUtv75RV1EiKavRSESy6RPFBA9ZDTgI1owlI4EvWMPvXQ77xh2TikdhFfoxcwPSCXmbUwI68vI7TpB4gC+wXbQOYQ/f7AOuup6jukTGeFiazoGXL5glcyQ8bayJKaCJKl7+02lFNAlYCFQQpWzLjMFNiQROBRvknESxmNAe6TBb25AETLnpaJsB3tVJC7cjqU8IeJT+vJGSQKl+4OvJgEBX/e2G4X+dnUD73E15GCfAQjp+qJ0IDBEeosEtLhkF0deGUMn1XzHVGAgFDTCnIVh/V5429aOSdVo6uT0ulK/uxziyaAttoyKy0Bkqo2tUQTVE0QN6Qi/o1Xg0no034308mjEmCDfRLxkf3560mdQ=</latexit>

µt = [(1� t)I + tT ]]µ0

particles move in straight line  
trajectories and with constant speed
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]
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Figure 2: Compared to the diffusion path’s conditional score function, the OT path’s conditional
vector field has constant direction in time and is arguably simpler to fit with a parametric model.
Note the blue color denotes larger magnitude while red color denotes smaller magnitude.

which, in contrast to the diffusion conditional VF (equation 19), is defined for all t 2 [0, 1]. The
conditional flow that corresponds to ut(x|x1) is

 t(x) = (1� (1� �min)t)x+ tx1, (22)

and in this case, the CFM loss (see equations 9, 14) takes the form:

LCFM(✓) = Et,q(x1),p(x0)

���vt( t(x0))�
⇣
x1 � (1� �min)x0

⌘���
2
. (23)

Allowing the mean and std to change linearly not only leads to simple and intuitive paths, but it
is actually also optimal in the following sense. The conditional flow  t(x) is in fact the Optimal
Transport (OT) displacement map between the two Gaussians p0(x|x1) and p1(x|x1). The OT
interpolant, which is a probability path, is defined to be (see Definition 1.1 in McCann (1997)):

pt = [(1� t)id + t ]?p0 (24)

where  : Rd ! Rd is the OT map pushing p0 to p1, id denotes the identity map, i.e., id(x) = x,
and (1� t)id + t is called the OT displacement map. Example 1.7 in McCann (1997) shows, that
in our case of two Gaussians where the first is a standard one, the OT displacement map takes the
form of equation 22.

Diffusion OT

Figure 3: Diffusion and OT
trajectories.

Intuitively, particles under the OT displacement map always move
in straight line trajectories and with constant speed. Figure 3 depicts
sampling paths for the diffusion and OT conditional VFs. Inter-
estingly, we find that sampling trajectory from diffusion paths can
“overshoot” the final sample, resulting in unnecessary backtracking,
whilst the OT paths are guaranteed to stay straight.

Figure 2 compares the diffusion conditional score function (the re-
gression target in a typical diffusion methods), i.e., r log pt(x|x1) with pt defined as in equation 18,
with the OT conditional VF (equation 21). The start (p0) and end (p1) Gaussians are identical in
both examples. An interesting observation is that the OT VF has a constant direction in time, which
arguably leads to a simpler regression task. This property can also be verified directly from equa-
tion 21 as the VF can be written in the form ut(x|x1) = g(t)h(x|x1). Figure 8 in the Appendix
shows a visualization of the Diffusion VF. Lastly, we note that although the conditional flow is opti-
mal, this by no means imply that the marginal VF is an optimal transport solution. Nevertheless, we
expect the marginal vector field to remain relatively simple.

5 RELATED WORK

Continuous Normalizing Flows were introduced in (Chen et al., 2018) as a continuous-time version
of Normalizing Flows (see e.g., Kobyzev et al. (2020); Papamakarios et al. (2021) for an overview).
Originally, CNFs are trained with the maximum likelihood objective, but this involves expensive
ODE simulations for the forward and backward propagation, resulting in high time complexity due
to the sequential nature of ODE simulations. Although some works demonstrated the capability
of CNF generative models for image synthesis (Grathwohl et al., 2018), scaling up to very high
dimensional images is inherently difficult. A number of works attempted to regularize the ODE to
be easier to solve, e.g., using augmentation (Dupont et al., 2019), adding regularization terms (Yang
& Karniadakis, 2019; Finlay et al., 2020; Onken et al., 2021; Tong et al., 2020; Kelly et al., 2020),
or stochastically sampling the integration interval (Du et al., 2022). These works merely aim to
regularize the ODE but do not change the fundamental training algorithm.
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where  : Rd ! Rd is the OT map pushing p0 to p1, id denotes the identity map, i.e., id(x) = x,
and (1� t)id + t is called the OT displacement map. Example 1.7 in McCann (1997) shows, that
in our case of two Gaussians where the first is a standard one, the OT displacement map takes the
form of equation 22.
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estingly, we find that sampling trajectory from diffusion paths can
“overshoot” the final sample, resulting in unnecessary backtracking,
whilst the OT paths are guaranteed to stay straight.

Figure 2 compares the diffusion conditional score function (the re-
gression target in a typical diffusion methods), i.e., r log pt(x|x1) with pt defined as in equation 18,
with the OT conditional VF (equation 21). The start (p0) and end (p1) Gaussians are identical in
both examples. An interesting observation is that the OT VF has a constant direction in time, which
arguably leads to a simpler regression task. This property can also be verified directly from equa-
tion 21 as the VF can be written in the form ut(x|x1) = g(t)h(x|x1). Figure 8 in the Appendix
shows a visualization of the Diffusion VF. Lastly, we note that although the conditional flow is opti-
mal, this by no means imply that the marginal VF is an optimal transport solution. Nevertheless, we
expect the marginal vector field to remain relatively simple.

5 RELATED WORK

Continuous Normalizing Flows were introduced in (Chen et al., 2018) as a continuous-time version
of Normalizing Flows (see e.g., Kobyzev et al. (2020); Papamakarios et al. (2021) for an overview).
Originally, CNFs are trained with the maximum likelihood objective, but this involves expensive
ODE simulations for the forward and backward propagation, resulting in high time complexity due
to the sequential nature of ODE simulations. Although some works demonstrated the capability
of CNF generative models for image synthesis (Grathwohl et al., 2018), scaling up to very high
dimensional images is inherently difficult. A number of works attempted to regularize the ODE to
be easier to solve, e.g., using augmentation (Dupont et al., 2019), adding regularization terms (Yang
& Karniadakis, 2019; Finlay et al., 2020; Onken et al., 2021; Tong et al., 2020; Kelly et al., 2020),
or stochastically sampling the integration interval (Du et al., 2022). These works merely aim to
regularize the ODE but do not change the fundamental training algorithm.

6

arbitrary flow

OT flow
<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

e.g.,



Connections to Flow Matching

92

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2
<latexit sha1_base64="CBJBevfzoChglVrO2YcKcgln8O8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyKG8uMUHUjFNzoroJ9QDsMmTTThmYyQ5KR1mHwK7p3U1ARt/6HO79G08dCWw/cy+Gce8nN8SJGpbKsLyOzsLi0vJJdza2tb2xumds7VRnGApMKDlko6h6ShFFOKooqRuqRICjwGKl53auRX7snQtKQ36l+RJwAtTn1KUZKS665d9n0BcJJz7VPYC9NdFepa+atgjUGnCf2lORLxefh0WDwXXbNz2YrxHFAuMIMSdmwrUg5CRKKYkbSXDOWJEK4i9qkoSlHAZFOMr4+hYdaaUE/FLq4gmP190aCAin7gacnA6Q6ctYbif95jVj5F05CeRQrwvHkIT9mUIVwFAVsUUGwYn1NEBZU3wpxB+k0lA4sp0OwZ788T6qnBfusULy186UbMEEW7IMDcAxscA5K4BqUQQVg8ACewAt4NR6NofFmvE9GM8Z0Zxf8gfHxA5bAmHY=</latexit>

= x1�x
1�t

<latexit sha1_base64="2UoMF7agyIniqHOZH9xKbsAmQH0=">AAACDXicbZBLSwMxFIUz9VXrq+rSTbAKFbXMiK+NUBBEdxX6gplhyKRpG5p5kNwRylBw7ca/4saFIm7du/PfmD4Waj0QOJxzQ3I/PxZcgWl+GZmZ2bn5hexibml5ZXUtv75RV1EiKavRSESy6RPFBA9ZDTgI1owlI4EvWMPvXQ77xh2TikdhFfoxcwPSCXmbUwI68vI7TpB4gC+wXbQOYQ/f7AOuup6jukTGeFiazoGXL5glcyQ8bayJKaCJKl7+02lFNAlYCFQQpWzLjMFNiQROBRvknESxmNAe6TBb25AETLnpaJsB3tVJC7cjqU8IeJT+vJGSQKl+4OvJgEBX/e2G4X+dnUD73E15GCfAQjp+qJ0IDBEeosEtLhkF0deGUMn1XzHVGAgFDTCnIVh/V5429aOSdVo6uT0ulK/uxziyaAttoyKy0Bkqo2tUQTVE0QN6Qi/o1Xg0no034308mjEmCDfRLxkf3560mdQ=</latexit>

µt = [(1� t)I + tT ]]µ0

particles move in straight line  
trajectories and with constant speed

McCann’s displacement interpolation
in Euclidean space 
    and                                           :

<latexit sha1_base64="FwJHwQNeVHJhQkw9/7b0rn75KbY=">AAAB/HicbZDLSgMxGIUz9VbrbbRLN8EiVNAyU7xthIIgLivYC3TGkkkzbWgmMyQZ6TCt+CZuXCji1gdx59uYXhZaPRD4OOcP+XO8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/cpw37omQNOS3KomIG6Aupz7FSGmrbeZxcXAIkwN4AZ3h4ChxhnfltlmwStZE8C/YMyiAmapt89PphDgOCFeYISlbthUpN0VCUczIKOfEkkQI91GXtDRyFBDpppPlR3BfOx3oh0IfruDE/XkjRYGUSeDpyQCpnpzPxuZ/WStW/rmbUh7FinA8fciPGVQhHDcBO1QQrFiiAWFB9a4Q95BAWOm+croEe/7Lf6FeLtmnpZOb40Ll6nFaRxbsgj1QBDY4AxVwDaqgBjBIwBN4Aa/Gg/FsvBnv09GMMaswD37J+PgGZsSTww==</latexit>

c(x, y) = kx� yk2

[McCann97]

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0
<latexit sha1_base64="gkvF19jmUKL32F16xdxpN8rDjRY=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T12sFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+UvbOy2e3p6XK9dM0jjwcwCEcgwcXUIEbqEINGPTgGV7hzZHOi/PufExbc84swn34A+fzB5uwjnE=</latexit>xt

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2
<latexit sha1_base64="CBJBevfzoChglVrO2YcKcgln8O8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyKG8uMUHUjFNzoroJ9QDsMmTTThmYyQ5KR1mHwK7p3U1ARt/6HO79G08dCWw/cy+Gce8nN8SJGpbKsLyOzsLi0vJJdza2tb2xumds7VRnGApMKDlko6h6ShFFOKooqRuqRICjwGKl53auRX7snQtKQ36l+RJwAtTn1KUZKS665d9n0BcJJz7VPYC9NdFepa+atgjUGnCf2lORLxefh0WDwXXbNz2YrxHFAuMIMSdmwrUg5CRKKYkbSXDOWJEK4i9qkoSlHAZFOMr4+hYdaaUE/FLq4gmP190aCAin7gacnA6Q6ctYbif95jVj5F05CeRQrwvHkIT9mUIVwFAVsUUGwYn1NEBZU3wpxB+k0lA4sp0OwZ788T6qnBfusULy186UbMEEW7IMDcAxscA5K4BqUQQVg8ACewAt4NR6NofFmvE9GM8Z0Zxf8gfHxA5bAmHY=</latexit>

= x1�x
1�t

<latexit sha1_base64="2UoMF7agyIniqHOZH9xKbsAmQH0=">AAACDXicbZBLSwMxFIUz9VXrq+rSTbAKFbXMiK+NUBBEdxX6gplhyKRpG5p5kNwRylBw7ca/4saFIm7du/PfmD4Waj0QOJxzQ3I/PxZcgWl+GZmZ2bn5hexibml5ZXUtv75RV1EiKavRSESy6RPFBA9ZDTgI1owlI4EvWMPvXQ77xh2TikdhFfoxcwPSCXmbUwI68vI7TpB4gC+wXbQOYQ/f7AOuup6jukTGeFiazoGXL5glcyQ8bayJKaCJKl7+02lFNAlYCFQQpWzLjMFNiQROBRvknESxmNAe6TBb25AETLnpaJsB3tVJC7cjqU8IeJT+vJGSQKl+4OvJgEBX/e2G4X+dnUD73E15GCfAQjp+qJ0IDBEeosEtLhkF0deGUMn1XzHVGAgFDTCnIVh/V5429aOSdVo6uT0ulK/uxziyaAttoyKy0Bkqo2tUQTVE0QN6Qi/o1Xg0no034308mjEmCDfRLxkf3560mdQ=</latexit>

µt = [(1� t)I + tT ]]µ0

particles move in straight line  
trajectories and with constant speed

McCann’s displacement interpolation
in Euclidean space 
    and                                           :

<latexit sha1_base64="FwJHwQNeVHJhQkw9/7b0rn75KbY=">AAAB/HicbZDLSgMxGIUz9VbrbbRLN8EiVNAyU7xthIIgLivYC3TGkkkzbWgmMyQZ6TCt+CZuXCji1gdx59uYXhZaPRD4OOcP+XO8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/cpw37omQNOS3KomIG6Aupz7FSGmrbeZxcXAIkwN4AZ3h4ChxhnfltlmwStZE8C/YMyiAmapt89PphDgOCFeYISlbthUpN0VCUczIKOfEkkQI91GXtDRyFBDpppPlR3BfOx3oh0IfruDE/XkjRYGUSeDpyQCpnpzPxuZ/WStW/rmbUh7FinA8fciPGVQhHDcBO1QQrFiiAWFB9a4Q95BAWOm+croEe/7Lf6FeLtmnpZOb40Ll6nFaRxbsgj1QBDY4AxVwDaqgBjBIwBN4Aa/Gg/FsvBnv09GMMaswD37J+PgGZsSTww==</latexit>

c(x, y) = kx� yk2

[McCann97]

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0
<latexit sha1_base64="gkvF19jmUKL32F16xdxpN8rDjRY=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T12sFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+UvbOy2e3p6XK9dM0jjwcwCEcgwcXUIEbqEINGPTgGV7hzZHOi/PufExbc84swn34A+fzB5uwjnE=</latexit>xt

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

Instead, find optimal coupling
<latexit sha1_base64="RxEzSpmoFLnxKW4kFJO/3MRPfoI="></latexit>

P ?

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

Learn vector field

predict
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0

<latexit sha1_base64="0fsfvaCc8UU4dXZKdt90haXVYG0=">AAACAnicbZBLSwMxFIUz9VXrq+pK3ASLUEHKjPhaFgRxWcE+oFNKJr3ThmYeJHeKpRRd+FfcuFDErb/Cnf/G9LHQ1gOBj3NuSO7xYik02va3lVpYXFpeSa9m1tY3Nrey2zsVHSWKQ5lHMlI1j2mQIoQyCpRQixWwwJNQ9bpXo7zaA6VFFN5hP4ZGwNqh8AVnaKxmdq/XdLEDyFwJPubxmN67SrQ7eNTM5uyCPRadB2cKOTJVqZn9clsRTwIIkUumdd2xY2wMmELBJQwzbqIhZrzL2lA3GLIAdGMwXmFID43Ton6kzAmRjt3fNwYs0LofeGYyYNjRs9nI/C+rJ+hfNgYijBOEkE8e8hNJMaKjPmhLKOAo+wYYV8L8lfIOU4yjaS1jSnBmV56HyknBOS+c3Z7mitePkzrSZJ8ckDxxyAUpkhtSImXCyQN5Jq/kzXqyXqx362MymrKmFe6SP7I+fwDfGpeE</latexit>

v✓ (t, x)

✗

= regressionConditional Flow Matching (CFM)
?<latexit sha1_base64="RLcwnVGfiHpZVK0Sg1QaL6hXkSo="></latexit>

Et,µ1(x1),µt(x|x1) kv✓(t, x)� ut (x | x1)k2
<latexit sha1_base64="CBJBevfzoChglVrO2YcKcgln8O8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyKG8uMUHUjFNzoroJ9QDsMmTTThmYyQ5KR1mHwK7p3U1ARt/6HO79G08dCWw/cy+Gce8nN8SJGpbKsLyOzsLi0vJJdza2tb2xumds7VRnGApMKDlko6h6ShFFOKooqRuqRICjwGKl53auRX7snQtKQ36l+RJwAtTn1KUZKS665d9n0BcJJz7VPYC9NdFepa+atgjUGnCf2lORLxefh0WDwXXbNz2YrxHFAuMIMSdmwrUg5CRKKYkbSXDOWJEK4i9qkoSlHAZFOMr4+hYdaaUE/FLq4gmP190aCAin7gacnA6Q6ctYbif95jVj5F05CeRQrwvHkIT9mUIVwFAVsUUGwYn1NEBZU3wpxB+k0lA4sp0OwZ788T6qnBfusULy186UbMEEW7IMDcAxscA5K4BqUQQVg8ACewAt4NR6NofFmvE9GM8Z0Zxf8gfHxA5bAmHY=</latexit>

= x1�x
1�t

<latexit sha1_base64="2UoMF7agyIniqHOZH9xKbsAmQH0=">AAACDXicbZBLSwMxFIUz9VXrq+rSTbAKFbXMiK+NUBBEdxX6gplhyKRpG5p5kNwRylBw7ca/4saFIm7du/PfmD4Waj0QOJxzQ3I/PxZcgWl+GZmZ2bn5hexibml5ZXUtv75RV1EiKavRSESy6RPFBA9ZDTgI1owlI4EvWMPvXQ77xh2TikdhFfoxcwPSCXmbUwI68vI7TpB4gC+wXbQOYQ/f7AOuup6jukTGeFiazoGXL5glcyQ8bayJKaCJKl7+02lFNAlYCFQQpWzLjMFNiQROBRvknESxmNAe6TBb25AETLnpaJsB3tVJC7cjqU8IeJT+vJGSQKl+4OvJgEBX/e2G4X+dnUD73E15GCfAQjp+qJ0IDBEeosEtLhkF0deGUMn1XzHVGAgFDTCnIVh/V5429aOSdVo6uT0ulK/uxziyaAttoyKy0Bkqo2tUQTVE0QN6Qi/o1Xg0no034308mjEmCDfRLxkf3560mdQ=</latexit>

µt = [(1� t)I + tT ]]µ0

particles move in straight line  
trajectories and with constant speed

McCann’s displacement interpolation
in Euclidean space 
    and                                           :

<latexit sha1_base64="FwJHwQNeVHJhQkw9/7b0rn75KbY=">AAAB/HicbZDLSgMxGIUz9VbrbbRLN8EiVNAyU7xthIIgLivYC3TGkkkzbWgmMyQZ6TCt+CZuXCji1gdx59uYXhZaPRD4OOcP+XO8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5dhrHApIZDFoqmhyRhlJOaooqRZiQICjxGGl7/cpw37omQNOS3KomIG6Aupz7FSGmrbeZxcXAIkwN4AZ3h4ChxhnfltlmwStZE8C/YMyiAmapt89PphDgOCFeYISlbthUpN0VCUczIKOfEkkQI91GXtDRyFBDpppPlR3BfOx3oh0IfruDE/XkjRYGUSeDpyQCpnpzPxuZ/WStW/rmbUh7FinA8fciPGVQhHDcBO1QQrFiiAWFB9a4Q95BAWOm+croEe/7Lf6FeLtmnpZOb40Ll6nFaRxbsgj1QBDY4AxVwDaqgBjBIwBN4Aa/Gg/FsvBnv09GMMaswD37J+PgGZsSTww==</latexit>

c(x, y) = kx� yk2

[McCann97]

<latexit sha1_base64="AbsVfDULC3CPVc381T9cAimRFzQ=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T123E6x5JbdCcgi8WakBDNUO8WvdjdmacQVMkmNaXlugn5GNQom+ajQTg1PKBvQHm9ZqmjEjZ9NTh2RI6t0SRhrWwrJRP09kdHImGEU2M6IYt/Me2PxP6+VYnjpZ0IlKXLFpovCVBKMyfhv0hWaM5RDSyjTwt5KWJ9qytCmU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c6L8678zFtzTmzCPfhD5zPHzSgji0=</latexit>x0
<latexit sha1_base64="gkvF19jmUKL32F16xdxpN8rDjRY=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJ2nS0zN014hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkQKg6777eSWlldW1/LrhY3Nre2d4u5e3cSpZrzGYhnrZkANl0LxGgqUvJloTqNA8kYwuBr7jQeujYjVPQ4T7ke0p0QoGEUr3T12sFMsuWV3ArJIvBkpwQzVTvGr3Y1ZGnGFTFJjWp6boJ9RjYJJPiq0U8MTyga0x1uWKhpx42eTU0fkyCpdEsbalkIyUX9PZDQyZhgFtjOi2Dfz3lj8z2ulGF76mVBJilyx6aIwlQRjMv6bdIXmDOXQEsq0sLcS1qeaMrTpFGwI3vzLi6R+UvbOy2e3p6XK9dM0jjwcwCEcgwcXUIEbqEINGPTgGV7hzZHOi/PufExbc84swn34A+fzB5uwjnE=</latexit>xt

<latexit sha1_base64="IwJvXuZQhzSTXNwGGZ6UohQYOPE=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGiWSAZQk+nJmnS0zN094hhCPgDXjwo4tUv8ubf2FkOmvig4PFeFVX1gkRwbVz328ktLa+sruXXCxubW9s7xd29uo5TxbDGYhGrZkA1Ci6xZrgR2EwU0igQ2AgGV2O/8YBK81jem2GCfkR7koecUWOlu8eO1ymW3LI7AVkk3oyUYIZqp/jV7sYsjVAaJqjWLc9NjJ9RZTgTOCq0U40JZQPaw5alkkao/Wxy6ogcWaVLwljZkoZM1N8TGY20HkaB7Yyo6et5byz+57VSE176GZdJalCy6aIwFcTEZPw36XKFzIihJZQpbm8lrE8VZcamU7AhePMvL5L6Sdk7L5/dnpYq10/TOPJwAIdwDB5cQAVuoAo1YNCDZ3iFN0c4L8678zFtzTmzCPfhD5zPHzYkji4=</latexit>x1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1
<latexit sha1_base64="QPp6DWMKtXn2WTaLFp4Vhd/0pAM=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAZQk+nJ2nSy9DdI4Qh4Bd48aCIV3/Im39jT5KDJj4oeLxXRVW9KOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN7nfeqTaMCUf7DihocADyWJGsM2lrmGiV674VX8KtEyCOanAHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZtNbJ+jEKX0UK+1KWjRVf09kWBgzFpHrFNgOzaKXi/95ndTG12HGZJJaKslsUZxyZBXKH0d9pimxfOwIJpq5WxEZYo2JdfGUXAjB4svLpHlWDS6rF/fnldrt0yyOIhzBMZxCAFdQgzuoQwMIDOEZXuHNE96L9+59zFoL3jzCQ/gD7/MHSiOO1Q==</latexit>⇠

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="20q7BOX879W01eBtnIKJoA43MqE=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCkwSSIfR0epImvQzdPUIYAv6BFw+KePWDvPk3dpaDJj4oeLxXRVW9OOXMWN//9gorq2vrG8XN0tb2zu5eef+gYVSmCQ2J4kq3YmwoZ5KGlllOW6mmWMScNuPhzcRvPlJtmJIPdpTSSOC+ZAkj2Dop7IisG3TLFb/qT4GWSTAnFZij3i1/dXqKZIJKSzg2ph34qY1yrC0jnI5LnczQFJMh7tO2oxILaqJ8euwYnTilhxKlXUmLpurviRwLY0Yidp0C24FZ9Cbif147s8l1lDOZZpZKMluUZBxZhSafox7TlFg+cgQTzdytiAywxsS6fEouhGDx5WXSOKsGl9WL+/NK7fZpFkcRjuAYTiGAK6jBHdQhBAIMnuEV3jzpvXjv3sesteDNIzyEP/A+fwCuzo8I</latexit>µ1

Instead, find optimal coupling
<latexit sha1_base64="RxEzSpmoFLnxKW4kFJO/3MRPfoI="></latexit>

P ?
<latexit sha1_base64="HlKNnUSVncsLOGDz2KEtI+xTXVQ=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUoivpYFN7qrYB/QhDCZTtuhM5MwM5GGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3njBmVGnH+bYKK6tr6xvFzdLW9s7unr1/0FJRIjFp4ohFshMiRRgVpKmpZqQTS4J4yEg7HN1M/fYjkYpG4kGnMfE5GgjapxhpIwV2uToOnFM4DtwT6CnKoRfTwK44NWcGuEzcnFRAjkZgf3m9CCecCI0ZUqrrOrH2MyQ1xYxMSl6iSIzwCA1I11CBOFF+Njt+Ao+N0oP9SJoSGs7U3xMZ4kqlPDSdHOmhWvSm4n9eN9H9az+jIk40EXi+qJ8wqCM4TQL2qCRYs9QQhCU1t0I8RBJhbfIqmRDcxZeXSeus5l7WLu7PK/W7PI4iOARHoApccAXq4BY0QBNgkIJn8ArerCfrxXq3PuatBSufKYM/sD5/ADgKk0A=</latexit>

(x0, x1) ⇠ ⇡
<latexit sha1_base64="RxEzSpmoFLnxKW4kFJO/3MRPfoI="></latexit>

P ?

[Albergo+23, Lipman+23, Pooladian+23, Liu+22]
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Part 3

<latexit sha1_base64="IhGpLtY1Vvj/ogT6TDZ0Gk1+fmA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbtulm03YnYgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHN1O/+ci1EbF6wHHCg4gOlOgLRtFK/lM3w0m3XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6xe3J9Xand5HEU4gmM4BQ+uoAa3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/O3+PAA==</latexit>xt

Dynamics of particles are described by minimizing a potential function  J(x)

<latexit sha1_base64="X5QBE+Lz2cCDHttrR6mcKTvbsxg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi94imAckS5idzCZDZmeXmV4xLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz85iPXRsTqAUcJ9yPaVyIUjKKVmk/dDE+9cbdUdivuFGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0M+oRsEkHxc7qeEJZUPa521LFY248bPpuWNybJUeCWNtSyGZqr8nMhoZM4oC2xlRHJh5byL+57VTDK/9TKgkRa7YbFGYSoIxmfxOekJzhnJkCWVa2FsJG1BNGdqEijYEb/7lRdI4q3iXlYv783L1Lo+jAIdwBCfgwRVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AFOuPcA==</latexit>xt+1 <latexit sha1_base64="Dx5cmxI6DqLFety+HYxRvSyX+XM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlAEsLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBSt1HzqpXhWmfSKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910du6EnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEx/J32hOUM5toQyLeythA2ppgxtQgUbgrf48jJpVMreZfni/rxUvcviyMMRHMMpeHAFVbiFGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fFnCPcQ==</latexit>xt+2

<latexit sha1_base64="cgG7H11I026WsdzecxdUwPbmA5U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRi1WXBje6q2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkorq2vrG+XNytb2zu5edf+go+JUEtomMY9lz8eKciZoWzPNaS+RFEc+p11/fJ373ScqFYvFg54k1IvwULCQEayN5LoR1iPfz+6nj8GgWrPr9gxomTgFqUGB1qD65QYxSSMqNOFYqb5jJ9rLsNSMcDqtuKmiCSZjPKR9QwWOqPKyWeYpOjFKgMJYmic0mqm/NzIcKTWJfDOZZ1SLXi7+5/VTHV55GRNJqqkg80NhypGOUV4ACpikRPOJIZhIZrIiMsISE21qqpgSnMUvL5POWd25qDfuzmvN26KOMhzBMZyCA5fQhBtoQRsIJPAMr/BmpdaL9W59zEdLVrFzCH9gff4AO1SR2Q==</latexit>

Rd
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<latexit sha1_base64="IhGpLtY1Vvj/ogT6TDZ0Gk1+fmA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbtulm03YnYgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHN1O/+ci1EbF6wHHCg4gOlOgLRtFK/lM3w0m3XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6xe3J9Xand5HEU4gmM4BQ+uoAa3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/O3+PAA==</latexit>xt

Dynamics of particles are described by minimizing a potential function  J(x)

<latexit sha1_base64="+lsxXnv9BQBbtMvyK25qtr/gdEM=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5KIr2XBjbqqYB/QhnAznbRDJ5MwMxFr6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feEyScKe0439bS8srq2npho7i5tb1Tsnf3mipOJaENEvNYtgNQlDNBG5ppTtuJpBAFnLaC4dXEbz1QqVgs7vUooV4EfcFCRkAbybdLXQEBB3xbefQzPT727bJTdabAi8TNSRnlqPv2V7cXkzSiQhMOSnVcJ9FeBlIzwum42E0VTYAMoU87hgqIqPKy6eFjfGSUHg5jaUpoPFV/T2QQKTWKAtMZgR6oeW8i/ud1Uh1eehkTSaqpILNFYcqxjvEkBdxjkhLNR4YAkczciskAJBBtsiqaENz5lxdJ86TqnlfP7k7LtZs8jgI6QIeoglx0gWroGtVRAxGUomf0it6sJ+vFerc+Zq1LVj6zj/7A+vwB8i6Sqg==</latexit>

rJ(xt) <latexit sha1_base64="X5QBE+Lz2cCDHttrR6mcKTvbsxg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi94imAckS5idzCZDZmeXmV4xLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz85iPXRsTqAUcJ9yPaVyIUjKKVmk/dDE+9cbdUdivuFGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0M+oRsEkHxc7qeEJZUPa521LFY248bPpuWNybJUeCWNtSyGZqr8nMhoZM4oC2xlRHJh5byL+57VTDK/9TKgkRa7YbFGYSoIxmfxOekJzhnJkCWVa2FsJG1BNGdqEijYEb/7lRdI4q3iXlYv783L1Lo+jAIdwBCfgwRVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AFOuPcA==</latexit>xt+1 <latexit sha1_base64="Dx5cmxI6DqLFety+HYxRvSyX+XM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlAEsLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBSt1HzqpXhWmfSKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910du6EnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEx/J32hOUM5toQyLeythA2ppgxtQgUbgrf48jJpVMreZfni/rxUvcviyMMRHMMpeHAFVbiFGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fFnCPcQ==</latexit>xt+2

<latexit sha1_base64="cgG7H11I026WsdzecxdUwPbmA5U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRi1WXBje6q2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkorq2vrG+XNytb2zu5edf+go+JUEtomMY9lz8eKciZoWzPNaS+RFEc+p11/fJ373ScqFYvFg54k1IvwULCQEayN5LoR1iPfz+6nj8GgWrPr9gxomTgFqUGB1qD65QYxSSMqNOFYqb5jJ9rLsNSMcDqtuKmiCSZjPKR9QwWOqPKyWeYpOjFKgMJYmic0mqm/NzIcKTWJfDOZZ1SLXi7+5/VTHV55GRNJqqkg80NhypGOUV4ACpikRPOJIZhIZrIiMsISE21qqpgSnMUvL5POWd25qDfuzmvN26KOMhzBMZyCA5fQhBtoQRsIJPAMr/BmpdaL9W59zEdLVrFzCH9gff4AO1SR2Q==</latexit>

Rd

forward scheme
<latexit sha1_base64="qOxQZ0b6ZOBD2cxjYnWpT2KHmdo=">AAACF3icbZBNSwMxEIaz9bt+VT16CRahIpZd8QtBELyoJwVrhW4ps2m2Dc1ml2RWLEv/hRf/ihcPinjVm//GtPag1YHAw/vOMJk3SKQw6LqfTm5sfGJyanomPzs3v7BYWFq+NnGqGa+wWMb6JgDDpVC8ggIlv0k0hyiQvBp0Tvp+9ZZrI2J1hd2E1yNoKREKBmilRqF818hw0+sdHvWht+UjpNRXEEig577kIZYGhq9Fq40bjULRLbuDon/BG0KRDOuiUfjwmzFLI66QSTCm5rkJ1jPQKJjkvbyfGp4A60CL1ywqiLipZ4O7enTdKk0axto+hXSg/pzIIDKmGwW2MwJsm1GvL/7n1VIMD+qZUEmKXLHvRWEqKca0HxJtCs0Zyq4FYFrYv1LWBg0MbZR5G4I3evJfuN4ue3vl3cud4vHZMI5pskrWSIl4ZJ8ck1NyQSqEkXvySJ7Ji/PgPDmvztt3a84ZzqyQX+W8fwGw0p+t</latexit>

xt+1 := xt � ⌧rJ (xt)
can be unstable and 
requires differentiability of J
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<latexit sha1_base64="IhGpLtY1Vvj/ogT6TDZ0Gk1+fmA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbtulm03YnYgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHN1O/+ci1EbF6wHHCg4gOlOgLRtFK/lM3w0m3XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6xe3J9Xand5HEU4gmM4BQ+uoAa3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/O3+PAA==</latexit>xt

Dynamics of particles are described by minimizing a potential function  J(x)

<latexit sha1_base64="+lsxXnv9BQBbtMvyK25qtr/gdEM=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5KIr2XBjbqqYB/QhnAznbRDJ5MwMxFr6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feEyScKe0439bS8srq2npho7i5tb1Tsnf3mipOJaENEvNYtgNQlDNBG5ppTtuJpBAFnLaC4dXEbz1QqVgs7vUooV4EfcFCRkAbybdLXQEBB3xbefQzPT727bJTdabAi8TNSRnlqPv2V7cXkzSiQhMOSnVcJ9FeBlIzwum42E0VTYAMoU87hgqIqPKy6eFjfGSUHg5jaUpoPFV/T2QQKTWKAtMZgR6oeW8i/ud1Uh1eehkTSaqpILNFYcqxjvEkBdxjkhLNR4YAkczciskAJBBtsiqaENz5lxdJ86TqnlfP7k7LtZs8jgI6QIeoglx0gWroGtVRAxGUomf0it6sJ+vFerc+Zq1LVj6zj/7A+vwB8i6Sqg==</latexit>

rJ(xt) <latexit sha1_base64="X5QBE+Lz2cCDHttrR6mcKTvbsxg=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi94imAckS5idzCZDZmeXmV4xLPkILx4U8er3ePNvnCR70MSChqKqm+6uIJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz85iPXRsTqAUcJ9yPaVyIUjKKVmk/dDE+9cbdUdivuFGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0M+oRsEkHxc7qeEJZUPa521LFY248bPpuWNybJUeCWNtSyGZqr8nMhoZM4oC2xlRHJh5byL+57VTDK/9TKgkRa7YbFGYSoIxmfxOekJzhnJkCWVa2FsJG1BNGdqEijYEb/7lRdI4q3iXlYv783L1Lo+jAIdwBCfgwRVU4RZqUAcGQ3iGV3hzEufFeXc+Zq1LTj5zAH/gfP4AFOuPcA==</latexit>xt+1 <latexit sha1_base64="Dx5cmxI6DqLFety+HYxRvSyX+XM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlAEsLsZDYZMju7zPSKYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3+bEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSLZ8aLoXidRQoeSvWnIa+5E1/dDP1m49cGxGpBxzHvBvSgRKBYBSt1HzqpXhWmfSKJbfszkCWiZeREmSo9YpfnX7EkpArZJIa0/bcGLsp1SiY5JNCJzE8pmxEB7xtqaIhN910du6EnFilT4JI21JIZurviZSGxoxD33aGFIdm0ZuK/3ntBIPrbipUnCBXbL4oSCTBiEx/J32hOUM5toQyLeythA2ppgxtQgUbgrf48jJpVMreZfni/rxUvcviyMMRHMMpeHAFVbiFGtSBwQie4RXenNh5cd6dj3lrzslmDuEPnM8fFnCPcQ==</latexit>xt+2

<latexit sha1_base64="cgG7H11I026WsdzecxdUwPbmA5U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRi1WXBje6q2Ac0sUwmk3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs8cP+FMadv+tkorq2vrG+XNytb2zu5edf+go+JUEtomMY9lz8eKciZoWzPNaS+RFEc+p11/fJ373ScqFYvFg54k1IvwULCQEayN5LoR1iPfz+6nj8GgWrPr9gxomTgFqUGB1qD65QYxSSMqNOFYqb5jJ9rLsNSMcDqtuKmiCSZjPKR9QwWOqPKyWeYpOjFKgMJYmic0mqm/NzIcKTWJfDOZZ1SLXi7+5/VTHV55GRNJqqkg80NhypGOUV4ACpikRPOJIZhIZrIiMsISE21qqpgSnMUvL5POWd25qDfuzmvN26KOMhzBMZyCA5fQhBtoQRsIJPAMr/BmpdaL9W59zEdLVrFzCH9gff4AO1SR2Q==</latexit>

Rd

backward scheme

proximity operator

<latexit sha1_base64="xSzSTZCaVwbc1TJJc6Co+zLon/k="></latexit>

xt+1 := argmin
x

1

2⌧
kx� xtk2 + J(x)

forward scheme
<latexit sha1_base64="qOxQZ0b6ZOBD2cxjYnWpT2KHmdo=">AAACF3icbZBNSwMxEIaz9bt+VT16CRahIpZd8QtBELyoJwVrhW4ps2m2Dc1ml2RWLEv/hRf/ihcPinjVm//GtPag1YHAw/vOMJk3SKQw6LqfTm5sfGJyanomPzs3v7BYWFq+NnGqGa+wWMb6JgDDpVC8ggIlv0k0hyiQvBp0Tvp+9ZZrI2J1hd2E1yNoKREKBmilRqF818hw0+sdHvWht+UjpNRXEEig577kIZYGhq9Fq40bjULRLbuDon/BG0KRDOuiUfjwmzFLI66QSTCm5rkJ1jPQKJjkvbyfGp4A60CL1ywqiLipZ4O7enTdKk0axto+hXSg/pzIIDKmGwW2MwJsm1GvL/7n1VIMD+qZUEmKXLHvRWEqKca0HxJtCs0Zyq4FYFrYv1LWBg0MbZR5G4I3evJfuN4ue3vl3cud4vHZMI5pskrWSIl4ZJ8ck1NyQSqEkXvySJ7Ji/PgPDmvztt3a84ZzqyQX+W8fwGw0p+t</latexit>

xt+1 := xt � ⌧rJ (xt)
can be unstable and 
requires differentiability of J
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<latexit sha1_base64="gGivjRk9j8Q8u7jgS4UkhACD/+M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KIt6WBTe6q2Iv0MYymUzaoZNJmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXRdJwignLUUVI91IEBS4jHTc8WVW7zwQIWnI79QkIk6Ahpz6FCOlrYG51w+QGmHEkmZay9l1k9v03jsamFWrbuWC82AXUAWFmgPzq++FOA4IV5ghKXu2FSknQUJRzEha6ceSRAiP0ZD0NHIUEOkk+QkpPNSOB/1Q6McVzN3fEwkKpJwEru7MlpSztcz8r9aLlX/hJJRHsSIcTz/yYwZVCLM8oEcFwYpNNCAsqN4V4hESCCudWkWHYM+ePA/t47p9Vj+9Oak2ros4ymAfHIAasME5aIAr0AQtgMEjeAav4M14Ml6Md+Nj2loyipld8EfG5w87r5db</latexit>

P(Rd)

<latexit sha1_base64="d27/55XYV5ZpMCY+MzrwuinjlL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgRW8VjC20oWy2m3bp7ibsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBXcoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMUxbQRCS6HRHDBFcsQI6CtVPNiIwEa0Wjm6nfemLa8EQ94DhloSQDxWNOCVop6Mqsh71qzat7M7jLxC9IDQo0e9Wvbj+hmWQKqSDGdHwvxTAnGjkVbFLpZoalhI7IgHUsVUQyE+azYyfuiVX6bpxoWwrdmfp7IifSmLGMbKckODSL3lT8z+tkGF+HOVdphkzR+aI4Ey4m7vRzt881oyjGlhCqub3VpUOiCUWbT8WG4C++vEwez+r+Zf3i/rzWuCviKMMRHMMp+HAFDbiFJgRAgcMzvMKbo5wX5935mLeWnGLmEP7A+fwB70GOzg==</latexit>µt
<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="lJF+hQrzZ5+fazH3mMDqNfnQ5bA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlIsoTZySQZMrO7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLkXI6yhQ8lasOVWB5M1gdDP1m09cGxGFDziOua/oIBR9wSha6bGjkm6KZ5VJt1hyy+4MZJl4GSlBhlq3+NXpRSxRPEQmqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUtDqrjx09nBE3JilR7pR9pWiGSm/p5IqTJmrALbqSgOzaI3Ff/z2gn2r/1UhHGCPGTzRf1EEozI9HvSE5ozlGNLKNPC3krYkGrK0GZUsCF4iy8vk0al7F2WL+7PS9W7LI48HMExnIIHV1CFW6hBHRgoeIZXeHO08+K8Ox/z1pyTzRzCHzifP5JCkEs=</latexit>µt+2
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<latexit sha1_base64="gGivjRk9j8Q8u7jgS4UkhACD/+M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KIt6WBTe6q2Iv0MYymUzaoZNJmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXRdJwignLUUVI91IEBS4jHTc8WVW7zwQIWnI79QkIk6Ahpz6FCOlrYG51w+QGmHEkmZay9l1k9v03jsamFWrbuWC82AXUAWFmgPzq++FOA4IV5ghKXu2FSknQUJRzEha6ceSRAiP0ZD0NHIUEOkk+QkpPNSOB/1Q6McVzN3fEwkKpJwEru7MlpSztcz8r9aLlX/hJJRHsSIcTz/yYwZVCLM8oEcFwYpNNCAsqN4V4hESCCudWkWHYM+ePA/t47p9Vj+9Oak2ros4ymAfHIAasME5aIAr0AQtgMEjeAav4M14Ml6Md+Nj2loyipld8EfG5w87r5db</latexit>

P(Rd)

taking measures as input

<latexit sha1_base64="d27/55XYV5ZpMCY+MzrwuinjlL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgRW8VjC20oWy2m3bp7ibsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBXcoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMUxbQRCS6HRHDBFcsQI6CtVPNiIwEa0Wjm6nfemLa8EQ94DhloSQDxWNOCVop6Mqsh71qzat7M7jLxC9IDQo0e9Wvbj+hmWQKqSDGdHwvxTAnGjkVbFLpZoalhI7IgHUsVUQyE+azYyfuiVX6bpxoWwrdmfp7IifSmLGMbKckODSL3lT8z+tkGF+HOVdphkzR+aI4Ey4m7vRzt881oyjGlhCqub3VpUOiCUWbT8WG4C++vEwez+r+Zf3i/rzWuCviKMMRHMMp+HAFDbiFJgRAgcMzvMKbo5wX5935mLeWnGLmEP7A+fwB70GOzg==</latexit>µt
<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="lJF+hQrzZ5+fazH3mMDqNfnQ5bA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlIsoTZySQZMrO7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLkXI6yhQ8lasOVWB5M1gdDP1m09cGxGFDziOua/oIBR9wSha6bGjkm6KZ5VJt1hyy+4MZJl4GSlBhlq3+NXpRSxRPEQmqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUtDqrjx09nBE3JilR7pR9pWiGSm/p5IqTJmrALbqSgOzaI3Ff/z2gn2r/1UhHGCPGTzRf1EEozI9HvSE5ozlGNLKNPC3krYkGrK0GZUsCF4iy8vk0al7F2WL+7PS9W7LI48HMExnIIHV1CFW6hBHRgoeIZXeHO08+K8Ox/z1pyTzRzCHzifP5JCkEs=</latexit>µt+2
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Dynamics of particles are described by minimizing a potential function  J(μ)
<latexit sha1_base64="10sMXv7elhd1So6ZksZJSI08+FI=">AAACA3icbZDLSgMxFIYz9Var1lF3ugkWod3UGcELglAQQV1VsBfoDCWTSdvQTGZIMmIZCm58FTcuLOLWZxDc+TJiello6w+Bj/+cQ875vYhRqSzry0jNzS8sLqWXMyura9l1c2OzKsNYYFLBIQtF3UOSMMpJRVHFSD0SBAUeIzWvez6s1+6IkDTkt6oXETdAbU5bFCOlraa5fZ13grhweuZQruBF/r4AfagdDU0zZxWtkeAs2BPIlfaz6ON7EJeb5qfjhzgOCFeYISkbthUpN0FCUcxIP+PEkkQId1GbNDRyFBDpJqMb+nBPOz5shUI/vcnI/T2RoEDKXuDpzgCpjpyuDc3/ao1YtU7chPIoVoTj8UetmEEVwmEg0KeCYMV6GhAWVO8KcQcJhJWOLaNDsKdPnoXqQdE+Kh7e2LnSFRgrDXbALsgDGxyDErgEZVABGDyAJ/ACBsaj8Wy8Gm/j1pQxmdkCf2S8/wCjAZld</latexit>

J(µ) :=
R
E(x)dµ(x)i.e., without particle interaction

<latexit sha1_base64="gGivjRk9j8Q8u7jgS4UkhACD/+M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KIt6WBTe6q2Iv0MYymUzaoZNJmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXRdJwignLUUVI91IEBS4jHTc8WVW7zwQIWnI79QkIk6Ahpz6FCOlrYG51w+QGmHEkmZay9l1k9v03jsamFWrbuWC82AXUAWFmgPzq++FOA4IV5ghKXu2FSknQUJRzEha6ceSRAiP0ZD0NHIUEOkk+QkpPNSOB/1Q6McVzN3fEwkKpJwEru7MlpSztcz8r9aLlX/hJJRHsSIcTz/yYwZVCLM8oEcFwYpNNCAsqN4V4hESCCudWkWHYM+ePA/t47p9Vj+9Oak2ros4ymAfHIAasME5aIAr0AQtgMEjeAav4M14Ml6Md+Nj2loyipld8EfG5w87r5db</latexit>

P(Rd)

taking measures as input

<latexit sha1_base64="d27/55XYV5ZpMCY+MzrwuinjlL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgRW8VjC20oWy2m3bp7ibsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBXcoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMUxbQRCS6HRHDBFcsQI6CtVPNiIwEa0Wjm6nfemLa8EQ94DhloSQDxWNOCVop6Mqsh71qzat7M7jLxC9IDQo0e9Wvbj+hmWQKqSDGdHwvxTAnGjkVbFLpZoalhI7IgHUsVUQyE+azYyfuiVX6bpxoWwrdmfp7IifSmLGMbKckODSL3lT8z+tkGF+HOVdphkzR+aI4Ey4m7vRzt881oyjGlhCqub3VpUOiCUWbT8WG4C++vEwez+r+Zf3i/rzWuCviKMMRHMMp+HAFDbiFJgRAgcMzvMKbo5wX5935mLeWnGLmEP7A+fwB70GOzg==</latexit>µt
<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="lJF+hQrzZ5+fazH3mMDqNfnQ5bA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlIsoTZySQZMrO7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLkXI6yhQ8lasOVWB5M1gdDP1m09cGxGFDziOua/oIBR9wSha6bGjkm6KZ5VJt1hyy+4MZJl4GSlBhlq3+NXpRSxRPEQmqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUtDqrjx09nBE3JilR7pR9pWiGSm/p5IqTJmrALbqSgOzaI3Ff/z2gn2r/1UhHGCPGTzRf1EEozI9HvSE5ozlGNLKNPC3krYkGrK0GZUsCF4iy8vk0al7F2WL+7PS9W7LI48HMExnIIHV1CFW6hBHRgoeIZXeHO08+K8Ox/z1pyTzRzCHzifP5JCkEs=</latexit>µt+2
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Dynamics of particles are described by minimizing a potential function  J(μ)
<latexit sha1_base64="10sMXv7elhd1So6ZksZJSI08+FI=">AAACA3icbZDLSgMxFIYz9Var1lF3ugkWod3UGcELglAQQV1VsBfoDCWTSdvQTGZIMmIZCm58FTcuLOLWZxDc+TJiello6w+Bj/+cQ875vYhRqSzry0jNzS8sLqWXMyura9l1c2OzKsNYYFLBIQtF3UOSMMpJRVHFSD0SBAUeIzWvez6s1+6IkDTkt6oXETdAbU5bFCOlraa5fZ13grhweuZQruBF/r4AfagdDU0zZxWtkeAs2BPIlfaz6ON7EJeb5qfjhzgOCFeYISkbthUpN0FCUcxIP+PEkkQId1GbNDRyFBDpJqMb+nBPOz5shUI/vcnI/T2RoEDKXuDpzgCpjpyuDc3/ao1YtU7chPIoVoTj8UetmEEVwmEg0KeCYMV6GhAWVO8KcQcJhJWOLaNDsKdPnoXqQdE+Kh7e2LnSFRgrDXbALsgDGxyDErgEZVABGDyAJ/ACBsaj8Wy8Gm/j1pQxmdkCf2S8/wCjAZld</latexit>

J(µ) :=
R
E(x)dµ(x)i.e., without particle interaction

<latexit sha1_base64="gGivjRk9j8Q8u7jgS4UkhACD/+M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KIt6WBTe6q2Iv0MYymUzaoZNJmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXRdJwignLUUVI91IEBS4jHTc8WVW7zwQIWnI79QkIk6Ahpz6FCOlrYG51w+QGmHEkmZay9l1k9v03jsamFWrbuWC82AXUAWFmgPzq++FOA4IV5ghKXu2FSknQUJRzEha6ceSRAiP0ZD0NHIUEOkk+QkpPNSOB/1Q6McVzN3fEwkKpJwEru7MlpSztcz8r9aLlX/hJJRHsSIcTz/yYwZVCLM8oEcFwYpNNCAsqN4V4hESCCudWkWHYM+ePA/t47p9Vj+9Oak2ros4ymAfHIAasME5aIAr0AQtgMEjeAav4M14Ml6Md+Nj2loyipld8EfG5w87r5db</latexit>

P(Rd)

taking measures as input

forward scheme
<latexit sha1_base64="jKllPGmLTJBYvRMEh+zuu70BfBw="></latexit>

µt+1 := (I � ⌧rE)# µt

<latexit sha1_base64="d27/55XYV5ZpMCY+MzrwuinjlL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgRW8VjC20oWy2m3bp7ibsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBXcoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMUxbQRCS6HRHDBFcsQI6CtVPNiIwEa0Wjm6nfemLa8EQ94DhloSQDxWNOCVop6Mqsh71qzat7M7jLxC9IDQo0e9Wvbj+hmWQKqSDGdHwvxTAnGjkVbFLpZoalhI7IgHUsVUQyE+azYyfuiVX6bpxoWwrdmfp7IifSmLGMbKckODSL3lT8z+tkGF+HOVdphkzR+aI4Ey4m7vRzt881oyjGlhCqub3VpUOiCUWbT8WG4C++vEwez+r+Zf3i/rzWuCviKMMRHMMp+HAFDbiFJgRAgcMzvMKbo5wX5935mLeWnGLmEP7A+fwB70GOzg==</latexit>µt
<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="lJF+hQrzZ5+fazH3mMDqNfnQ5bA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlIsoTZySQZMrO7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLkXI6yhQ8lasOVWB5M1gdDP1m09cGxGFDziOua/oIBR9wSha6bGjkm6KZ5VJt1hyy+4MZJl4GSlBhlq3+NXpRSxRPEQmqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUtDqrjx09nBE3JilR7pR9pWiGSm/p5IqTJmrALbqSgOzaI3Ff/z2gn2r/1UhHGCPGTzRf1EEozI9HvSE5ozlGNLKNPC3krYkGrK0GZUsCF4iy8vk0al7F2WL+7PS9W7LI48HMExnIIHV1CFW6hBHRgoeIZXeHO08+K8Ox/z1pyTzRzCHzifP5JCkEs=</latexit>µt+2
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<latexit sha1_base64="10sMXv7elhd1So6ZksZJSI08+FI=">AAACA3icbZDLSgMxFIYz9Var1lF3ugkWod3UGcELglAQQV1VsBfoDCWTSdvQTGZIMmIZCm58FTcuLOLWZxDc+TJiello6w+Bj/+cQ875vYhRqSzry0jNzS8sLqWXMyura9l1c2OzKsNYYFLBIQtF3UOSMMpJRVHFSD0SBAUeIzWvez6s1+6IkDTkt6oXETdAbU5bFCOlraa5fZ13grhweuZQruBF/r4AfagdDU0zZxWtkeAs2BPIlfaz6ON7EJeb5qfjhzgOCFeYISkbthUpN0FCUcxIP+PEkkQId1GbNDRyFBDpJqMb+nBPOz5shUI/vcnI/T2RoEDKXuDpzgCpjpyuDc3/ao1YtU7chPIoVoTj8UetmEEVwmEg0KeCYMV6GhAWVO8KcQcJhJWOLaNDsKdPnoXqQdE+Kh7e2LnSFRgrDXbALsgDGxyDErgEZVABGDyAJ/ACBsaj8Wy8Gm/j1pQxmdkCf2S8/wCjAZld</latexit>

J(µ) :=
R
E(x)dµ(x)i.e., without particle interaction

<latexit sha1_base64="gGivjRk9j8Q8u7jgS4UkhACD/+M=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoW5KIt6WBTe6q2Iv0MYymUzaoZNJmJkIJQQ3voobF4q49Snc+TZO0iy09YeBj/+cw5zzuxGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXRdJwignLUUVI91IEBS4jHTc8WVW7zwQIWnI79QkIk6Ahpz6FCOlrYG51w+QGmHEkmZay9l1k9v03jsamFWrbuWC82AXUAWFmgPzq++FOA4IV5ghKXu2FSknQUJRzEha6ceSRAiP0ZD0NHIUEOkk+QkpPNSOB/1Q6McVzN3fEwkKpJwEru7MlpSztcz8r9aLlX/hJJRHsSIcTz/yYwZVCLM8oEcFwYpNNCAsqN4V4hESCCudWkWHYM+ePA/t47p9Vj+9Oak2ros4ymAfHIAasME5aIAr0AQtgMEjeAav4M14Ml6Md+Nj2loyipld8EfG5w87r5db</latexit>

P(Rd)

taking measures as input

forward scheme
<latexit sha1_base64="jKllPGmLTJBYvRMEh+zuu70BfBw="></latexit>

µt+1 := (I � ⌧rE)# µt

<latexit sha1_base64="d27/55XYV5ZpMCY+MzrwuinjlL8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgRW8VjC20oWy2m3bp7ibsToQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8KBXcoOd9O6WV1bX1jfJmZWt7Z3evun/waJJMUxbQRCS6HRHDBFcsQI6CtVPNiIwEa0Wjm6nfemLa8EQ94DhloSQDxWNOCVop6Mqsh71qzat7M7jLxC9IDQo0e9Wvbj+hmWQKqSDGdHwvxTAnGjkVbFLpZoalhI7IgHUsVUQyE+azYyfuiVX6bpxoWwrdmfp7IifSmLGMbKckODSL3lT8z+tkGF+HOVdphkzR+aI4Ey4m7vRzt881oyjGlhCqub3VpUOiCUWbT8WG4C++vEwez+r+Zf3i/rzWuCviKMMRHMMp+HAFDbiFJgRAgcMzvMKbo5wX5935mLeWnGLmEP7A+fwB70GOzg==</latexit>µt
<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="lJF+hQrzZ5+fazH3mMDqNfnQ5bA=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvOgtgnlIsoTZySQZMrO7zPQKYclXePGgiFc/x5t/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLkXI6yhQ8lasOVWB5M1gdDP1m09cGxGFDziOua/oIBR9wSha6bGjkm6KZ5VJt1hyy+4MZJl4GSlBhlq3+NXpRSxRPEQmqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUtDqrjx09nBE3JilR7pR9pWiGSm/p5IqTJmrALbqSgOzaI3Ff/z2gn2r/1UhHGCPGTzRf1EEozI9HvSE5ozlGNLKNPC3krYkGrK0GZUsCF4iy8vk0al7F2WL+7PS9W7LI48HMExnIIHV1CFW6hBHRgoeIZXeHO08+K8Ox/z1pyTzRzCHzifP5JCkEs=</latexit>µt+2

backward scheme
proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ) allows for general and  

more complex J

[Jordan+98]
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

<latexit sha1_base64="XE9oE4Js1PZW9uhcZgtBl8+pL0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF09SwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3M7zxRpVksH02W0EDgkWQRI9hYye+LdNAYVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7Uvav65cNFrXlfxFGGEziFc/DgGppwBy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A4y6jpE=</latexit>µ2

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

<latexit sha1_base64="XE9oE4Js1PZW9uhcZgtBl8+pL0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF09SwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3M7zxRpVksH02W0EDgkWQRI9hYye+LdNAYVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7Uvav65cNFrXlfxFGGEziFc/DgGppwBy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A4y6jpE=</latexit>µ2

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µtpath

Wasserstein gradient flow  a.k.a.  JKO flow

[Jordan+98]
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

… heat equation
<latexit sha1_base64="0k1R0PvyYSNzgaKcYlWLJm4t4jw=">AAACGXicbVBJS8NAGJ241rpFPXoZLIKnkojbRSgo4rGCXaAJYTKdtEMnCzNfhBIK/gov/hUvHhTxqCf/jZOmoLY+GHjz3jfLe34iuALL+jLm5hcWl5ZLK+XVtfWNTXNru6niVFLWoLGIZdsnigkesQZwEKydSEZCX7CWP7jI/dYdk4rH0S0ME+aGpBfxgFMCWvJMywkkoZmTEAmcCOyEqQejnz2M8Dl2LpkAUnieWbGq1hh4ltgTUkET1D3zw+nGNA1ZBFQQpTq2lYCb5fdTwUZlJ1UsIXRAeqyjaURCptxsnGyE97XSxUEs9YoAj9XfJzISKjUMfT0ZEuiraS8X//M6KQRnbsajJAUW0eKhINV5Y5zXhLtcMgpiqAmhkuu/YtonuirQZZZ1CfZ05FnSPKzaJ9Xjm6NK7eq+qKOEdtEeOkA2OkU1dI3qqIEoekBP6AW9Go/Gs/FmvBejc8akwh30B8bnN/TYoUw=</latexit>

@µt

@t
= �µt

<latexit sha1_base64="xJcXt5E+yzNprSbLd8OimLkYPc4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoN2VG6mMjFAQRVxXsAzqlZNJMG5pkhiQjLUPB73Djr7hxoYgLN+LfmGm70NYDgXPPvZece/yIUaUd59vKLC2vrK5l13Mbm1vbO/buXl2FscSkhkMWyqaPFGFUkJqmmpFmJAniPiMNf3CZ9hv3RCoaijs9ikibo56gAcVIG6ljl28KHo87ugjhBfSo0HBSFoZF6LGw96viSPclT7pjOOzYeafkTAAXiTsjeTBDtWN/et0Qx5wIjRlSquU6kW4nSGqKGRnnvFiRCOEB6pGWoQJxotrJ5LoxPDJKFwahNM/4m6i/NxLElRpx30ymHtV8LxX/67ViHZy3EyqiWBOBpx8FMYM6hGlUsEslwZqNDEFYUuMV4j6SCGsTaM6E4M6fvEjqxyX3tHRyW85Xrh6mcWTBATgEBeCCM1AB16AKagCDR/AMXsGb9WS9WO/Wx3Q0Y80i3Ad/YH39AJX+oNw=</latexit>

J(µt) =

Z
µt(x) logµt(x)dx

energy potential

[Santambrogio15]

<latexit sha1_base64="XE9oE4Js1PZW9uhcZgtBl8+pL0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF09SwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3M7zxRpVksH02W0EDgkWQRI9hYye+LdNAYVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7Uvav65cNFrXlfxFGGEziFc/DgGppwBy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A4y6jpE=</latexit>µ2

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µtpath

Wasserstein gradient flow  a.k.a.  JKO flow

[Jordan+98]
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

… heat equation
<latexit sha1_base64="0k1R0PvyYSNzgaKcYlWLJm4t4jw=">AAACGXicbVBJS8NAGJ241rpFPXoZLIKnkojbRSgo4rGCXaAJYTKdtEMnCzNfhBIK/gov/hUvHhTxqCf/jZOmoLY+GHjz3jfLe34iuALL+jLm5hcWl5ZLK+XVtfWNTXNru6niVFLWoLGIZdsnigkesQZwEKydSEZCX7CWP7jI/dYdk4rH0S0ME+aGpBfxgFMCWvJMywkkoZmTEAmcCOyEqQejnz2M8Dl2LpkAUnieWbGq1hh4ltgTUkET1D3zw+nGNA1ZBFQQpTq2lYCb5fdTwUZlJ1UsIXRAeqyjaURCptxsnGyE97XSxUEs9YoAj9XfJzISKjUMfT0ZEuiraS8X//M6KQRnbsajJAUW0eKhINV5Y5zXhLtcMgpiqAmhkuu/YtonuirQZZZ1CfZ05FnSPKzaJ9Xjm6NK7eq+qKOEdtEeOkA2OkU1dI3qqIEoekBP6AW9Go/Gs/FmvBejc8akwh30B8bnN/TYoUw=</latexit>

@µt

@t
= �µt

<latexit sha1_base64="xJcXt5E+yzNprSbLd8OimLkYPc4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoN2VG6mMjFAQRVxXsAzqlZNJMG5pkhiQjLUPB73Djr7hxoYgLN+LfmGm70NYDgXPPvZece/yIUaUd59vKLC2vrK5l13Mbm1vbO/buXl2FscSkhkMWyqaPFGFUkJqmmpFmJAniPiMNf3CZ9hv3RCoaijs9ikibo56gAcVIG6ljl28KHo87ugjhBfSo0HBSFoZF6LGw96viSPclT7pjOOzYeafkTAAXiTsjeTBDtWN/et0Qx5wIjRlSquU6kW4nSGqKGRnnvFiRCOEB6pGWoQJxotrJ5LoxPDJKFwahNM/4m6i/NxLElRpx30ymHtV8LxX/67ViHZy3EyqiWBOBpx8FMYM6hGlUsEslwZqNDEFYUuMV4j6SCGsTaM6E4M6fvEjqxyX3tHRyW85Xrh6mcWTBATgEBeCCM1AB16AKagCDR/AMXsGb9WS9WO/Wx3Q0Y80i3Ad/YH39AJX+oNw=</latexit>

J(µt) =

Z
µt(x) logµt(x)dx

energy potential

[Santambrogio15]

… linear Fokker-Planck equation
<latexit sha1_base64="X5fLOI24KwHga4x9gQRHANKSRZw="></latexit>

@µt

@t
= �µt +r · (µtrV )

energy potential
<latexit sha1_base64="cp2s0eG2aJhSdkBcbYks2Kt43hU="></latexit>

J(µt) =

Z
µt(x) logµt(x)dx+

Z
V (x)µt(x)dx

<latexit sha1_base64="XE9oE4Js1PZW9uhcZgtBl8+pL0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF09SwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3M7zxRpVksH02W0EDgkWQRI9hYye+LdNAYVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7Uvav65cNFrXlfxFGGEziFc/DgGppwBy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A4y6jpE=</latexit>µ2

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µtpath

Wasserstein gradient flow  a.k.a.  JKO flow

[Jordan+98]
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<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0
Felix OttoRichard Jordan David Kinderlehrer

… unknown PDE and unknown potential function  ?J

… heat equation
<latexit sha1_base64="0k1R0PvyYSNzgaKcYlWLJm4t4jw=">AAACGXicbVBJS8NAGJ241rpFPXoZLIKnkojbRSgo4rGCXaAJYTKdtEMnCzNfhBIK/gov/hUvHhTxqCf/jZOmoLY+GHjz3jfLe34iuALL+jLm5hcWl5ZLK+XVtfWNTXNru6niVFLWoLGIZdsnigkesQZwEKydSEZCX7CWP7jI/dYdk4rH0S0ME+aGpBfxgFMCWvJMywkkoZmTEAmcCOyEqQejnz2M8Dl2LpkAUnieWbGq1hh4ltgTUkET1D3zw+nGNA1ZBFQQpTq2lYCb5fdTwUZlJ1UsIXRAeqyjaURCptxsnGyE97XSxUEs9YoAj9XfJzISKjUMfT0ZEuiraS8X//M6KQRnbsajJAUW0eKhINV5Y5zXhLtcMgpiqAmhkuu/YtonuirQZZZ1CfZ05FnSPKzaJ9Xjm6NK7eq+qKOEdtEeOkA2OkU1dI3qqIEoekBP6AW9Go/Gs/FmvBejc8akwh30B8bnN/TYoUw=</latexit>

@µt

@t
= �µt

<latexit sha1_base64="xJcXt5E+yzNprSbLd8OimLkYPc4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVoN2VG6mMjFAQRVxXsAzqlZNJMG5pkhiQjLUPB73Djr7hxoYgLN+LfmGm70NYDgXPPvZece/yIUaUd59vKLC2vrK5l13Mbm1vbO/buXl2FscSkhkMWyqaPFGFUkJqmmpFmJAniPiMNf3CZ9hv3RCoaijs9ikibo56gAcVIG6ljl28KHo87ugjhBfSo0HBSFoZF6LGw96viSPclT7pjOOzYeafkTAAXiTsjeTBDtWN/et0Qx5wIjRlSquU6kW4nSGqKGRnnvFiRCOEB6pGWoQJxotrJ5LoxPDJKFwahNM/4m6i/NxLElRpx30ymHtV8LxX/67ViHZy3EyqiWBOBpx8FMYM6hGlUsEslwZqNDEFYUuMV4j6SCGsTaM6E4M6fvEjqxyX3tHRyW85Xrh6mcWTBATgEBeCCM1AB16AKagCDR/AMXsGb9WS9WO/Wx3Q0Y80i3Ad/YH39AJX+oNw=</latexit>

J(µt) =

Z
µt(x) logµt(x)dx

energy potential

[Santambrogio15]

… linear Fokker-Planck equation
<latexit sha1_base64="X5fLOI24KwHga4x9gQRHANKSRZw="></latexit>

@µt

@t
= �µt +r · (µtrV )

energy potential
<latexit sha1_base64="cp2s0eG2aJhSdkBcbYks2Kt43hU="></latexit>

J(µt) =

Z
µt(x) logµt(x)dx+

Z
V (x)µt(x)dx

<latexit sha1_base64="XE9oE4Js1PZW9uhcZgtBl8+pL0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF09SwbSFNpTNdtMu3d2E3Y0QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyacaeO6305pbX1jc6u8XdnZ3ds/qB4etXWcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCye3M7zxRpVksH02W0EDgkWQRI9hYye+LdNAYVGtu3Z0DrRKvIDUo0BpUv/rDmKSCSkM41rrnuYkJcqwMI5xOK/1U0wSTCR7RnqUSC6qDfH7sFJ1ZZYiiWNmSBs3V3xM5FlpnIrSdApuxXvZm4n9eLzXRTZAzmaSGSrJYFKUcmRjNPkdDpigxPLMEE8XsrYiMscLE2HwqNgRv+eVV0m7Uvav65cNFrXlfxFGGEziFc/DgGppwBy3wgQCDZ3iFN0c6L86787FoLTnFzDH8gfP5A4y6jpE=</latexit>µ2

proximity operator

<latexit sha1_base64="SmLo1RKTwTEGN6IAa7iCZtijCyE="></latexit>

µt+1 := argmin
µ

1
2⌧W (µ, µt) + J(µ)

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

<latexit sha1_base64="EyBA6qCMEll0E210hcxyBRUW690=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HgxZNUMLbQhrLZbtqlu5uwOxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzolRwg5737ZRWVtfWN8qbla3tnd296v7Bo0kyTVlAE5HodkQME1yxADkK1k41IzISrBWNbqZ+64lpwxP1gOOUhZIMFI85JWiloCuzHvaqNa/uzeAuE78gNSjQ7FW/uv2EZpIppIIY0/G9FMOcaORUsEmlmxmWEjoiA9axVBHJTJjPjp24J1bpu3GibSl0Z+rviZxIY8Yysp2S4NAselPxP6+TYXwd5lylGTJF54viTLiYuNPP3T7XjKIYW0Ko5vZWlw6JJhRtPhUbgr/48jJ5PKv7l/WL+/Na466IowxHcAyn4MMVNOAWmhAABQ7P8ApvjnJenHfnY95acoqZQ/gD5/MH8MKO0w==</latexit>µtpath

Wasserstein gradient flow  a.k.a.  JKO flow

[Jordan+98]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>
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Model trajectories as collective realizations of a causal JKO flow of measures

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>
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Model trajectories as collective realizations of a causal JKO flow of measures

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

and learn the energy functional

where
<latexit sha1_base64="bjlyjzjPwAC+ZLE1dolXFyxxEF0=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIVFVdFEVxWsQ9oYphMJu3QyYOZiVpC/sKNv+LGhSJudeffOG2zqK0HLhzOuZd77/ESRoU0zR+tNDe/sLhUXq6srK6tb+ibW00RpxyTBo5ZzNseEoTRiDQklYy0E05Q6DHS8voXQ791T7igcXQrBwlxQtSNaEAxkkpydePSzexHmp9BO0Sy53nZTX6X+Tm0Oe32JOI8fpiwXL1qGuYIcJZYBamCAnVX/7b9GKchiSRmSIiOZSbSyRCXFDOSV+xUkAThPuqSjqIRColwstFfOdxTig+DmKuKJBypkxMZCoUYhJ7qHF4opr2h+J/XSWVw6mQ0SlJJIjxeFKQMyhgOQ4I+5QRLNlAEYU7VrRD3EEdYqigrKgRr+uVZ0jwwrGPj8PqoWjsv4iiDHbAL9oEFTkANXIE6aAAMnsALeAPv2rP2qn1on+PWklbMbIM/0L5+AQFPoHk=</latexit>

E⇠ : Rd ! R

<latexit sha1_base64="qwokWZcjiAcvZVSL5Tywjm6EKmg=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JxBuCUBRBXFWwtdCEMJlM26EzSZiZSEvoG7jxVdy4UMStW3e+jdM2C239YeDnO+cw5/x+zKhUlvVt5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0TTR5IwGpK6ooqRZiwI4j4j937vclS/fyBC0ii8U4OYuBx1QtqmGCmNPHP/xkudPh2WHJ6Uz84dGip4laF+GQZQc208s2hVrLHgrLEzUwSZap755QQRTjgJFWZIypZtxcpNkVAUMzIsOIkkMcI91CEtbUPEiXTT8T1DuKdJANuR0E/vM6a/J1LEpRxwX3dypLpyujaC/9VaiWqfuikN40SREE8+aicMqgiOwoEBFQQrNtAGYUH1rhB3kUBY6QgLOgR7+uRZ0zio2MeVo9vDYvUiiyMPdsAuKAEbnIAquAY1UAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/ZHz+AKscmyk=</latexit>

J⇠(µ) :=

Z
E⇠(x)dµ(x)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1
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Part 3

Model trajectories as collective realizations of a causal JKO flow of measures

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

and learn the energy functional

where
<latexit sha1_base64="bjlyjzjPwAC+ZLE1dolXFyxxEF0=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIVFVdFEVxWsQ9oYphMJu3QyYOZiVpC/sKNv+LGhSJudeffOG2zqK0HLhzOuZd77/ESRoU0zR+tNDe/sLhUXq6srK6tb+ibW00RpxyTBo5ZzNseEoTRiDQklYy0E05Q6DHS8voXQ791T7igcXQrBwlxQtSNaEAxkkpydePSzexHmp9BO0Sy53nZTX6X+Tm0Oe32JOI8fpiwXL1qGuYIcJZYBamCAnVX/7b9GKchiSRmSIiOZSbSyRCXFDOSV+xUkAThPuqSjqIRColwstFfOdxTig+DmKuKJBypkxMZCoUYhJ7qHF4opr2h+J/XSWVw6mQ0SlJJIjxeFKQMyhgOQ4I+5QRLNlAEYU7VrRD3EEdYqigrKgRr+uVZ0jwwrGPj8PqoWjsv4iiDHbAL9oEFTkANXIE6aAAMnsALeAPv2rP2qn1on+PWklbMbIM/0L5+AQFPoHk=</latexit>

E⇠ : Rd ! R

<latexit sha1_base64="qwokWZcjiAcvZVSL5Tywjm6EKmg=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JxBuCUBRBXFWwtdCEMJlM26EzSZiZSEvoG7jxVdy4UMStW3e+jdM2C239YeDnO+cw5/x+zKhUlvVt5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0TTR5IwGpK6ooqRZiwI4j4j937vclS/fyBC0ii8U4OYuBx1QtqmGCmNPHP/xkudPh2WHJ6Uz84dGip4laF+GQZQc208s2hVrLHgrLEzUwSZap755QQRTjgJFWZIypZtxcpNkVAUMzIsOIkkMcI91CEtbUPEiXTT8T1DuKdJANuR0E/vM6a/J1LEpRxwX3dypLpyujaC/9VaiWqfuikN40SREE8+aicMqgiOwoEBFQQrNtAGYUH1rhB3kUBY6QgLOgR7+uRZ0zio2MeVo9vDYvUiiyMPdsAuKAEbnIAquAY1UAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/ZHz+AKscmyk=</latexit>

J⇠(µ) :=

Z
E⇠(x)dµ(x)

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1
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Part 3

Model trajectories as collective realizations of a causal JKO flow of measures

loss 
<latexit sha1_base64="uObdbJMs0+bDWnIWScmKG0K63P0="></latexit>

W"

⇣
datat+1, µ

⇠
t+1

⌘
<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

and learn the energy functional

where
<latexit sha1_base64="bjlyjzjPwAC+ZLE1dolXFyxxEF0=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIVFVdFEVxWsQ9oYphMJu3QyYOZiVpC/sKNv+LGhSJudeffOG2zqK0HLhzOuZd77/ESRoU0zR+tNDe/sLhUXq6srK6tb+ibW00RpxyTBo5ZzNseEoTRiDQklYy0E05Q6DHS8voXQ791T7igcXQrBwlxQtSNaEAxkkpydePSzexHmp9BO0Sy53nZTX6X+Tm0Oe32JOI8fpiwXL1qGuYIcJZYBamCAnVX/7b9GKchiSRmSIiOZSbSyRCXFDOSV+xUkAThPuqSjqIRColwstFfOdxTig+DmKuKJBypkxMZCoUYhJ7qHF4opr2h+J/XSWVw6mQ0SlJJIjxeFKQMyhgOQ4I+5QRLNlAEYU7VrRD3EEdYqigrKgRr+uVZ0jwwrGPj8PqoWjsv4iiDHbAL9oEFTkANXIE6aAAMnsALeAPv2rP2qn1on+PWklbMbIM/0L5+AQFPoHk=</latexit>

E⇠ : Rd ! R

<latexit sha1_base64="qwokWZcjiAcvZVSL5Tywjm6EKmg=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JxBuCUBRBXFWwtdCEMJlM26EzSZiZSEvoG7jxVdy4UMStW3e+jdM2C239YeDnO+cw5/x+zKhUlvVt5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0TTR5IwGpK6ooqRZiwI4j4j937vclS/fyBC0ii8U4OYuBx1QtqmGCmNPHP/xkudPh2WHJ6Uz84dGip4laF+GQZQc208s2hVrLHgrLEzUwSZap755QQRTjgJFWZIypZtxcpNkVAUMzIsOIkkMcI91CEtbUPEiXTT8T1DuKdJANuR0E/vM6a/J1LEpRxwX3dypLpyujaC/9VaiWqfuikN40SREE8+aicMqgiOwoEBFQQrNtAGYUH1rhB3kUBY6QgLOgR7+uRZ0zio2MeVo9vDYvUiiyMPdsAuKAEbnIAquAY1UAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/ZHz+AKscmyk=</latexit>

J⇠(µ) :=

Z
E⇠(x)dµ(x)

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

How to solve JKO step 
numerically?

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1
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Part 3

Model trajectories as collective realizations of a causal JKO flow of measures

loss 
<latexit sha1_base64="uObdbJMs0+bDWnIWScmKG0K63P0="></latexit>

W"

⇣
datat+1, µ

⇠
t+1

⌘
<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

and learn the energy functional

where
<latexit sha1_base64="bjlyjzjPwAC+ZLE1dolXFyxxEF0=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIVFVdFEVxWsQ9oYphMJu3QyYOZiVpC/sKNv+LGhSJudeffOG2zqK0HLhzOuZd77/ESRoU0zR+tNDe/sLhUXq6srK6tb+ibW00RpxyTBo5ZzNseEoTRiDQklYy0E05Q6DHS8voXQ791T7igcXQrBwlxQtSNaEAxkkpydePSzexHmp9BO0Sy53nZTX6X+Tm0Oe32JOI8fpiwXL1qGuYIcJZYBamCAnVX/7b9GKchiSRmSIiOZSbSyRCXFDOSV+xUkAThPuqSjqIRColwstFfOdxTig+DmKuKJBypkxMZCoUYhJ7qHF4opr2h+J/XSWVw6mQ0SlJJIjxeFKQMyhgOQ4I+5QRLNlAEYU7VrRD3EEdYqigrKgRr+uVZ0jwwrGPj8PqoWjsv4iiDHbAL9oEFTkANXIE6aAAMnsALeAPv2rP2qn1on+PWklbMbIM/0L5+AQFPoHk=</latexit>

E⇠ : Rd ! R

<latexit sha1_base64="qwokWZcjiAcvZVSL5Tywjm6EKmg=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JxBuCUBRBXFWwtdCEMJlM26EzSZiZSEvoG7jxVdy4UMStW3e+jdM2C239YeDnO+cw5/x+zKhUlvVt5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0TTR5IwGpK6ooqRZiwI4j4j937vclS/fyBC0ii8U4OYuBx1QtqmGCmNPHP/xkudPh2WHJ6Uz84dGip4laF+GQZQc208s2hVrLHgrLEzUwSZap755QQRTjgJFWZIypZtxcpNkVAUMzIsOIkkMcI91CEtbUPEiXTT8T1DuKdJANuR0E/vM6a/J1LEpRxwX3dypLpyujaC/9VaiWqfuikN40SREE8+aicMqgiOwoEBFQQrNtAGYUH1rhB3kUBY6QgLOgR7+uRZ0zio2MeVo9vDYvUiiyMPdsAuKAEbnIAquAY1UAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/ZHz+AKscmyk=</latexit>

J⇠(µ) :=

Z
E⇠(x)dµ(x)

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

true trajectory
predicted trajectory

How to solve JKO step 
numerically?

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1

97

How to backpropagate?

Part 3

Model trajectories as collective realizations of a causal JKO flow of measures

loss 
<latexit sha1_base64="uObdbJMs0+bDWnIWScmKG0K63P0="></latexit>

W"

⇣
datat+1, µ

⇠
t+1

⌘
<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

and learn the energy functional

where
<latexit sha1_base64="bjlyjzjPwAC+ZLE1dolXFyxxEF0=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwFRIVFVdFEVxWsQ9oYphMJu3QyYOZiVpC/sKNv+LGhSJudeffOG2zqK0HLhzOuZd77/ESRoU0zR+tNDe/sLhUXq6srK6tb+ibW00RpxyTBo5ZzNseEoTRiDQklYy0E05Q6DHS8voXQ791T7igcXQrBwlxQtSNaEAxkkpydePSzexHmp9BO0Sy53nZTX6X+Tm0Oe32JOI8fpiwXL1qGuYIcJZYBamCAnVX/7b9GKchiSRmSIiOZSbSyRCXFDOSV+xUkAThPuqSjqIRColwstFfOdxTig+DmKuKJBypkxMZCoUYhJ7qHF4opr2h+J/XSWVw6mQ0SlJJIjxeFKQMyhgOQ4I+5QRLNlAEYU7VrRD3EEdYqigrKgRr+uVZ0jwwrGPj8PqoWjsv4iiDHbAL9oEFTkANXIE6aAAMnsALeAPv2rP2qn1on+PWklbMbIM/0L5+AQFPoHk=</latexit>

E⇠ : Rd ! R

<latexit sha1_base64="qwokWZcjiAcvZVSL5Tywjm6EKmg=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBR2k1JxBuCUBRBXFWwtdCEMJlM26EzSZiZSEvoG7jxVdy4UMStW3e+jdM2C239YeDnO+cw5/x+zKhUlvVt5ObmFxaX8suFldW19Q1zc6sho0RgUscRi0TTR5IwGpK6ooqRZiwI4j4j937vclS/fyBC0ii8U4OYuBx1QtqmGCmNPHP/xkudPh2WHJ6Uz84dGip4laF+GQZQc208s2hVrLHgrLEzUwSZap755QQRTjgJFWZIypZtxcpNkVAUMzIsOIkkMcI91CEtbUPEiXTT8T1DuKdJANuR0E/vM6a/J1LEpRxwX3dypLpyujaC/9VaiWqfuikN40SREE8+aicMqgiOwoEBFQQrNtAGYUH1rhB3kUBY6QgLOgR7+uRZ0zio2MeVo9vDYvUiiyMPdsAuKAEbnIAquAY1UAcYPIJn8ArejCfjxXg3PiatOSOb2QZ/ZHz+AKscmyk=</latexit>

J⇠(µ) :=

Z
E⇠(x)dµ(x)

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

[Benamou+16, Peyré15, Korotin+21, Bunne+22, Alvarez-Melis+22]



Reformulating the JKO Objective

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1

98

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

Given Brenier’s theorem
<latexit sha1_base64="uxnGXjZagldAkMxvHlIQVnbSlZQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGfG2EghtXUqEv6AzlTpppQzOZIcmIpdRfceNCEbd+iDv/xrSdhbYeuHByzr3k3hMknCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqTiWhDRLzWLYDUJQzQRuaaU7biaQQBZy2guHN1G89UKlYLOp6lFA/gr5gISOgjdS1i/Xy48m1JyDggL1EMfPs2iWn4syAl4mbkRLKUOvaX14vJmlEhSYclOq4TqL9MUjNCKeTgpcqmgAZQp92DBUQUeWPZ8tP8LFRejiMpSmh8Uz9PTGGSKlRFJjOCPRALXpT8T+vk+rwyh8zkaSaCjL/KEw51jGeJoF7TFKi+cgQIJKZXTEZgASiTV4FE4K7ePIyaZ5W3IvK+f1ZqXqXxZFHh+gIlZGLLlEV3aIaaiCCRugZvaI368l6sd6tj3lrzspmiugPrM8fAXKTxA==</latexit>

T (x) = r (x)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

[Benamou+16, Korotin+21, Bunne+22, Alvarez-Melis+22]



Reformulating the JKO Objective

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1
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Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

Given Brenier’s theorem
<latexit sha1_base64="uxnGXjZagldAkMxvHlIQVnbSlZQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGfG2EghtXUqEv6AzlTpppQzOZIcmIpdRfceNCEbd+iDv/xrSdhbYeuHByzr3k3hMknCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqTiWhDRLzWLYDUJQzQRuaaU7biaQQBZy2guHN1G89UKlYLOp6lFA/gr5gISOgjdS1i/Xy48m1JyDggL1EMfPs2iWn4syAl4mbkRLKUOvaX14vJmlEhSYclOq4TqL9MUjNCKeTgpcqmgAZQp92DBUQUeWPZ8tP8LFRejiMpSmh8Uz9PTGGSKlRFJjOCPRALXpT8T+vk+rwyh8zkaSaCjL/KEw51jGeJoF7TFKi+cgQIJKZXTEZgASiTV4FE4K7ePIyaZ5W3IvK+f1ZqXqXxZFHh+gIlZGLLlEV3aIaaiCCRugZvaI368l6sd6tj3lrzspmiugPrM8fAXKTxA==</latexit>

T (x) = r (x)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

[Benamou+16, Korotin+21, Bunne+22, Alvarez-Melis+22]



Reformulating the JKO Objective

true trajectory
predicted trajectory

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1

98

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

Given Brenier’s theorem
<latexit sha1_base64="e09XoY79UnKu3vEIC2M3EwWnigo=">AAACc3icbVFNaxsxENVu+pG6X24LveSQIW7BaYjZNW1SCoVAIJSeUqiTgOUsWllri0jaRZoNNhtDz/15vfVf9NJ7ZO8e0qQDgseb9xjNm7RQ0mEU/Q7CtXv3Hzxcf9R6/OTps+ftFy9PXF5aLgY8V7k9S5kTShoxQIlKnBVWMJ0qcZpeHC77p5fCOpmb7zgvxEiziZGZ 5Aw9lbR/UpwKZOfv4NNnoMxOqJYmqUmgmWW8ihdVnyIrF0ClQaBXMINdoIalyksKJ6HRd2fb9Oq8D1QznFpdjb1DlwnuwNeEzmT3hiWpagvtNJptgKTdiXrRquAuiBvQIU0dJ+1fdJzzUguDXDHnhnFU4KhiFiVXYtGipRMF4xdsIoYeGqaFG1WrzBbw1jNjyHLrn99qxd50VEw7N9epVy7Xcbd7S/J/vWGJ2cdRJU1RojC8HpSVCjCH5QFgLK3gqOYeMG6l/yvwKfNBoz9Ty4cQ3175Ljjp9+K93odv7zsHRz/qONbJBtkiXRKTfXJAvpBjMiCc/AleB5sBBH/DjXArfFNLw6CJ8BX5p8LdawAivGQ=</latexit>

✓⇤ := argmin
✓

1

2⌧

Z
kx�r ✓(x)k2dµt + J⇠(r ✓#µt)

<latexit sha1_base64="uxnGXjZagldAkMxvHlIQVnbSlZQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQN2VGfG2EghtXUqEv6AzlTpppQzOZIcmIpdRfceNCEbd+iDv/xrSdhbYeuHByzr3k3hMknCntON9WbmV1bX0jv1nY2t7Z3bP3D5oqTiWhDRLzWLYDUJQzQRuaaU7biaQQBZy2guHN1G89UKlYLOp6lFA/gr5gISOgjdS1i/Xy48m1JyDggL1EMfPs2iWn4syAl4mbkRLKUOvaX14vJmlEhSYclOq4TqL9MUjNCKeTgpcqmgAZQp92DBUQUeWPZ8tP8LFRejiMpSmh8Uz9PTGGSKlRFJjOCPRALXpT8T+vk+rwyh8zkaSaCjL/KEw51jGeJoF7TFKi+cgQIJKZXTEZgASiTV4FE4K7ePIyaZ5W3IvK+f1ZqXqXxZFHh+gIlZGLLlEV3aIaaiCCRugZvaI368l6sd6tj3lrzspmiugPrM8fAXKTxA==</latexit>

T (x) = r (x)

<latexit sha1_base64="IvEZd3oYUXov5t49GJHOz7gmPws=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhAEIeyKr2PAi94imIckS5idzCZDZmaXmV4hLPkKLx4U8ernePNvnCR70MSChqKqm+6uMBHcoOd9O0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5YHTkK1ko0IzIUrBkObyZ+84lpw2P1gKOEBZL0FY84JWilx45Muxme+uNuqexVvCncReLnpAw5at3SV6cX01QyhVQQY9q+l2CQEY2cCjYudlLDEkKHpM/alioimQmy6cFj99gqPTeKtS2F7lT9PZERacxIhrZTEhyYeW8i/ue1U4yug4yrJEWm6GxRlAoXY3fyvdvjmlEUI0sI1dze6tIB0YSizahoQ/DnX14kjbOKf1m5uD8vV+/yOApwCEdwAj5cQRVuoQZ1oCDhGV7hzdHOi/PufMxal5x85gD+wPn8AZC9kEo=</latexit>µt+1

<latexit sha1_base64="+yj8QUMFQORfB6HO/JoUk9t1KKc="></latexit>

argmin
µ

1

2⌧
W (µ, µt) + J⇠(µ)

[Benamou+16, Korotin+21, Bunne+22, Alvarez-Melis+22]



Proximal Optimal Transport Model

<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1

99

Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

<latexit sha1_base64="e09XoY79UnKu3vEIC2M3EwWnigo="></latexit>

✓⇤ := argmin
✓

1

2⌧

Z
kx�r ✓(x)k2dµt + J⇠(r ✓#µt)

<latexit sha1_base64="Vb9V/WXDpJMPVPJZOrH5HmUb+JY="></latexit>

µ⇠
t+1 := r ( ✓?)# µt
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<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>
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Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

lower level 
optimization 
w.r.t. <latexit sha1_base64="d6yLL6u4UaKH3LaScdZMAiqhnJI=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAzhJ5OT9Kkp2forhHCEPAnvHhQxKtf482/sbMcNPFBweO9KqrqhakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1weDPxW49cG5GoBxylPIhpX4lIMIpW6vipEV0fBxxpt1xxq+4UZJl4c1KBOerd8pffS1gWc4VMUmM6nptikFONgkk+LvmZ4SllQ9rnHUsVjbkJ8unJY3JilR6JEm1LIZmqvydyGhszikPbGVMcmEVvIv7ndTKMroNcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRKNgRv8eVl0jyrepfVi/vzSu32aRZHEY7gGE7BgyuowR3UoQEMEniGV3hz0Hlx3p2PWWvBmUd4CH/gfP4AqjaR7w==</latexit>

 ✓

<latexit sha1_base64="e09XoY79UnKu3vEIC2M3EwWnigo="></latexit>

✓⇤ := argmin
✓

1

2⌧

Z
kx�r ✓(x)k2dµt + J⇠(r ✓#µt)

<latexit sha1_base64="Vb9V/WXDpJMPVPJZOrH5HmUb+JY="></latexit>

µ⇠
t+1 := r ( ✓?)# µt
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<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>
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Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

<latexit sha1_base64="pPeBf/QjGvz1E1+4cyk5zKdIzOc="></latexit>

min
⇠

W"

⇣
datat+1, µ

⇠
t+1

⌘
loss upper level 

optimization 
w.r.t. <latexit sha1_base64="wT7LWjaxiObf6tyPneokLerXT9s=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwIIp4imAWSIfR0epImPT1Dd40YhoB/4MWDIl79IG/+jZ3loIkPCh7vVVFVL0ikMOi6305uaXlldS2/XtjY3NreKe7u1U2casZrLJaxbgbUcCkUr6FAyZuJ5jQKJG8Eg6ux33jg2ohY3eMw4X5Ee0qEglG0Uu22034UnWLJLbsTkEXizUgJZqh2il/tbszSiCtkkhrT8twE/YxqFEzyUaGdGp5QNqA93rJU0YgbP5scOyJHVumSMNa2FJKJ+nsio5ExwyiwnRHFvpn3xuJ/XivF8NLPhEpS5IpNF4WpJBiT8eekKzRnKIeWUKaFvZWwPtWUoc2nYEPw5l9eJPWTsndePrs7LVWun6Zx5OEADuEYPLiACtxAFWrAQMAzvMKbo5wX5935mLbmnFmE+/AHzucP0qOPIA==</latexit>

J⇠

lower level 
optimization 
w.r.t. <latexit sha1_base64="d6yLL6u4UaKH3LaScdZMAiqhnJI=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAzhJ5OT9Kkp2forhHCEPAnvHhQxKtf482/sbMcNPFBweO9KqrqhakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1weDPxW49cG5GoBxylPIhpX4lIMIpW6vipEV0fBxxpt1xxq+4UZJl4c1KBOerd8pffS1gWc4VMUmM6nptikFONgkk+LvmZ4SllQ9rnHUsVjbkJ8unJY3JilR6JEm1LIZmqvydyGhszikPbGVMcmEVvIv7ndTKMroNcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRKNgRv8eVl0jyrepfVi/vzSu32aRZHEY7gGE7BgyuowR3UoQEMEniGV3hz0Hlx3p2PWWvBmUd4CH/gfP4AqjaR7w==</latexit>

 ✓

<latexit sha1_base64="e09XoY79UnKu3vEIC2M3EwWnigo="></latexit>

✓⇤ := argmin
✓

1

2⌧

Z
kx�r ✓(x)k2dµt + J⇠(r ✓#µt)

<latexit sha1_base64="Vb9V/WXDpJMPVPJZOrH5HmUb+JY="></latexit>

µ⇠
t+1 := r ( ✓?)# µt
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<latexit sha1_base64="yJZY0FNfDUrZDPRIMu7zFRNAnII=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgCCVRUZdFNy4r2Ae0IUwmk3bo5MHMjVpiPsWNC0Xc+iXu/BunbRbaeuDC4Zx7ufceLxFcgWV9G6Wl5ZXVtfJ6ZWNza3vHrO62VZxKylo0FrHsekQxwSPWAg6CdRPJSOgJ1vFG1xO/c8+k4nF0B+OEOSEZRDzglICWXLPaB/YImU+A5G4Gx3bumjWrbk2BF4ldkBoq0HTNr74f0zRkEVBBlOrZVgJORiRwKlhe6aeKJYSOyID1NI1IyJSTTU/P8aFWfBzEUlcEeKr+nshIqNQ49HRnSGCo5r2J+J/XSyG4dDIeJSmwiM4WBanAEONJDtjnklEQY00IlVzfiumQSEJBp1XRIdjzLy+S9kndPq+f3p7VGldFHGW0jw7QEbLRBWqgG9RELUTRA3pGr+jNeDJejHfjY9ZaMoqZPfQHxucPllaUNw==</latexit>

datat+1
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Part 3

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0

<latexit sha1_base64="eCh2Gw4hFZF/WUba9ZuM2yU9XEA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhC8GHbF1zHgRW8RzEOSJcxOZpMhM7PLTK8QlnyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXmAhu0PO+naXlldW19cJGcXNre2e3tLffMHGqKavTWMS6FRLDBFesjhwFayWaERkK1gyHNxO/+cS04bF6wFHCAkn6ikecErTSY0em3QxP/XG3VPYq3hTuIvFzUoYctW7pq9OLaSqZQiqIMW3fSzDIiEZOBRsXO6lhCaFD0mdtSxWRzATZ9OCxe2yVnhvF2pZCd6r+nsiINGYkQ9spCQ7MvDcR//PaKUbXQcZVkiJTdLYoSoWLsTv53u1xzSiKkSWEam5vdemAaELRZlS0IfjzLy+SxlnFv6xc3J+Xq3d5HAU4hCM4AR+uoAq3UIM6UJDwDK/w5mjnxXl3PmatS04+cwB/4Hz+AJPJkEw=</latexit>µt�1
<latexit sha1_base64="2K4aMwxu0wmg4glgMLPp84+mUkQ=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iGBNIljA7mSRDZmaXmV4hLPkILx4U8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4WV1bX1jeJmaWt7Z3evvH/waOPUMN5gsYxNK6KWS6F5AwVK3koMpyqSvBmNbqZ+84kbK2L9gOOEh4oOtOgLRtFJzY5KuxlOuuWKX/VnIMskyEkFctS75a9OL2ap4hqZpNa2Az/BMKMGBZN8UuqklieUjeiAtx3VVHEbZrNzJ+TEKT3Sj40rjWSm/p7IqLJ2rCLXqSgO7aI3Ff/z2in2r8NM6CRFrtl8UT+VBGMy/Z30hOEM5dgRyoxwtxI2pIYydAmVXAjB4svL5PGsGlxWL+7PK7W7PI4iHMExnEIAV1CDW6hDAxiM4Ble4c1LvBfv3fuYtxa8fOYQ/sD7/AG1vY/a</latexit>µt

<latexit sha1_base64="8EW/EMViD2xIOPfsvAJuGRcOIJ8=">AAAB7nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VuEbJAMoafTkzTp7hl6EcKQj/DiQRGvfo83/8ZOMgdNfFDweK+KqnpRypk2vv/tFdbWNza3itulnd29/YPy4VFLJ1YR2iQJT1QnwppyJmnTMMNpJ1UUi4jTdjS+m/ntJ6o0S2TDTFIaCjyULGYEGye1e8L2s8a0X674VX8OtEqCnFQgR71f/uoNEmIFlYZwrHU38FMTZlgZRjidlnpW0xSTMR7SrqMSC6rDbH7uFJ05ZYDiRLmSBs3V3xMZFlpPROQ6BTYjvezNxP+8rjXxbZgxmVpDJVksii1HJkGz39GAKUoMnziCiWLuVkRGWGFiXEIlF0Kw/PIqaV1Ug+vq1eNlpfaQx1GEEziFcwjgBmpwD3VoAoExPMMrvHmp9+K9ex+L1oKXzxzDH3ifP4Udj7o=</latexit>µT

<latexit sha1_base64="pPeBf/QjGvz1E1+4cyk5zKdIzOc="></latexit>

min
⇠

W"

⇣
datat+1, µ

⇠
t+1

⌘
loss upper level 

optimization 
w.r.t. <latexit sha1_base64="wT7LWjaxiObf6tyPneokLerXT9s=">AAAB7HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwIIp4imAWSIfR0epImPT1Dd40YhoB/4MWDIl79IG/+jZ3loIkPCh7vVVFVL0ikMOi6305uaXlldS2/XtjY3NreKe7u1U2casZrLJaxbgbUcCkUr6FAyZuJ5jQKJG8Eg6ux33jg2ohY3eMw4X5Ee0qEglG0Uu22034UnWLJLbsTkEXizUgJZqh2il/tbszSiCtkkhrT8twE/YxqFEzyUaGdGp5QNqA93rJU0YgbP5scOyJHVumSMNa2FJKJ+nsio5ExwyiwnRHFvpn3xuJ/XivF8NLPhEpS5IpNF4WpJBiT8eekKzRnKIeWUKaFvZWwPtWUoc2nYEPw5l9eJPWTsndePrs7LVWun6Zx5OEADuEYPLiACtxAFWrAQMAzvMKbo5wX5935mLbmnFmE+/AHzucP0qOPIA==</latexit>

J⇠

influence of     in gradient updates of
<latexit sha1_base64="RRek1VB0mFQDO6Pb/+0oDloA4TI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NADx4jmgckS5id9CZDZmeXmVkxLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoauq3HlBpHst7M07Qj+hA8pAzaqx0133kvXLFrbozkL/Ey0kFctR75c9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TIKn0SxsqWNGSm/pzIaKT1OApsZ0TNUC96U/E/r5Oa8NLPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3z5L2meVL3z6tntaaV2ncdRhAM4hGPw4AJqcAN1aACDATzBC7w6wnl23pz3eWvByWf24Recj29fv43h</latexit>

⇠
<latexit sha1_base64="3pc30UZd9Fp+vmdhDe7WtslciV8=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKr2NADx4jmAckS5id9CZjZneWmV4hLPkHLx4U8er/ePNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNCrVHBpcSaXbATMgRQwNFCihnWhgUSChFYxupn7rCbQRKn7AcQJ+xAaxCAVnaKVmF4eArFeuuFV3BrpMvJxUSI56r/zV7SueRhAjl8yYjucm6GdMo+ASJqVuaiBhfMQG0LE0ZhEYP5tdO6EnVunTUGlbMdKZ+nsiY5Ex4yiwnRHDoVn0puJ/XifF8NrPRJykCDGfLwpTSVHR6eu0LzRwlGNLGNfC3kr5kGnG0QZUsiF4iy8vk+ZZ1busXtyfV2q3eRxFckSOySnxyBWpkTtSJw3CySN5Jq/kzVHOi/PufMxbC04+c0j+wPn8AafRjzQ=</latexit>

✓

lower level 
optimization 
w.r.t. <latexit sha1_base64="d6yLL6u4UaKH3LaScdZMAiqhnJI=">AAAB8nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgwI4jGCWSAzhJ5OT9Kkp2forhHCEPAnvHhQxKtf482/sbMcNPFBweO9KqrqhakUBl332ymsrK6tbxQ3S1vbO7t75f2DpkkyzXiDJTLR7ZAaLoXiDRQoeTvVnMah5K1weDPxW49cG5GoBxylPIhpX4lIMIpW6vipEV0fBxxpt1xxq+4UZJl4c1KBOerd8pffS1gWc4VMUmM6nptikFONgkk+LvmZ4SllQ9rnHUsVjbkJ8unJY3JilR6JEm1LIZmqvydyGhszikPbGVMcmEVvIv7ndTKMroNcqDRDrthsUZRJggmZ/E96QnOGcmQJZVrYWwkbUE0Z2pRKNgRv8eVl0jyrepfVi/vzSu32aRZHEY7gGE7BgyuowR3UoQEMEniGV3hz0Hlx3p2PWWvBmUd4CH/gfP4AqjaR7w==</latexit>

 ✓

<latexit sha1_base64="e09XoY79UnKu3vEIC2M3EwWnigo="></latexit>

✓⇤ := argmin
✓

1

2⌧

Z
kx�r ✓(x)k2dµt + J⇠(r ✓#µt)

<latexit sha1_base64="Vb9V/WXDpJMPVPJZOrH5HmUb+JY="></latexit>

µ⇠
t+1 := r ( ✓?)# µt

[Bunne+22]
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J

ESC

..

Differentiation of embryonic stem cells into diverse cell lineages  

“epigenetic landscape”

[Bunne+22, Moon+19, Zalc+21, Tong+21, Hashimoto+16]
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<latexit sha1_base64="z+h3G9A5h4PrZ5zepla6I/qJWkY="></latexit>

inf
(µt,v)

Z 1

0

Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

continuity equation

[Mikami+08, Chen+16, Chen+21]
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<latexit sha1_base64="z+h3G9A5h4PrZ5zepla6I/qJWkY="></latexit>

inf
(µt,v)

Z 1
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Z

Rn

1

2
kv(t, x)k2dµt(x)dt

@µt

@t
+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

→  minimal kinetic energy in fluid dynamics
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<latexit sha1_base64="FhBFa82XmdN2lSfgK/Whrx6r1wo="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

→  steer system with minimal cost

feedback 
control

continuity equation
<latexit sha1_base64="rlt3bTgyI9Bjk6BSeUe9xgmyH80=">AAACEHicbZDLSsNAFIYn9VbrLerSzWDxspCSiLdlwY3uKtgLNCFMJpN26EwSZyZCCX0EN76KGxeKuHXpzrdx0gbU1h8Gfr5zDmfO7yeMSmVZX0Zpbn5hcam8XFlZXVvfMDe3WjJOBSZNHLNYdHwkCaMRaSqqGOkkgiDuM9L2B5d5vX1PhKRxdKuGCXE56kU0pBgpjTzzYB92PAs6knLo8NSzjqBzl6JAU/uH2hXPrFo1ayw4a+zCVEGhhmd+OkGMU04ihRmSsmtbiXIzJBTFjIwqTipJgvAA9UhX2whxIt1sfNAI7mkSwDAW+kUKjunviQxxKYfc150cqb6cruXwv1o3VeGFm9EoSRWJ8GRRmDKoYpinAwMqCFZsqA3Cguq/QtxHAmGlM8xDsKdPnjWt45p9Vju9OanWr4s4ymAH7IJDYINzUAdXoAGaAIMH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj28zI5o5</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

<latexit sha1_base64="JO9KKBgvYaAskBIYN/1u+FU2BW8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVpCTiayMU3Oiugn1AU8pkMmmHTh7M3BRK6He48VfcuFDEnbjxb5y0AbX1wMCZc+7l3nvcWHAFlvVlLCwuLa+sFtaK6xubW9vmzm5DRYmkrE4jEcmWSxQTPGR14CBYK5aMBK5gTXdwnfnNIZOKR+E9jGLWCUgv5D6nBLTUNW0nINCXQeqNW124GjqC+VCGY6x/juS9Phz9VAB2nGLXLFkVawI8T+yclFCOWtf8cLyIJgELgQqiVNu2YuikRAKngo2LTqJYTOiA9Fhb05AETHXSyWljfKgVD/uR1C8EPFF/d6QkUGoUuLoyW1PNepn4n9dOwL/spDyME2AhnQ7yE4EhwllO2OOSURAjTQiVXO+KaZ9IQkGnmYVgz548TxonFfu8cnZ3Wqre5nEU0D46QGVkowtURTeohuqIogf0hF7Qq/FoPBtvxvu0dMHIe/bQHxif32W0oRk=</latexit>

dXt = v (t,Xt) dt

[Mikami+08, Chen+16, Chen+21]
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inf
(µt,v)
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1

2
kv(t, x)k2dµt(x)dt

@µt
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+r · (vµt) = 0

µt=0 = µ0, µt=1 = µ1.

→  minimal kinetic energy in fluid dynamics
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<latexit sha1_base64="FhBFa82XmdN2lSfgK/Whrx6r1wo="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

→  steer system with minimal cost

feedback 
control

continuity equation
<latexit sha1_base64="rlt3bTgyI9Bjk6BSeUe9xgmyH80=">AAACEHicbZDLSsNAFIYn9VbrLerSzWDxspCSiLdlwY3uKtgLNCFMJpN26EwSZyZCCX0EN76KGxeKuHXpzrdx0gbU1h8Gfr5zDmfO7yeMSmVZX0Zpbn5hcam8XFlZXVvfMDe3WjJOBSZNHLNYdHwkCaMRaSqqGOkkgiDuM9L2B5d5vX1PhKRxdKuGCXE56kU0pBgpjTzzYB92PAs6knLo8NSzjqBzl6JAU/uH2hXPrFo1ayw4a+zCVEGhhmd+OkGMU04ihRmSsmtbiXIzJBTFjIwqTipJgvAA9UhX2whxIt1sfNAI7mkSwDAW+kUKjunviQxxKYfc150cqb6cruXwv1o3VeGFm9EoSRWJ8GRRmDKoYpinAwMqCFZsqA3Cguq/QtxHAmGlM8xDsKdPnjWt45p9Vju9OanWr4s4ymAH7IJDYINzUAdXoAGaAIMH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj28zI5o5</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

<latexit sha1_base64="JO9KKBgvYaAskBIYN/1u+FU2BW8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVpCTiayMU3Oiugn1AU8pkMmmHTh7M3BRK6He48VfcuFDEnbjxb5y0AbX1wMCZc+7l3nvcWHAFlvVlLCwuLa+sFtaK6xubW9vmzm5DRYmkrE4jEcmWSxQTPGR14CBYK5aMBK5gTXdwnfnNIZOKR+E9jGLWCUgv5D6nBLTUNW0nINCXQeqNW124GjqC+VCGY6x/juS9Phz9VAB2nGLXLFkVawI8T+yclFCOWtf8cLyIJgELgQqiVNu2YuikRAKngo2LTqJYTOiA9Fhb05AETHXSyWljfKgVD/uR1C8EPFF/d6QkUGoUuLoyW1PNepn4n9dOwL/spDyME2AhnQ7yE4EhwllO2OOSURAjTQiVXO+KaZ9IQkGnmYVgz548TxonFfu8cnZ3Wqre5nEU0D46QGVkowtURTeohuqIogf0hF7Qq/FoPBtvxvu0dMHIe/bQHxif32W0oRk=</latexit>

dXt = v (t,Xt) dt

system

controller

output
input <latexit sha1_base64="xuja0NwNUtwV3l4aAF7kOaj8MHo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94SMA9IljA76U3GzM4uM7OBEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJaPZpygH9G+5CFn1FipNuoWS27ZnYOsEi8jJchQ7Ra/Or2YpRFKwwTVuu25ifEnVBnOBE4LnVRjQtmQ9rFtqaQRan8yP3RKzqzSI2GsbElD5urviQmNtB5Hge2MqBnoZW8m/ue1UxPe+hMuk9SgZItFYSqIicnsa9LjCpkRY0soU9zeStiAKsqMzaZgQ/CWX14ljYuyd12+ql2WKg9ZHHk4gVM4Bw9uoAL3UIU6MEB4hld4c56cF+fd+Vi05pxs5hj+wPn8AeiMjQs=</latexit>v

[Mikami+08, Chen+16, Chen+21]
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<latexit sha1_base64="z+h3G9A5h4PrZ5zepla6I/qJWkY="></latexit>

inf
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µt=0 = µ0, µt=1 = µ1.
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<latexit sha1_base64="FhBFa82XmdN2lSfgK/Whrx6r1wo="></latexit>

inf
v2V
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2
kv (t,Xt)k2 dt

�

→  steer system with minimal cost

feedback 
control

continuity equation
<latexit sha1_base64="rlt3bTgyI9Bjk6BSeUe9xgmyH80=">AAACEHicbZDLSsNAFIYn9VbrLerSzWDxspCSiLdlwY3uKtgLNCFMJpN26EwSZyZCCX0EN76KGxeKuHXpzrdx0gbU1h8Gfr5zDmfO7yeMSmVZX0Zpbn5hcam8XFlZXVvfMDe3WjJOBSZNHLNYdHwkCaMRaSqqGOkkgiDuM9L2B5d5vX1PhKRxdKuGCXE56kU0pBgpjTzzYB92PAs6knLo8NSzjqBzl6JAU/uH2hXPrFo1ayw4a+zCVEGhhmd+OkGMU04ihRmSsmtbiXIzJBTFjIwqTipJgvAA9UhX2whxIt1sfNAI7mkSwDAW+kUKjunviQxxKYfc150cqb6cruXwv1o3VeGFm9EoSRWJ8GRRmDKoYpinAwMqCFZsqA3Cguq/QtxHAmGlM8xDsKdPnjWt45p9Vju9OanWr4s4ymAH7IJDYINzUAdXoAGaAIMH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj28zI5o5</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

<latexit sha1_base64="JO9KKBgvYaAskBIYN/1u+FU2BW8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVpCTiayMU3Oiugn1AU8pkMmmHTh7M3BRK6He48VfcuFDEnbjxb5y0AbX1wMCZc+7l3nvcWHAFlvVlLCwuLa+sFtaK6xubW9vmzm5DRYmkrE4jEcmWSxQTPGR14CBYK5aMBK5gTXdwnfnNIZOKR+E9jGLWCUgv5D6nBLTUNW0nINCXQeqNW124GjqC+VCGY6x/juS9Phz9VAB2nGLXLFkVawI8T+yclFCOWtf8cLyIJgELgQqiVNu2YuikRAKngo2LTqJYTOiA9Fhb05AETHXSyWljfKgVD/uR1C8EPFF/d6QkUGoUuLoyW1PNepn4n9dOwL/spDyME2AhnQ7yE4EhwllO2OOSURAjTQiVXO+KaZ9IQkGnmYVgz548TxonFfu8cnZ3Wqre5nEU0D46QGVkowtURTeohuqIogf0hF7Qq/FoPBtvxvu0dMHIe/bQHxif32W0oRk=</latexit>

dXt = v (t,Xt) dt

system

controller

output
input <latexit sha1_base64="xuja0NwNUtwV3l4aAF7kOaj8MHo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94SMA9IljA76U3GzM4uM7OBEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbDu5nfHKHSPJaPZpygH9G+5CFn1FipNuoWS27ZnYOsEi8jJchQ7Ra/Or2YpRFKwwTVuu25ifEnVBnOBE4LnVRjQtmQ9rFtqaQRan8yP3RKzqzSI2GsbElD5urviQmNtB5Hge2MqBnoZW8m/ue1UxPe+hMuk9SgZItFYSqIicnsa9LjCpkRY0soU9zeStiAKsqMzaZgQ/CWX14ljYuyd12+ql2WKg9ZHHk4gVM4Bw9uoAL3UIU6MEB4hld4c56cF+fd+Vi05pxs5hj+wPn8AeiMjQs=</latexit>v

[Mikami+08, Chen+16, Chen+21]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

stochastic diffusion process
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<latexit sha1_base64="FhBFa82XmdN2lSfgK/Whrx6r1wo="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="rlt3bTgyI9Bjk6BSeUe9xgmyH80=">AAACEHicbZDLSsNAFIYn9VbrLerSzWDxspCSiLdlwY3uKtgLNCFMJpN26EwSZyZCCX0EN76KGxeKuHXpzrdx0gbU1h8Gfr5zDmfO7yeMSmVZX0Zpbn5hcam8XFlZXVvfMDe3WjJOBSZNHLNYdHwkCaMRaSqqGOkkgiDuM9L2B5d5vX1PhKRxdKuGCXE56kU0pBgpjTzzYB92PAs6knLo8NSzjqBzl6JAU/uH2hXPrFo1ayw4a+zCVEGhhmd+OkGMU04ihRmSsmtbiXIzJBTFjIwqTipJgvAA9UhX2whxIt1sfNAI7mkSwDAW+kUKjunviQxxKYfc150cqb6cruXwv1o3VeGFm9EoSRWJ8GRRmDKoYpinAwMqCFZsqA3Cguq/QtxHAmGlM8xDsKdPnjWt45p9Vju9OanWr4s4ymAH7IJDYINzUAdXoAGaAIMH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj28zI5o5</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

<latexit sha1_base64="JO9KKBgvYaAskBIYN/1u+FU2BW8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVpCTiayMU3Oiugn1AU8pkMmmHTh7M3BRK6He48VfcuFDEnbjxb5y0AbX1wMCZc+7l3nvcWHAFlvVlLCwuLa+sFtaK6xubW9vmzm5DRYmkrE4jEcmWSxQTPGR14CBYK5aMBK5gTXdwnfnNIZOKR+E9jGLWCUgv5D6nBLTUNW0nINCXQeqNW124GjqC+VCGY6x/juS9Phz9VAB2nGLXLFkVawI8T+yclFCOWtf8cLyIJgELgQqiVNu2YuikRAKngo2LTqJYTOiA9Fhb05AETHXSyWljfKgVD/uR1C8EPFF/d6QkUGoUuLoyW1PNepn4n9dOwL/spDyME2AhnQ7yE4EhwllO2OOSURAjTQiVXO+KaZ9IQkGnmYVgz548TxonFfu8cnZ3Wqre5nEU0D46QGVkowtURTeohuqIogf0hF7Qq/FoPBtvxvu0dMHIe/bQHxif32W0oRk=</latexit>

dXt = v (t,Xt) dt standard  
Wiener process

[Chen+21]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

stochastic diffusion process
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T
<latexit sha1_base64="FhBFa82XmdN2lSfgK/Whrx6r1wo="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="rlt3bTgyI9Bjk6BSeUe9xgmyH80=">AAACEHicbZDLSsNAFIYn9VbrLerSzWDxspCSiLdlwY3uKtgLNCFMJpN26EwSZyZCCX0EN76KGxeKuHXpzrdx0gbU1h8Gfr5zDmfO7yeMSmVZX0Zpbn5hcam8XFlZXVvfMDe3WjJOBSZNHLNYdHwkCaMRaSqqGOkkgiDuM9L2B5d5vX1PhKRxdKuGCXE56kU0pBgpjTzzYB92PAs6knLo8NSzjqBzl6JAU/uH2hXPrFo1ayw4a+zCVEGhhmd+OkGMU04ihRmSsmtbiXIzJBTFjIwqTipJgvAA9UhX2whxIt1sfNAI7mkSwDAW+kUKjunviQxxKYfc150cqb6cruXwv1o3VeGFm9EoSRWJ8GRRmDKoYpinAwMqCFZsqA3Cguq/QtxHAmGlM8xDsKdPnjWt45p9Vju9OanWr4s4ymAH7IJDYINzUAdXoAGaAIMH8ARewKvxaDwbb8b7pLVkFDPb4I+Mj28zI5o5</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

<latexit sha1_base64="JO9KKBgvYaAskBIYN/1u+FU2BW8=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgVpCTiayMU3Oiugn1AU8pkMmmHTh7M3BRK6He48VfcuFDEnbjxb5y0AbX1wMCZc+7l3nvcWHAFlvVlLCwuLa+sFtaK6xubW9vmzm5DRYmkrE4jEcmWSxQTPGR14CBYK5aMBK5gTXdwnfnNIZOKR+E9jGLWCUgv5D6nBLTUNW0nINCXQeqNW124GjqC+VCGY6x/juS9Phz9VAB2nGLXLFkVawI8T+yclFCOWtf8cLyIJgELgQqiVNu2YuikRAKngo2LTqJYTOiA9Fhb05AETHXSyWljfKgVD/uR1C8EPFF/d6QkUGoUuLoyW1PNepn4n9dOwL/spDyME2AhnQ7yE4EhwllO2OOSURAjTQiVXO+KaZ9IQkGnmYVgz548TxonFfu8cnZ3Wqre5nEU0D46QGVkowtURTeohuqIogf0hF7Qq/FoPBtvxvu0dMHIe/bQHxif32W0oRk=</latexit>

dXt = v (t,Xt) dt

noise

standard  
Wiener process7.6. Dynamic Formulation over the Paths Space 123

Á = 0 Á = .05 Á = 0.2 Á = 1

Figure 7.5: Samples from Brownian bridge paths associated to the Schrodinger
entropic interpolation (7.20) over path space. Blue corresponds to t = 0 and red to
t = 1.

We refer to the review paper Léonard [2014] for an overview
of this problem and an historical account of the work of
Schrödinger Schrödinger [1931]. One can show that the (unique) so-
lution fīı

Á to (7.19) converges to a solution of (7.17) as Á æ 0. Further-
more, this solution is linked to the solution of the static entropic OT
problem (4.9) using Brownian bridge “̄Á

x,y œ X̄ (which are similar to
fuzzy geodesic, and converge to ”“x,y

as Á æ 0). In the discrete setting,
this means that

fiı

Á =
ÿ

i,j

P
ı

Á,i,j”(xi,yj) and fīı

Á =
ÿ

i,j

P
ı

Á,i,j “̄
Á

xi,yj
(7.20)

where PÁ,i,j can be computed using Sinkhorn’s algorithm. Similarly
to (7.18), one then can define an entropic interpolation as

–Á,t

def.= Pt˘fī
ı

Á .

Since the law Pt˘“̄Á
x,y of the position at time t along a Brownian bridge

is a Gaussian Gt(1≠t)Á2(· ≠ “x,y(t)) of variance t(1 ≠ t)Á2 centered at
“x,y(t), one can deduce that –Á,t is a Gaussian blurring of a set of
traveling diracs

–Á,t =
ÿ

i,j

P
ı

Á,i,jGt(1≠t)Á2(· ≠ “xi,yj
(t)).

Another way to describe this entropic interpolation (–t)t is using
a regularization of the Benamou-Brenier dynamic formulation (7.2),

<latexit sha1_base64="CNsZX/bidkLeYvtaXm+JDn1uKCA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3iOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjRa0FBUddPdFSRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6R6v3F654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r57dnVZqt3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG1baNig==</latexit>

t = 0
<latexit sha1_base64="NF28TcTQT22Ws25hIBsZvsL/wvs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8KK3iOYByRJmJ7PJkNnZZaZXCEs+wYsHRbz6Rd78GyfJHjRa0FBUddPdFSRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0fXUbz1ybUSsHnCccD+iAyVCwSha6R6vvF654lbdGchf4uWkAjnqvfJntx+zNOIKmaTGdDw3QT+jGgWTfFLqpoYnlI3ogHcsVTTixs9mp07IkVX6JIy1LYVkpv6cyGhkzDgKbGdEcWgWvan4n9dJMbz0M6GSFLli80VhKgnGZPo36QvNGcqxJZRpYW8lbEg1ZWjTKdkQvMWX/5LmSdU7r57dnVZqt3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI51n5815n7cWnHxmH37B+fgG1zqNiw==</latexit>

t = 1

[Peyré+19]
[Chen+21]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1particles

Gedankenexperiment 
Most likely random evolution between two point clouds of diffusive particles?

[Schrödinger31,32]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1particles

Gedankenexperiment 
Most likely random evolution between two point clouds of diffusive particles?

… find stochastic process         on  s.t.                        and[0,1]<latexit sha1_base64="ELvTdyjqOAK4RleHB283rUbvqk4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy40V0F+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj28xvjrk2IlKPOIm5H9KBEn3BKFrJ74QUh0GQ1qZdLHZLZbfizkCWiZeTMuSodUtfnV7EkpArZJIa0/bcGP2UahRM8mmxkxgeUzaiA962VNGQGz+dhZ6SU6v0SD/S9ikkM/X3RkpDYyZhYCezkGbRy8T/vHaC/Rs/FSpOkCs2P9RPJMGIZA2QntCcoZxYQpkWNithQ6opQ9tTVoK3+OVl0jiveFeVy4eLcvU+r6MAx3ACZ+DBNVThDmpQBwZP8Ayv8OaMnRfn3fmYj644+c4R/IHz+QOLEpH8</latexit>Pt
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

given some prior knowledge on a reference process
<latexit sha1_base64="1WsVChLSuAkCzcUNJqFgIRox098=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy40V0L9gFNKJPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiu0XG+rdLa+sbmVnm7srO7t39QPTzq6DhVlLVpLGLVC4hmgkvWRo6C9RLFSBQI1g0md7nffWJK81g+4jRhfkRGkoecEjSS50UEx0GQtWYDHFRrTt2Zw14lbkFqUKA5qH55w5imEZNIBdG67zoJ+hlRyKlgs4qXapYQOiEj1jdUkohpP5tnntlnRhnaYazMk2jP1d8bGYm0nkaBmcwz6mUvF//z+imGt37GZZIik3RxKEyFjbGdF2APuWIUxdQQQhU3WW06JopQNDVVTAnu8pdXSeei7l7Xr1qXtcZDUUcZTuAUzsGFG2jAPTShDRQSeIZXeLNS68V6tz4WoyWr2DmGP7A+fwBTkpHp</latexit>

Qt

[Schrödinger31,32]



A Connection to Particle Physics

103

Part 3

Erwin Schrödinger

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1particles

Gedankenexperiment 
Most likely random evolution between two point clouds of diffusive particles?

… find stochastic process         on  s.t.                        and[0,1]<latexit sha1_base64="ELvTdyjqOAK4RleHB283rUbvqk4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy40V0F+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj28xvjrk2IlKPOIm5H9KBEn3BKFrJ74QUh0GQ1qZdLHZLZbfizkCWiZeTMuSodUtfnV7EkpArZJIa0/bcGP2UahRM8mmxkxgeUzaiA962VNGQGz+dhZ6SU6v0SD/S9ikkM/X3RkpDYyZhYCezkGbRy8T/vHaC/Rs/FSpOkCs2P9RPJMGIZA2QntCcoZxYQpkWNithQ6opQ9tTVoK3+OVl0jiveFeVy4eLcvU+r6MAx3ACZ+DBNVThDmpQBwZP8Ayv8OaMnRfn3fmYj644+c4R/IHz+QOLEpH8</latexit>Pt
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

given some prior knowledge on a reference process
<latexit sha1_base64="1WsVChLSuAkCzcUNJqFgIRox098=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy40V0L9gFNKJPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiu0XG+rdLa+sbmVnm7srO7t39QPTzq6DhVlLVpLGLVC4hmgkvWRo6C9RLFSBQI1g0md7nffWJK81g+4jRhfkRGkoecEjSS50UEx0GQtWYDHFRrTt2Zw14lbkFqUKA5qH55w5imEZNIBdG67zoJ+hlRyKlgs4qXapYQOiEj1jdUkohpP5tnntlnRhnaYazMk2jP1d8bGYm0nkaBmcwz6mUvF//z+imGt37GZZIik3RxKEyFjbGdF2APuWIUxdQQQhU3WW06JopQNDVVTAnu8pdXSeei7l7Xr1qXtcZDUUcZTuAUzsGFG2jAPTShDRQSeIZXeLNS68V6tz4WoyWr2DmGP7A+fwBTkpHp</latexit>

Qt

i.e., minimize overall relative entropy
<latexit sha1_base64="1DBPfsU8SJ1/0UKGO4oFepov8ec="></latexit>

min
Pt

DKL (PtkQt)

[Schrödinger31,32]
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<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1particles

Gedankenexperiment 
Most likely random evolution between two point clouds of diffusive particles?

… find stochastic process         on  s.t.                        and[0,1]<latexit sha1_base64="ELvTdyjqOAK4RleHB283rUbvqk4=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy40V0F+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj28xvjrk2IlKPOIm5H9KBEn3BKFrJ74QUh0GQ1qZdLHZLZbfizkCWiZeTMuSodUtfnV7EkpArZJIa0/bcGP2UahRM8mmxkxgeUzaiA962VNGQGz+dhZ6SU6v0SD/S9ikkM/X3RkpDYyZhYCezkGbRy8T/vHaC/Rs/FSpOkCs2P9RPJMGIZA2QntCcoZxYQpkWNithQ6opQ9tTVoK3+OVl0jiveFeVy4eLcvU+r6MAx3ACZ+DBNVThDmpQBwZP8Ayv8OaMnRfn3fmYj644+c4R/IHz+QOLEpH8</latexit>Pt
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

given some prior knowledge on a reference process
<latexit sha1_base64="1WsVChLSuAkCzcUNJqFgIRox098=">AAAB83icbVDLSsNAFL2pr1pfVZdugkVwVRLxtSy40V0L9gFNKJPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkAiu0XG+rdLa+sbmVnm7srO7t39QPTzq6DhVlLVpLGLVC4hmgkvWRo6C9RLFSBQI1g0md7nffWJK81g+4jRhfkRGkoecEjSS50UEx0GQtWYDHFRrTt2Zw14lbkFqUKA5qH55w5imEZNIBdG67zoJ+hlRyKlgs4qXapYQOiEj1jdUkohpP5tnntlnRhnaYazMk2jP1d8bGYm0nkaBmcwz6mUvF//z+imGt37GZZIik3RxKEyFjbGdF2APuWIUxdQQQhU3WW06JopQNDVVTAnu8pdXSeei7l7Xr1qXtcZDUUcZTuAUzsGFG2jAPTShDRQSeIZXeLNS68V6tz4WoyWr2DmGP7A+fwBTkpHp</latexit>

Qt

i.e., minimize overall relative entropy
<latexit sha1_base64="1DBPfsU8SJ1/0UKGO4oFepov8ec="></latexit>

min
Pt

DKL (PtkQt)

e.g., Brownian motion [Schrödinger31,32]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

[Caluya+21, Chen+22]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

Brownian motion  
of particles

example 
trajectory

particles

[Caluya+21, Chen+22]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

drift diffusion
<latexit sha1_base64="DPARl5jvZVmS01+Sk8rNcAP+zzg=">AAACDnicdVDLSsNAFJ3UV62vqEs3g6XgKiTWpnVXcKO7KvYBTSyTybQdOnkwM1FK6Be48VfcuFDErWt3/o2TtkIVPXDhcM693HuPFzMqpGl+arml5ZXVtfx6YWNza3tH391riSjhmDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Osv89i3hgkbhtRzHxA3QIKR9ipFUUk8vOQGSQ89LryY3PnQ4HQwl4jy6g4tGTy+aRqVSNctlqEitempbithWuWba0DLMKYpgjkZP/3D8CCcBCSVmSIiuZcbSTRGXFDMyKTiJIDHCIzQgXUVDFBDhptN3JrCkFB/2I64qlHCqLk6kKBBiHHiqM7tR/PYy8S+vm8h+zU1pGCeShHi2qJ8wKCOYZQN9ygmWbKwIwpyqWyEeIo6wVAkWVAjfn8L/SevYsGyjcnlSrF/M48iDA3AIjoAFqqAOzkEDNAEG9+ARPIMX7UF70l61t1lrTpvP7IMf0N6/AHgcnRI=</latexit>

Rd ! Rd <latexit sha1_base64="RNhvgpiOKijNaSVbAuY7EgR2hrw=">AAAB8XicdVDNSgMxGMzWv1r/qh69BIvgaclu27XHghe9VbGt2C4lm2bb0Gx2SbJCWfoWXjwo4tW38ebbmG0rqOhAYJj5PjLfBAlnSiP0YRVWVtfWN4qbpa3tnd298v5BR8WpJLRNYh7L2wArypmgbc00p7eJpDgKOO0Gk/Pc795TqVgsbvQ0oX6ER4KFjGBtpLt+hPU4CLLr2aBcQbbjeqhRg8h23YZXrRviIafqIejYaI4KWKI1KL/3hzFJIyo04VipnoMS7WdYakY4nZX6qaIJJhM8oj1DBY6o8rN54hk8McoQhrE0T2g4V79vZDhSahoFZjJPqH57ufiX10t12PAzJpJUU0EWH4UphzqG+flwyCQlmk8NwUQykxWSMZaYaFNSyZTwdSn8n3Rc2/Hs+lWt0rxc1lEER+AYnAIHnIEmuAAt0AYECPAAnsCzpaxH68V6XYwWrOXOIfgB6+0THhORQg==</latexit>R

<latexit sha1_base64="UIRa22WUPw3h/58YTBQz3+cCSGE="></latexit>

dXt = [f (t,Xt) + g(t)v (t,Xt)] dt+ g(t)dWt
<latexit sha1_base64="RkhnMgKmIZbeh51UMcRPEkr0GYI=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4CjPidhECXvQWwSwwGUJPp5M06WXorhHCkM/w4kERr36NN//GTjIHTXxQ8Hiviqp6cSK4Bd//9gorq2vrG8XN0tb2zu5eef+gaXVqKGtQLbRpx8QywRVrAAfB2olhRMaCteLR7dRvPTFjuVaPME5YJMlA8T6nBJwUdiwfSIJvcIC75Ypf9WfAyyTISQXlqHfLX52epqlkCqgg1oaBn0CUEQOcCjYpdVLLEkJHZMBCRxWRzEbZ7OQJPnFKD/e1caUAz9TfExmR1o5l7DolgaFd9Kbif16YQv86yrhKUmCKzhf1U4FB4+n/uMcNoyDGjhBquLsV0yExhIJLqeRCCBZfXibNs2pwWb14OK/U7vM4iugIHaNTFKArVEN3qI4aiCKNntErevPAe/HevY95a8HLZw7RH3ifP6CTkDQ=</latexit>

� = 1with

[Caluya+21, Chen+22]
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<latexit sha1_base64="7DTQ3tsPYz7JFaOCQ51sqCwlKeQ="></latexit>

inf
v2V

E
⇢Z 1

0

1

2
kv (t,Xt)k2 dt

�

<latexit sha1_base64="4vh/zfJpp9MR3ZC2VcorYaPnP2M="></latexit>

dXt = v (t,Xt) dt+ �dWt

<latexit sha1_base64="takv0sFYVRXl5ozPmjjWqJAGoiA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoupCTia1lwo7sKtg00IUwmk3bozCTOTIRS+gNu/BU3LhRx696df+O0DaitBy4czrmXe++JMkaVdpwva25+YXFpubRSXl1b39i0t7abKs0lJg2cslR6EVKEUUEammpGvEwSxCNGWlHvcuS37olUNBW3up+RgKOOoAnFSBsptPe90IG+ohz6PA+dI+jf5SiGXuj+qG5oV5yqMwacJW5BKqBAPbQ//TjFOSdCY4aUartOpoMBkppiRoZlP1ckQ7iHOqRtqECcqGAw/mYID4wSwySVpoSGY/X3xABxpfo8Mp0c6a6a9kbif14718lFMKAiyzUReLIoyRnUKRxFA2MqCdasbwjCkppbIe4iibA2AZZNCO70y7OkeVx1z6qnNyeV2nURRwnsgj1wCFxwDmrgCtRBA2DwAJ7AC3i1Hq1n6816n7TOWcXMDvgD6+MbNAiZyw==</latexit>

X0 ⇠ µ0, X1 ⇠ µ1

drift diffusion
<latexit sha1_base64="DPARl5jvZVmS01+Sk8rNcAP+zzg=">AAACDnicdVDLSsNAFJ3UV62vqEs3g6XgKiTWpnVXcKO7KvYBTSyTybQdOnkwM1FK6Be48VfcuFDErWt3/o2TtkIVPXDhcM693HuPFzMqpGl+arml5ZXVtfx6YWNza3tH391riSjhmDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Osv89i3hgkbhtRzHxA3QIKR9ipFUUk8vOQGSQ89LryY3PnQ4HQwl4jy6g4tGTy+aRqVSNctlqEitempbithWuWba0DLMKYpgjkZP/3D8CCcBCSVmSIiuZcbSTRGXFDMyKTiJIDHCIzQgXUVDFBDhptN3JrCkFB/2I64qlHCqLk6kKBBiHHiqM7tR/PYy8S+vm8h+zU1pGCeShHi2qJ8wKCOYZQN9ygmWbKwIwpyqWyEeIo6wVAkWVAjfn8L/SevYsGyjcnlSrF/M48iDA3AIjoAFqqAOzkEDNAEG9+ARPIMX7UF70l61t1lrTpvP7IMf0N6/AHgcnRI=</latexit>

Rd ! Rd <latexit sha1_base64="RNhvgpiOKijNaSVbAuY7EgR2hrw=">AAAB8XicdVDNSgMxGMzWv1r/qh69BIvgaclu27XHghe9VbGt2C4lm2bb0Gx2SbJCWfoWXjwo4tW38ebbmG0rqOhAYJj5PjLfBAlnSiP0YRVWVtfWN4qbpa3tnd298v5BR8WpJLRNYh7L2wArypmgbc00p7eJpDgKOO0Gk/Pc795TqVgsbvQ0oX6ER4KFjGBtpLt+hPU4CLLr2aBcQbbjeqhRg8h23YZXrRviIafqIejYaI4KWKI1KL/3hzFJIyo04VipnoMS7WdYakY4nZX6qaIJJhM8oj1DBY6o8rN54hk8McoQhrE0T2g4V79vZDhSahoFZjJPqH57ufiX10t12PAzJpJUU0EWH4UphzqG+flwyCQlmk8NwUQykxWSMZaYaFNSyZTwdSn8n3Rc2/Hs+lWt0rxc1lEER+AYnAIHnIEmuAAt0AYECPAAnsCzpaxH68V6XYwWrOXOIfgB6+0THhORQg==</latexit>R

<latexit sha1_base64="UIRa22WUPw3h/58YTBQz3+cCSGE="></latexit>

dXt = [f (t,Xt) + g(t)v (t,Xt)] dt+ g(t)dWt
<latexit sha1_base64="RkhnMgKmIZbeh51UMcRPEkr0GYI=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4CjPidhECXvQWwSwwGUJPp5M06WXorhHCkM/w4kERr36NN//GTjIHTXxQ8Hiviqp6cSK4Bd//9gorq2vrG8XN0tb2zu5eef+gaXVqKGtQLbRpx8QywRVrAAfB2olhRMaCteLR7dRvPTFjuVaPME5YJMlA8T6nBJwUdiwfSIJvcIC75Ypf9WfAyyTISQXlqHfLX52epqlkCqgg1oaBn0CUEQOcCjYpdVLLEkJHZMBCRxWRzEbZ7OQJPnFKD/e1caUAz9TfExmR1o5l7DolgaFd9Kbif16YQv86yrhKUmCKzhf1U4FB4+n/uMcNoyDGjhBquLsV0yExhIJLqeRCCBZfXibNs2pwWb14OK/U7vM4iugIHaNTFKArVEN3qI4aiCKNntErevPAe/HevY95a8HLZw7RH3ifP6CTkDQ=</latexit>

� = 1with

particle evolution with drift  and diffusivity f g

example 
trajectory

particles

[Caluya+21, Chen+22]
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<latexit sha1_base64="nTdYml1SR7FxIco1fZumwSf1bOQ="></latexit>

�(0, ·)b�(0, ·) = µ0

�(1, ·)b�(1, ·) = µ1

<latexit sha1_base64="ljVqnnGY9Hf+a/lrw6oUFX6EvA4="></latexit>⇢ @
@t = �r >f � 1

2�
2
t� 

@
@t

b = �r · (b f) + 1
2�

2
t�b 

s.t.

Schrödinger bridge optimality given by
<latexit sha1_base64="ybLETRgJw+Ikhp5z/LFVoBaeZnk="></latexit>

@�

@t
= �r�>f � 1

2
�2g2��

@b�
@t

= �r · (b�f) + 1

2
�2g2�b�

Solution of        can be expressed via two SDEs of the form *
<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

*

[Léonard+13]



Solving Schrödinger Bridges

106

Part 3

<latexit sha1_base64="nTdYml1SR7FxIco1fZumwSf1bOQ="></latexit>

�(0, ·)b�(0, ·) = µ0

�(1, ·)b�(1, ·) = µ1

<latexit sha1_base64="ljVqnnGY9Hf+a/lrw6oUFX6EvA4="></latexit>⇢ @
@t = �r >f � 1

2�
2
t� 

@
@t

b = �r · (b f) + 1
2�

2
t�b 

s.t.

Schrödinger bridge optimality given by

forward policy

<latexit sha1_base64="ybLETRgJw+Ikhp5z/LFVoBaeZnk="></latexit>

@�

@t
= �r�>f � 1

2
�2g2��

@b�
@t

= �r · (b�f) + 1

2
�2g2�b�

Solution of        can be expressed via two SDEs of the form *
<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

*

[Léonard+13]
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<latexit sha1_base64="nTdYml1SR7FxIco1fZumwSf1bOQ="></latexit>

�(0, ·)b�(0, ·) = µ0

�(1, ·)b�(1, ·) = µ1

<latexit sha1_base64="ljVqnnGY9Hf+a/lrw6oUFX6EvA4="></latexit>⇢ @
@t = �r >f � 1

2�
2
t� 

@
@t

b = �r · (b f) + 1
2�

2
t�b 

s.t.

Schrödinger bridge optimality given by

backward policy

forward policy

<latexit sha1_base64="ybLETRgJw+Ikhp5z/LFVoBaeZnk="></latexit>

@�

@t
= �r�>f � 1

2
�2g2��

@b�
@t

= �r · (b�f) + 1

2
�2g2�b�

Solution of        can be expressed via two SDEs of the form *
<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

*

[Léonard+13]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

reverse SDE

The solution of the SB is a system of a forward and backward SDE

[Anderson82]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="EZntqzRyW3AZ9SWnQo6+3e+/uS4=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCF/maCeSLLHTDStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDytskbA=</latexit>

X0 ⇠ µ0

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

reverse SDE

The solution of the SB is a system of a forward and backward SDE

[Anderson82]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="EZntqzRyW3AZ9SWnQo6+3e+/uS4=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCF/maCeSLLHTDStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDytskbA=</latexit>

X0 ⇠ µ0

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

forward policy

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

reverse SDE

The solution of the SB is a system of a forward and backward SDE

[Anderson82]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="EZntqzRyW3AZ9SWnQo6+3e+/uS4=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCF/maCeSLLHTDStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDytskbA=</latexit>

X0 ⇠ µ0

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

forward policy

<latexit sha1_base64="2+58ASNhanGG+jSRZF6Bg9Omxio=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCD/maCeSLLPTCStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDy5/kbI=</latexit>

X1 ⇠ µ1

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

reverse SDE

The solution of the SB is a system of a forward and backward SDE

[Anderson82]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="EZntqzRyW3AZ9SWnQo6+3e+/uS4=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCF/maCeSLLHTDStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDytskbA=</latexit>

X0 ⇠ µ0

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

backward policy

forward policy

<latexit sha1_base64="2+58ASNhanGG+jSRZF6Bg9Omxio=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclUR8LQtudFfBPqCJYTKdtENnJmFmopTQ/3DjQhG3/os7/8Zpm4W2HrhwOOde7r0nSjnTxnW/naXlldW19dJGeXNre2e3srff0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsaXk/89iNVmiXy3oxSGgjclyxmBBsrPXRCD/maCeSLLPTCStWtuVOgReIVpAoFGmHly+8lJBNUGsKx1l3PTU2QY2UY4XRc9jNNU0yGuE+7lkosqA7y6dVjdGyVHooTZUsaNFV/T+RYaD0Ske0U2Az0vDcR//O6mYmvgpzJNDNUktmiOOPIJGgSAeoxRYnhI0swUczeisgAK0yMDapsQ/DmX14krdOad1E7vzur1m+LOEpwCEdwAh5cQh1uoAFNIKDgGV7hzXlyXpx352PWuuQUMwfwB87nDy5/kbI=</latexit>

X1 ⇠ µ1

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

reverse SDE

The solution of the SB is a system of a forward and backward SDE

[Anderson82]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

backward drift

forward drift

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

Class of powerful generative models: Score-Based Generative Models

ffËË

o
<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

[Song+21, Ho+20,]Hyvärinen05]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

backward drift

forward drift

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

Class of powerful generative models: Score-Based Generative Models

data distribution

o

easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)
<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

[Song+21, Ho+20,]Hyvärinen05]
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<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

backward drift

forward drift

<latexit sha1_base64="MpU2Vjxn6Ej4DZ15EL6Wg76zWTg="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)

⇤
dt+ g dWt, X0 ⇠ µ0

dXt =
h
f � g2r log b� (t,Xt)

i
dt+ g dWt, X1 ⇠ µ1

Class of powerful generative models: Score-Based Generative Models

data distribution ✗
o

easy to sample

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)
<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

[Song+21, Ho+20,]Hyvärinen05]
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forward SDE

Class of powerful generative models: Score-Based Generative Models

backward SDE

[Song+21, Ho+20,]Hyvärinen05]

easy to sample

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o
data distribution

linear and non-learnable   f
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt
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forward SDE

Class of powerful generative models: Score-Based Generative Models

backward SDE

[Song+21, Ho+20,]Hyvärinen05]

easy to sample

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o
data distribution

score function
= marginal density of forward diffusion at time t 

<latexit sha1_base64="rhr4jf0NIq1yjfqqZZpkykGUXRI="></latexit>

dXt =
⇥
f � g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

tractable objective

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Anderson82]

linear and non-learnable   f
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt
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110

Part 3

forward SDE

Class of powerful generative models: Score-Based Generative Models

backward SDE

[Song+21, Ho+20,]Hyvärinen05]

easy to sample

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o
data distribution

score function
= marginal density of forward diffusion at time t 

<latexit sha1_base64="rhr4jf0NIq1yjfqqZZpkykGUXRI="></latexit>

dXt =
⇥
f � g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

tractable objective

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Anderson82]

linear and non-learnable   f
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt



A Link to Score-Based Generative Models

110

Part 3

forward SDE

Class of powerful generative models: Score-Based Generative Models

backward SDE

[Song+21, Ho+20,]Hyvärinen05]

easy to sample

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o
data distribution

score function
= marginal density of forward diffusion at time t 

<latexit sha1_base64="rhr4jf0NIq1yjfqqZZpkykGUXRI="></latexit>

dXt =
⇥
f � g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

tractable objective

<latexit sha1_base64="EwuGvGttKhLLgGAo/60pFCMgYGM=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWoIGVGfC0LbuxGKtgHtKVk0kwbmskMSUYpYz/FjQtF3Pol7vwbM+0stPVA4HDOvdyT40WcKe0439bS8srq2npuI7+5tb2zaxf2GiqMJaF1EvJQtjysKGeC1jXTnLYiSXHgcdr0Rtep33ygUrFQ3OtxRLsBHgjmM4K1kXp2oRNgPSSYJ7eTknOCqsc9u+iUnSnQInEzUoQMtZ791emHJA6o0IRjpdquE+lugqVmhNNJvhMrGmEywgPaNlTggKpuMo0+QUdG6SM/lOYJjabq740EB0qNA89MpkHVvJeK/3ntWPtX3YSJKNZUkNkhP+ZIhyjtAfWZpETzsSGYSGayIjLEEhNt2sqbEtz5Ly+SxmnZvSif350VK9WsjhwcwCGUwIVLqMAN1KAOBB7hGV7hzXqyXqx362M2umRlO/vwB9bnD6JNkvg=</latexit>

N (0, I)

[Anderson82]

linear and non-learnable   f
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt

Molecular  
Conformers

[Corso+22]
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Part 3

forward SDE

backward SDE

score function

<latexit sha1_base64="rhr4jf0NIq1yjfqqZZpkykGUXRI="></latexit>

dXt =
⇥
f � g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

ffËË

o

tractable objective

linear and non-learnable f

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

easy to sample
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt

Understand the stochastic process between two data distributions  and μ0 μ1

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
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forward SDE

backward SDE

score function

<latexit sha1_base64="rhr4jf0NIq1yjfqqZZpkykGUXRI="></latexit>

dXt =
⇥
f � g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

ffËË

o

tractable objective

linear and non-learnable f

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

easy to sample
<latexit sha1_base64="3QYTZdWFD3X0TaNfUZznYLv6XRQ=">AAACIXicbVDLSsNAFJ34rPUVdelmsAiCUBLx0Y1QcKO7CvYBbQmT6aQdOnkwcyOUED/Fjb/ixoUi3Yk/46QNUlsPDJx7zr3MvceNBFdgWV/G0vLK6tp6YaO4ubW9s2vu7TdUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIc3md98ZFLxMHiAUcS6PukH3OOUgJYcs9LxCQykn/RS3HLg2sMzApz2f8snXU+46ybN1AHHLFllawK8SOyclFCOmmOOO72Qxj4LgAqiVNu2IugmRAKngqXFTqxYROiQ9Flb04D4THWTyYUpPtZKD3uh1C8APFFnJxLiKzXyXd2Z7ajmvUz8z2vH4FW6CQ+iGFhApx95scAQ4iwu3OOSURAjTQiVXO+K6YBIQkGHWtQh2PMnL5LGWdm+LF/cn5eqd3kcBXSIjtAJstEVqqJbVEN1RNEzekXv6MN4Md6MT2M8bV0y8pkD9AfG9w/Bh6SN</latexit>

dXt = fdt+ g dWt

Understand the stochastic process between two data distributions  and μ0 μ1

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1



Diffusion Schrödinger Bridges

112

Part 3
ffËË

o

forward SDE

backward SDE

Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1 [De Bortoli+21, Vargas+21, Chen+22]

<latexit sha1_base64="yTzgR1+rwuXjq+cFwMPBhfK9b94="></latexit>

dXt =
⇥
f + �g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

<latexit sha1_base64="tf7hjBrJCK0xH8PzZ6Mwx2nI5gY="></latexit>

dXt = [f+ ]dt+ g dWt

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1



Diffusion Schrödinger Bridges

112

Part 3
ffËË

o

forward SDE

backward SDE

Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1

<latexit sha1_base64="n2s2Fs2LDJsWPSSSIKqw3iX9mLI=">AAACEHicbVDLSsNAFJ34rPVVdelmsIgVpCTF17LgRncV7AOaWibTSTJ0MgkzN0IJ/QQ3/oobF4q4denOv3H6WGjrgQuHc+7l3nu8RHANtv1tLSwuLa+s5tby6xubW9uFnd2GjlNFWZ3GIlYtj2gmuGR14CBYK1GMRJ5gTa9/NfKbD0xpHss7GCSsE5FAcp9TAkbqFo6C+wp2JfEEwa6IA+zWQu4K5kMJTnCrC67iQQjH3ULRLttj4HniTEkRTVHrFr7cXkzTiEmggmjdduwEOhlRwKlgw7ybapYQ2icBaxsqScR0Jxs/NMSHRulhP1amJOCx+nsiI5HWg8gznRGBUM96I/E/r52Cf9nJuExSYJJOFvmpwBDjUTq4xxWjIAaGEKq4uRXTkChCwWSYNyE4sy/Pk0al7JyXz25Pi9WbaRw5tI8OUAk56AJV0TWqoTqi6BE9o1f0Zj1ZL9a79TFpXbCmM3voD6zPH7G8m8s=</latexit>

g2r log� (t,Xt)=

[De Bortoli+21, Vargas+21, Chen+22]

<latexit sha1_base64="yTzgR1+rwuXjq+cFwMPBhfK9b94="></latexit>

dXt =
⇥
f + �g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

<latexit sha1_base64="tf7hjBrJCK0xH8PzZ6Mwx2nI5gY="></latexit>

dXt = [f+ ]dt+ g dWt

<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1
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<latexit sha1_base64="yTzgR1+rwuXjq+cFwMPBhfK9b94="></latexit>

dXt =
⇥
f + �g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

<latexit sha1_base64="AZDBqsN874+JeIEqdWJSWxAjXsE="></latexit>

dXt = [f + g2r log� (t,Xt)]dt+ g dWt

ffËË

o

forward SDE

backward SDE <latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

[De Bortoli+21, Vargas+21, Chen+22]Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1



Diffusion Schrödinger Bridges

114

Part 3

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1

<latexit sha1_base64="bxbwBs/ahdMg7AHYNVTqfwE6qE4="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)� g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="AZDBqsN874+JeIEqdWJSWxAjXsE="></latexit>

dXt = [f + g2r log� (t,Xt)]dt+ g dWt

ffËË

o
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

forward SDE

backward SDE

[De Bortoli+21, Vargas+21, Chen+22]
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<latexit sha1_base64="nGMi2sMqXTOBFvrcxdseOf9PPTQ="></latexit>

:= �g2r log �̂ (t,Xt)

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1

<latexit sha1_base64="bxbwBs/ahdMg7AHYNVTqfwE6qE4="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)� g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="AZDBqsN874+JeIEqdWJSWxAjXsE="></latexit>

dXt = [f + g2r log� (t,Xt)]dt+ g dWt

ffËË

o
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

forward SDE

backward SDE

[De Bortoli+21, Vargas+21, Chen+22]
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<latexit sha1_base64="nGMi2sMqXTOBFvrcxdseOf9PPTQ="></latexit>

:= �g2r log �̂ (t,Xt)

parameterize backward drift
<latexit sha1_base64="M2S4wtqstoLj5546L7psWpddjmU=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1lwo7sK9oFNKJPppBk6mQwzE6GE/oYbF4q49Wfc+TdO2yy09cCFwzn3cu89oeRMG9f9dkorq2vrG+XNytb2zu5edf+grdNMEdoiKU9VN8SaciZoyzDDaVcqipOQ0044upn6nSeqNEvFgxlLGiR4KFjECDZW8v0Ym/xx0vdlzPrVmlt3Z0DLxCtIDQo0+9Uvf5CSLKHCEI617nmuNEGOlWGE00nFzzSVmIzwkPYsFTihOshnN0/QiVUGKEqVLWHQTP09keNE63ES2s4Em1gvelPxP6+Xmeg6yJmQmaGCzBdFGUcmRdMA0IApSgwfW4KJYvZWRGKsMDE2pooNwVt8eZm0z+reZf3i/rzWuCviKMMRHMMpeHAFDbiFJrSAgIRneIU3J3NenHfnY95acoqZQ/gD5/MHVWCR6g==</latexit>

Ẑ�

parameterize forward drift
<latexit sha1_base64="QHoVYxzYVkuTKowu3uzMU6CwFIU=">AAAB73icbZDJSgNBEIZr3BLjFvUoymAQPIUZweUY8KKeIpgFkyH0dHqSJj09Y3eNEoa8hBcPinj1dbz5DD6EdpaDJv7Q8PH/VXRV+bHgGh3n05qbX1hcymSXcyura+sb+c2tqo4SRVmFRiJSdZ9oJrhkFeQoWD1WjIS+YDW/dz7Ma/dMaR7JG+zHzAtJR/KAU4LGqt+2mthlSFr5glN0RrJnwZ1AobT3/ZW5etgtt/IfzXZEk5BJpIJo3XCdGL2UKORUsEGumWgWE9ojHdYwKEnItJeO5h3YB8Zp20GkzJNoj9zfHSkJte6HvqkMCXb1dDY0/8saCQZnXsplnCCTdPxRkAgbI3u4vN3milEUfQOEKm5mtWmXKELRnChnjuBOrzwL1aOie1I8vnYLpUsYKws7sA+H4MIplOACylABCgIe4RlerDvryXq13salc9akZxv+yHr/AVbakzA=</latexit>

Z✓

<latexit sha1_base64="jTFbdWCXEvDh5/T+evubX32Y5vg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYnt+r1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDibKOjw==</latexit>µ0

o

Find a   non-linear drift   such that    and  .X0 ∼ μ0 X1 ∼ μ1

<latexit sha1_base64="bxbwBs/ahdMg7AHYNVTqfwE6qE4="></latexit>

dXt =
⇥
f + g2r log� (t,Xt)� g2r log ⇢ (t,Xt)

⇤
dt+ g dWt

<latexit sha1_base64="AZDBqsN874+JeIEqdWJSWxAjXsE="></latexit>

dXt = [f + g2r log� (t,Xt)]dt+ g dWt

ffËË

o
<latexit sha1_base64="XJDRvRYOOWbwknRKn+pDPj3K0Nk=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAiyeJ4JpAsoTZyWwyZGZ2mYcQlnyDFw+KePWDvPk3TpI9aGJBQ1HVTXdXnHGmje9/e6WV1bX1jfJmZWt7Z3evun/wqFOrCA1JylPVjrGmnEkaGmY4bWeKYhFz2opHN1O/9USVZql8MOOMRgIPJEsYwcZJYVfYXtCr1vy6PwNaJkFBalCg2at+dfspsYJKQzjWuhP4mYlyrAwjnE4qXatphskID2jHUYkF1VE+O3aCTpzSR0mqXEmDZurviRwLrccidp0Cm6Fe9Kbif17HmuQ6ypnMrKGSzBclliOTounnqM8UJYaPHcFEMXcrIkOsMDEun4oLIVh8eZk8ntWDy/rF/XmtcVfEUYYjOIZTCOAKGnALTQiBAINneIU3T3ov3rv3MW8tecXMIfyB9/kDizaOkA==</latexit>µ1

forward SDE

backward SDE

[De Bortoli+21, Vargas+21, Chen+22]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)
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Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]

s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset
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Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]

s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1
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Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]

s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

<latexit sha1_base64="sJ4i7Rs0cHpsp+dhkwVABNxMJZk="></latexit>

P2n+2
t  argmin

Pt

DKL

�
PtkP2n+1

t

�
s.t.

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

<latexit sha1_base64="sJ4i7Rs0cHpsp+dhkwVABNxMJZk="></latexit>

P2n+2
t  argmin

Pt

DKL

�
PtkP2n+1

t

�
s.t.

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

<latexit sha1_base64="sJ4i7Rs0cHpsp+dhkwVABNxMJZk="></latexit>

P2n+2
t  argmin

Pt

DKL

�
PtkP2n+1

t

�
s.t.

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

<latexit sha1_base64="sJ4i7Rs0cHpsp+dhkwVABNxMJZk="></latexit>

P2n+2
t  argmin

Pt

DKL

�
PtkP2n+1

t

�
s.t.

<latexit sha1_base64="CDn+FMxCYcDtsI/nLBK78hqHEoo=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW25/eqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AiDGOig==</latexit>µ0
<latexit sha1_base64="s9zJ628YNbXQjbFx2TVI76Kg7GQ=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94iuCaQLGF2MpsMmZld5iGEJd/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmlldW19o7xZ2dre2d2r7h886tQqQkOS8lS1Y6wpZ5KGhhlO25miWMSctuLRzdRvPVGlWSofzDijkcADyRJGsHFS2BW2F/SqNb/uz4CWSVCQGhRo9qpf3X5KrKDSEI617gR+ZqIcK8MIp5NK12qaYTLCA9pxVGJBdZTPjp2gE6f0UZIqV9Kgmfp7IsdC67GIXafAZqgXvan4n9exJrmOciYza6gk80WJ5cikaPo56jNFieFjRzBRzN2KyBArTIzLp+JCCBZfXiaPZ/Xgsn5xf15r3BVxlOEIjuEUAriCBtxCE0IgwOAZXuHNk96L9+59zFtLXjFzCH/gff4AibWOiw==</latexit>µ1

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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s.t.
<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1and
<latexit sha1_base64="zrH58dqZJGWpRk8IFqEhTddThv4="></latexit>

argmin
Pt

DKL (PtkQt)

<latexit sha1_base64="eSvdxzZRg9ziWgGguPAoBZd5eKk="></latexit>

P2n+1
t  argmin

Pt

DKL

�
PtkP2n

t

�
s.t.

<latexit sha1_base64="40nJ1YCuCa/JFT2oS55CnbdZwR4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoivjZCwY3uKtgHNCFMptN26EwSZiZCCQV/xY0LRdz6He78GydtFtp6YOBwzr3cMydMOFPacb6t0tLyyupaeb2ysbm1vWPv7rVUnEpCmyTmseyEWFHOItrUTHPaSSTFIuS0HY5ucr/9SKVicfSgxwn1BR5ErM8I1kYK7ANPYD0Mw6wxCRx0jTyRBk4lsKtOzZkCLRK3IFUo0AjsL68Xk1TQSBOOleq6TqL9DEvNCKeTipcqmmAywgPaNTTCgio/m8afoGOj9FA/luZFGk3V3xsZFkqNRWgm87Bq3svF/7xuqvtXfsaiJNU0IrND/ZQjHaO8C9RjkhLNx4ZgIpnJisgQS0y0aSwvwZ3/8iJpndbci9r5/Vm1flfUUYZDOIITcOES6nALDWgCgQye4RXerCfrxXq3PmajJavY2Yc/sD5/AGr4lIM=</latexit>P0 = µ0

<latexit sha1_base64="1AhHwiXrZ2WPuv+oMPXu3Y+uJfs=">AAACBnicbZDLSsNAFIZP6q3WW9SlCINFcFUS8bYRCm5014K9QBvDZDpph04uzEyEErpy46u4caGIW5/BnW/jpI2grT8M/HznHOac34s5k8qyvozCwuLS8kpxtbS2vrG5ZW7vNGWUCEIbJOKRaHtYUs5C2lBMcdqOBcWBx2nLG15l9dY9FZJF4a0axdQJcD9kPiNYaeSa+90Aq4HnpbWxq+4sdIl+QF0D1yxbFWsiNG/s3JQhV801P7u9iCQBDRXhWMqObcXKSbFQjHA6LnUTSWNMhrhPO9qGOKDSSSdnjNGhJj3kR0K/UKEJ/T2R4kDKUeDpzmxHOVvL4H+1TqL8CydlYZwoGpLpR37CkYpQlgnqMUGJ4iNtMBFM74rIAAtMlE6upEOwZ0+eN83jin1WOa2flKs3eRxF2IMDOAIbzqEK11CDBhB4gCd4gVfj0Xg23oz3aWvByGd24Y+Mj2+/15i0</latexit>

P0
t = Qtset

<latexit sha1_base64="E8dSTXbQITM3oYAM7k7y0kY9/ls=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiTiayMU3Oiugn1AU8JkOmmHziRhZiLUUPwVNy4Ucet/uPNvnLRZaOuBgcM593LPnCDhTGnH+bYWFpeWV1ZLa+X1jc2tbXtnt6niVBLaIDGPZTvAinIW0YZmmtN2IikWAaetYHid+60HKhWLo3s9SmhX4H7EQkawNpJv73sC60EQZPWx76Ir5InUd3274lSdCdA8cQtSgQJ13/7yejFJBY004VipjuskupthqRnhdFz2UkUTTIa4TzuGRlhQ1c0m6cfoyCg9FMbSvEijifp7I8NCqZEIzGSeVc16ufif10l1eNnNWJSkmkZkeihMOdIxyqtAPSYp0XxkCCaSmayIDLDERJvCyqYEd/bL86R5UnXPq2d3p5XabVFHCQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYzq6YBU7e/AH1ucPMsyUcQ==</latexit>P1 = µ1

<latexit sha1_base64="sJ4i7Rs0cHpsp+dhkwVABNxMJZk="></latexit>

P2n+2
t  argmin

Pt

DKL

�
PtkP2n+1

t

�
s.t.
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… estimators are based on Gaussian processes [Vargas+21], dual potentials [Finlay+2020],  
… or neural networks [De Bortoli+21, Chen+22]

Iterative proportional fitting (IPF) [Fortet49, Kullback68, Sinkhorn64]
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Figure 3: Cell differentiation trajectories based on (a) the ground truth and (b-d) learned drifts. SBALIGN is able to learn an
appropriate drift underlying the true differentiation process while respecting the alignment. (d) Using the learned drift from
SBALIGN as a reference process helps improve the drift learnt by other training methods.

disregards our prior knowledge on the alignment of parti-
cles, which is instead reliably reproduced by the dynamics
learned by SBALIGN (Fig. 2b).

One way of encoding this additional information on the
nature of the process is to modify Qt by introducing a clock-
wise radial drift, which describes the prior tangential veloc-
ity of particles moving circularly around the center. Solving
the classical SB with this updated reference process indeed
generates trajectories that respect most alignments (Fig. 2b),
but requires a hand-crafted expression of the drift that is
only possible in very simple cases.

T dataset. In most real-world applications, it is very dif-
ficult to define an appropriate reference process Qt, which
respects the known alignment without excessively distorting
the trajectories from a solution to (SB). This is already visi-
ble in simple examples like (Fig. 2d-f), in which the value
of good candidate prior drifts at a specific location needs
to vary wildly in time. In this dataset, P̂0 and P̂1 are both
bi-modal distributions, each supported on two of the four
extremes of an imaginary T-shaped area. We target align-
ments that connect the two arms of the T as well as the top
cloud with the bottom one. We succeed in learning them
with SBALIGN (Fig. 2e) but unsurprisingly fail when using
the baseline FBSB (Fig. 2d) with a Brownian motion prior.

In this case, however, attempts at designing a better refer-
ence drift for FBSB must take into account the additional
constraint that the horizontal and vertical particle trajectories
intersect (see Fig. 2e), i.e., they cross the same area at times
th and tv (with th > tv). This implies that the drift bt, which
initially point downwards (when t < tv), should swiftly turn

rightwards (for t > th). Setting imprecise values for one of
th and tv when defining custom reference drifts for classical
SBs would hence not lead to the desired result and, worse,
would actively disturb the flow of the other particle group.

As described in § 3.2, in presence of hard-to-capture require-
ments on the reference drift, the use of SBALIGN offers a
remarkably easy and efficient way of learning a parameter-
ization of it. For instance, when using the drift obtained by
SBALIGN as reference drift for the computation of the SB
baseline (FBSB), we find the desired alignments (Fig. 2f).

4.2 CELL DIFFERENTIATION

Biological processes are determined through heterogeneous
responses of single cells to external stimuli, i.e., devel-
opmental factors or drugs. Understanding and predicting
the dynamics of single cells subjected to a stimulus is
thus crucial to enhance our understanding of health and
disease and is the focus of this application. Most single-cell
high-throughput technologies are destructive assays —i.e.,
they destroy cells upon measurement— allowing us to
only measure unaligned snapshots of the evolving cell
population. Recent methods address this limitation by
proposing (lower-throughput) technologies that keep cells
alive after transcriptome profiling (Chen et al., 2022b) or
that genetically tag cells to obtain a clonal trace upon cell
division (Weinreb et al., 2020).

Dataset. To showcase SBALIGN’s ability to make use of
such (partial) alignments when inferring cell differentiation
processes, we take advantage of the genetic barcoding sys-
tem developed by Weinreb et al. (2020). With a focus on

cells on day 2
cells on day 4
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[Weinreb+20]

Results in [Somnath+23]
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Figure 3: Cell differentiation trajectories based on (a) the ground truth and (b-d) learned drifts. SBALIGN is able to learn an
appropriate drift underlying the true differentiation process while respecting the alignment. (d) Using the learned drift from
SBALIGN as a reference process helps improve the drift learnt by other training methods.

disregards our prior knowledge on the alignment of parti-
cles, which is instead reliably reproduced by the dynamics
learned by SBALIGN (Fig. 2b).

One way of encoding this additional information on the
nature of the process is to modify Qt by introducing a clock-
wise radial drift, which describes the prior tangential veloc-
ity of particles moving circularly around the center. Solving
the classical SB with this updated reference process indeed
generates trajectories that respect most alignments (Fig. 2b),
but requires a hand-crafted expression of the drift that is
only possible in very simple cases.

T dataset. In most real-world applications, it is very dif-
ficult to define an appropriate reference process Qt, which
respects the known alignment without excessively distorting
the trajectories from a solution to (SB). This is already visi-
ble in simple examples like (Fig. 2d-f), in which the value
of good candidate prior drifts at a specific location needs
to vary wildly in time. In this dataset, P̂0 and P̂1 are both
bi-modal distributions, each supported on two of the four
extremes of an imaginary T-shaped area. We target align-
ments that connect the two arms of the T as well as the top
cloud with the bottom one. We succeed in learning them
with SBALIGN (Fig. 2e) but unsurprisingly fail when using
the baseline FBSB (Fig. 2d) with a Brownian motion prior.

In this case, however, attempts at designing a better refer-
ence drift for FBSB must take into account the additional
constraint that the horizontal and vertical particle trajectories
intersect (see Fig. 2e), i.e., they cross the same area at times
th and tv (with th > tv). This implies that the drift bt, which
initially point downwards (when t < tv), should swiftly turn

rightwards (for t > th). Setting imprecise values for one of
th and tv when defining custom reference drifts for classical
SBs would hence not lead to the desired result and, worse,
would actively disturb the flow of the other particle group.

As described in § 3.2, in presence of hard-to-capture require-
ments on the reference drift, the use of SBALIGN offers a
remarkably easy and efficient way of learning a parameter-
ization of it. For instance, when using the drift obtained by
SBALIGN as reference drift for the computation of the SB
baseline (FBSB), we find the desired alignments (Fig. 2f).

4.2 CELL DIFFERENTIATION

Biological processes are determined through heterogeneous
responses of single cells to external stimuli, i.e., devel-
opmental factors or drugs. Understanding and predicting
the dynamics of single cells subjected to a stimulus is
thus crucial to enhance our understanding of health and
disease and is the focus of this application. Most single-cell
high-throughput technologies are destructive assays —i.e.,
they destroy cells upon measurement— allowing us to
only measure unaligned snapshots of the evolving cell
population. Recent methods address this limitation by
proposing (lower-throughput) technologies that keep cells
alive after transcriptome profiling (Chen et al., 2022b) or
that genetically tag cells to obtain a clonal trace upon cell
division (Weinreb et al., 2020).

Dataset. To showcase SBALIGN’s ability to make use of
such (partial) alignments when inferring cell differentiation
processes, we take advantage of the genetic barcoding sys-
tem developed by Weinreb et al. (2020). With a focus on

cells on day 2
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<latexit sha1_base64="2SH0GE6d+1/b/9n9gdyhLO/icdc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xd3g6xj04jGCeUCyhNnJbDJkdnaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecZxwP6IDJULBKFqphb3MO69OeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieONnQiUpcsXmi8JUEozJ9HfSF5ozlGNLKNPC3krYkGrK0CZUtCF4iy8vk2a14l1VLh8uyrXbPI4CHMMJnIEH11CDe6hDAxiM4Ble4c1JnBfn3fmYt644+cwR/IHz+QOt4Y8n</latexit>

t1/2

<latexit sha1_base64="72oNKbybjP1FCAzIrExVLH4geVg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSA/a8XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAI2I2m</latexit>

t1

<latexit sha1_base64="LbKNjKTDSOHyTrL/K2Weo1MJrGQ=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4Kon4WhbduKxgH9CEMJlO2qGTSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXOChDOlbfvbWlldW9/YrGxVt3d29/ZrB/WuilNJaIfEPJb9ACvKmaAdzTSn/URSHAWc9oLJbeH3HqlULBYPeppQL8IjwUJGsDaSX6u7Y6wzN8J6HARZO89926817KY9A1omTkkaUKLt177cYUzSiApNOFZq4NiJ9jIsNSOc5lU3VTTBZIJHdGCowBFVXjbLnqMTowxRGEvzhEYz9fdGhiOlplFgJouQatErxP+8QarDay9jIkk1FWR+KEw50jEqikBDJinRfGoIJpKZrIiMscREm7qqpgRn8cvLpHvWdC6bF/fnjdZNWUcFjuAYTsGBK2jBHbShAwSe4Ble4c3KrRfr3fqYj65Y5c4h/IH1+QNG6ZSb</latexit>

P̂0

<latexit sha1_base64="xSJaYYOavfNYMyowdB/f4gXGoKM=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4Kon4WhbduKxgH9CEMJlO2qGTSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXOChDOlbfvbWlldW9/YrGxVt3d29/ZrB/WuilNJaIfEPJb9ACvKmaAdzTSn/URSHAWc9oLJbeH3HqlULBYPeppQL8IjwUJGsDaSX6u7Y6wzN8J6HARZO899x6817KY9A1omTkkaUKLt177cYUzSiApNOFZq4NiJ9jIsNSOc5lU3VTTBZIJHdGCowBFVXjbLnqMTowxRGEvzhEYz9fdGhiOlplFgJouQatErxP+8QarDay9jIkk1FWR+KEw50jEqikBDJinRfGoIJpKZrIiMscREm7qqpgRn8cvLpHvWdC6bF/fnjdZNWUcFjuAYTsGBK2jBHbShAwSe4Ble4c3KrRfr3fqYj65Y5c4h/IH1+QNIbZSc</latexit>

P̂1

<latexit sha1_base64="X6GCxhALjmvqL8wfKTydhYdE8Hc=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbduKxgH9BOSybNtKGZzJBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTl+LLg2jvONlpZXVtfWCxvFza3tnd3S3n5DR4mirE4jEamWTzQTXLK64UawVqwYCX3Bmv7oJvObD0xpHsl7M46ZF5KB5AGnxFip2wmJGfpB+jTpOV3eK5WdijMFXiRuTsqQo9YrfXX6EU1CJg0VROu268TGS4kynAo2KXYSzWJCR2TA2pZKEjLtpdPUE3xslT4OImWfNHiq/t5ISaj1OPTtZJZSz3uZ+J/XTkxw5aVcxolhks4OBYnAJsJZBbjPFaNGjC0hVHGbFdMhUYQaW1TRluDOf3mRNE4r7kXl/O6sXL3O6yjAIRzBCbhwCVW4hRrUgYKCZ3iFN/SIXtA7+piNLqF85wD+AH3+AK21kqQ=</latexit>

xi
0

<latexit sha1_base64="c0Pn7vknU4mpsTQMov9LRefIMFU=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbduKxgH9BOSybNtKGZzJBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTl+LLg2jvONlpZXVtfWCxvFza3tnd3S3n5DR4mirE4jEamWTzQTXLK64UawVqwYCX3Bmv7oJvObD0xpHsl7M46ZF5KB5AGnxFip2wmJGfpB+jTpuV3eK5WdijMFXiRuTsqQo9YrfXX6EU1CJg0VROu268TGS4kynAo2KXYSzWJCR2TA2pZKEjLtpdPUE3xslT4OImWfNHiq/t5ISaj1OPTtZJZSz3uZ+J/XTkxw5aVcxolhks4OBYnAJsJZBbjPFaNGjC0hVHGbFdMhUYQaW1TRluDOf3mRNE4r7kXl/O6sXL3O6yjAIRzBCbhwCVW4hRrUgYKCZ3iFN/SIXtA7+piNLqF85wD+AH3+AK87kqU=</latexit>

xi
1

day 2 day 4

Fate determination in hematopoiesis [Weinreb+20]

[Somnath+23]Results in

undifferentiated 
cells
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Part 3

o

o

ffËË
o<latexit sha1_base64="zlDct7B4a2ly7yWFQDOTyk0Cn6c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSA/bcXrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAHVI2l</latexit>

t0

<latexit sha1_base64="2SH0GE6d+1/b/9n9gdyhLO/icdc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xd3g6xj04jGCeUCyhNnJbDJkdnaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecZxwP6IDJULBKFqphb3MO69OeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn83OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieONnQiUpcsXmi8JUEozJ9HfSF5ozlGNLKNPC3krYkGrK0CZUtCF4iy8vk2a14l1VLh8uyrXbPI4CHMMJnIEH11CDe6hDAxiM4Ble4c1JnBfn3fmYt644+cwR/IHz+QOt4Y8n</latexit>

t1/2

<latexit sha1_base64="72oNKbybjP1FCAzIrExVLH4geVg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSA/a8XrniVt0ZyDLxclKBHPVe+avbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5YqGnHjZ7NTJ+TEKn0SxtqWQjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvuZUEmKXLH5ojCVBGMy/Zv0heYM5dgSyrSwtxI2pJoytOmUbAje4svLpHlW9S6rF/fnldpNHkcRjuAYTsGDK6jBHdShAQwG8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAI2I2m</latexit>

t1

<latexit sha1_base64="LbKNjKTDSOHyTrL/K2Weo1MJrGQ=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4Kon4WhbduKxgH9CEMJlO2qGTSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXOChDOlbfvbWlldW9/YrGxVt3d29/ZrB/WuilNJaIfEPJb9ACvKmaAdzTSn/URSHAWc9oLJbeH3HqlULBYPeppQL8IjwUJGsDaSX6u7Y6wzN8J6HARZO89926817KY9A1omTkkaUKLt177cYUzSiApNOFZq4NiJ9jIsNSOc5lU3VTTBZIJHdGCowBFVXjbLnqMTowxRGEvzhEYz9fdGhiOlplFgJouQatErxP+8QarDay9jIkk1FWR+KEw50jEqikBDJinRfGoIJpKZrIiMscREm7qqpgRn8cvLpHvWdC6bF/fnjdZNWUcFjuAYTsGBK2jBHbShAwSe4Ble4c3KrRfr3fqYj65Y5c4h/IH1+QNG6ZSb</latexit>

P̂0

<latexit sha1_base64="xSJaYYOavfNYMyowdB/f4gXGoKM=">AAAB+3icbVDLSsNAFL3xWeur1qWbwSK4Kon4WhbduKxgH9CEMJlO2qGTSZiZiCXkV9y4UMStP+LOv3HSZqGtBwYO59zLPXOChDOlbfvbWlldW9/YrGxVt3d29/ZrB/WuilNJaIfEPJb9ACvKmaAdzTSn/URSHAWc9oLJbeH3HqlULBYPeppQL8IjwUJGsDaSX6u7Y6wzN8J6HARZO899x6817KY9A1omTkkaUKLt177cYUzSiApNOFZq4NiJ9jIsNSOc5lU3VTTBZIJHdGCowBFVXjbLnqMTowxRGEvzhEYz9fdGhiOlplFgJouQatErxP+8QarDay9jIkk1FWR+KEw50jEqikBDJinRfGoIJpKZrIiMscREm7qqpgRn8cvLpHvWdC6bF/fnjdZNWUcFjuAYTsGBK2jBHbShAwSe4Ble4c3KrRfr3fqYj65Y5c4h/IH1+QNIbZSc</latexit>

P̂1

<latexit sha1_base64="X6GCxhALjmvqL8wfKTydhYdE8Hc=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbduKxgH9BOSybNtKGZzJBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTl+LLg2jvONlpZXVtfWCxvFza3tnd3S3n5DR4mirE4jEamWTzQTXLK64UawVqwYCX3Bmv7oJvObD0xpHsl7M46ZF5KB5AGnxFip2wmJGfpB+jTpOV3eK5WdijMFXiRuTsqQo9YrfXX6EU1CJg0VROu268TGS4kynAo2KXYSzWJCR2TA2pZKEjLtpdPUE3xslT4OImWfNHiq/t5ISaj1OPTtZJZSz3uZ+J/XTkxw5aVcxolhks4OBYnAJsJZBbjPFaNGjC0hVHGbFdMhUYQaW1TRluDOf3mRNE4r7kXl/O6sXL3O6yjAIRzBCbhwCVW4hRrUgYKCZ3iFN/SIXtA7+piNLqF85wD+AH3+AK21kqQ=</latexit>

xi
0

<latexit sha1_base64="c0Pn7vknU4mpsTQMov9LRefIMFU=">AAAB9XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbduKxgH9BOSybNtKGZzJBk1DL0P9y4UMSt/+LOvzHTzkJbDwQO59zLPTl+LLg2jvONlpZXVtfWCxvFza3tnd3S3n5DR4mirE4jEamWTzQTXLK64UawVqwYCX3Bmv7oJvObD0xpHsl7M46ZF5KB5AGnxFip2wmJGfpB+jTpuV3eK5WdijMFXiRuTsqQo9YrfXX6EU1CJg0VROu268TGS4kynAo2KXYSzWJCR2TA2pZKEjLtpdPUE3xslT4OImWfNHiq/t5ISaj1OPTtZJZSz3uZ+J/XTkxw5aVcxolhks4OBYnAJsJZBbjPFaNGjC0hVHGbFdMhUYQaW1TRluDOf3mRNE4r7kXl/O6sXL3O6yjAIRzBCbhwCVW4hRrUgYKCZ3iFN/SIXtA7+piNLqF85wD+AH3+AK87kqU=</latexit>

xi
1

day 2 day 4

Fate determination in hematopoiesis [Weinreb+20]

[Somnath+23]Results in

undifferentiated 
cells

various cell types
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Applications 
• to mean-field games 
• in chemistry and physics, e.g., for transition path sampling
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Optimal Transport

SDEs

Control Theory

Schrödinger Bridges

Jordan-Kinderlehrer-Otto Flows
Gradient Flows

PDEs
Maps

Diffusion Models

Dynamical Systems

Coupling

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫

<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ
<latexit sha1_base64="RxEzSpmoFLnxKW4kFJO/3MRPfoI="></latexit>

P ?
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Optimal Transport

SDEs

Control Theory

Schrödinger Bridges

Jordan-Kinderlehrer-Otto Flows
Gradient Flows

PDEs
Maps

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫

<latexit sha1_base64="9W6W5mEAPHuoMKZo9Hi0v0h0Abk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfUvq7X7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBgTI3f</latexit>µ
<latexit sha1_base64="5LRMFu9/J9VsIAxTRRtPXtDFgzA=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xjw4jFCXpAsYXbSmwyZnV1neoWw5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNocljGetOwAxIoaCJAiV0Eg0sCiS0g/HdzG8/gTYiVg2cJOBHbKhEKDhDK3Ua/R6OAFm/VHYr7hx0lXg5KZMc9X7pqzeIeRqBQi6ZMV3PTdDPmEbBJUyLvdRAwviYDaFrqWIRGD+b3zul51YZ0DDWthTSufp7ImORMZMosJ0Rw5FZ9mbif143xfDWz4RKUgTFF4vCVFKM6ex5OhAaOMqJJYxrYW+lfMQ042gjKtoQvOWXV0mrWvGuK1cPl+VaNY+jQE7JGbkgHrkhNXJP6qRJOJHkmbySN+fReXHenY9F65qTz5yQP3A+fwAANY/p</latexit>

T✓

Diffusion Models

Dynamical Systems

Coupling

<latexit sha1_base64="ZdwZZRY4yltDKU6D4D7eibOERsM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00JNpv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBh0Y3g</latexit>⌫
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Recovering Stochastic Dynamics via Gaussian Schrödinger Bridges
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Abstract
We propose a new framework to reconstruct a
stochastic process {Pt : t 2 [0, T ]} using only
samples from its marginal distributions, observed
at start and end times 0 and T . This reconstruction
is useful to infer population dynamics, a crucial
challenge, e.g., when modeling the time-evolution
of cell populations from single-cell sequencing
data. Our general framework encompasses the
more specific Schrödinger bridge (SB) problem,
where Pt represents the evolution of a thermody-
namic system at almost equilibrium. Estimating
such bridges is notoriously difficult, motivating
our proposal for a novel adaptive scheme called
the GSBFLOW. Our goal is to rely on Gaussian
approximations of the data to provide the refer-
ence stochastic process needed to estimate SB.
To that end, we solve the SB problem with Gaus-
sian marginals, for which we provide, as a cen-
tral contribution, a closed-form solution and SDE-
representation. We use these formulas to define
the reference process used to estimate more com-
plex SBs, and show that this does indeed help
with its numerical solution. We obtain notable
improvements when reconstructing both synthetic
processes and single-cell genomics experiments.

1. Introduction

Problem formulation; major challenges. Let Pt be a
stochastic process on [0, T ] and let P̂0, P̂T be two empirical
distributions on Rd. The goal of this paper is to:

Find a “suitable” Pt such that P0 ' P̂0, PT ' P̂T . (?)

Such problems have recently attracted significant attention
in biology due to the advent of the single-cell RNA sequenc-
ing technique (Macosko et al., 2015), where P̂0 and P̂T

represent random samples of transcribed genes of a cell at
*Equal contribution 1Department of Computer Science, ETH
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P̂T

Figure 1. Solving the Schrödinger bridge (SB) problem between
P̂0 and P̂T is notoriously difficult, because it requires learning the
time-dependent drifts of two SDEs that should recover the desired
marginals, and a random initialization for these drifts is usually
extremely far from satisfying that constraint. We propose a data-
dependent procedure that relies first on Gaussian approximations
of the data measures, which provide a closed-form drift fN in (13)
(the Gaussian SB). We show this facilitates next the training of
forward/backward drift terms Ẑ✓

t , Ẑ
�
t .

time 0 and T . In this context, recovering the dynamics from
P̂0 to P̂T has extremely important scientific and biomedical
implications (Kulkarni et al., 2019), such as understanding
how and why tumor cells evade cancer therapies (Frangieh
et al., 2021) or cell development (Schiebinger et al., 2019).

As stated, the problem (?) is clearly ill-posed since we
need further assumptions to provide meaningful criteria for
the “suitability” of Pt. Unfortunately, in most applications,
notably biology, we often have little to no prior information
about the underlying process Pt (Liberali et al., 2014). To
address these challenges, we draw inspiration from recent
advances in a special case of (?): generative modeling.

Generative models and Schrödinger bridges. When
P̂T is a simple distribution, say N (0, I), our problem (?)
becomes the classical generative modeling task, which seeks
to transform a noise distribution P̂T into a complex data
distribution P̂0. Recently, score-based generative model
(SGM) (Sohl-Dickstein et al., 2015; Song and Ermon, 2019;
Song et al., 2021), have shown practical success for this task,
based on the key insight that it is easy to define a “reference
process” Qt that transforms any data distribution P̂0 into
(almost) N (0, I). With such a reference process, solving (?)
corresponds to inverting Qt in time, for which many training
procedures have been proposed (Song et al., 2021). Very
recently, Chen et al. (2021a) and De Bortoli et al. (2021b)

Brownian bridge
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