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Motivation

 Stationary kernel k(7) is a class of kernel defined as the function of the difference T = x; — x, between inputs x; and x,.
* The stationary kernel has a theoretical background called Bochner’s theorem that explains the construction of stationary kernel.

Bochner’s theorem
Let k(7) be a complex-valued function defined on t € R?.
If k(1) is the covariance function of weakly stationary process, k(7) can be represented as

; T
k(1) =.[612”S T p(s) ds
stationary spectral

kernel density
where p(s) denotes the spectral density defined on frequency domain s € R% .

* This theorem implies that any stationary kernel k(7) can be quantified by specifying the spectral density p(s).

2
For example, the RBF kernel krgr(7) = exp (—% (2—71”) ) is specified by setting p(s) = N(s; 0, 2]).

« Wilson et al. devised a spectral mixture (SM) kernel kgy (T) which can approximate any stationary kernel.
They quantified the spectral density p(s) as a weighted Gaussian mixture density as follows:

spectral density: p(s) = Zg=1 Wy Pq(S; g, 02) where py(s;ug,02) = %(N(s; ug, Diag(o2) + N(—s; ug, Diag(aj))

i Q

stationary kernel : ksy(7) = X7_; wg exp (—% (21)? TTDiag(O'(;)T) COS 27T g T .
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Motivation

* For the given stationary process with its kernel k.., () and spectral density p;,,.(s),
the weighted Gaussian mixture density p(s) can model the true spectral density p;.,.(s) as shown below figure.

ktrue(T) > ptrue(s) ptrue(s) ~ pSM(S) «—> kSM(T)

A /

* For modeling the real dataset, SM kernel has shown great prediction performance on extrapolation task as well.
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Methodology

* However, employing the SM kernel has some limitations due to training:

v" Training lots of hyperparameters {Wq, Uq» ag}jzl could induce a over-fitting.

v Training lots of hyperparameters {Wq, Ug» 03}2_1 requires a longer training time and large memory (automatic differentiation), especially for large-scale dataset.

* In this work, we propose the approximate inference for SM kernel (RFF + Sampling-based VI) to alleviate the mentioned issue.
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Stepl. Define the distribution of M spectral points, with M = Zgzlmq, which is used as variational distribution.
Step2. Construct the approximate SM kernel by using the random spectral points sampled from its distribution.
Step3. Optimize the parameters of M spectral points distribution by using the ELBO estimator flj as training loss.

*  The proposed inference is scalable because it uses Kgy (X, X) instead of Ky (X, X),
* The proposed inference could relaxes overfitting because it uses I?SM(X, X) having randomness and KL term as regulaizer.
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Special methods

Special method 1. weighted sampling

Special method 2. approximate natural gradient




Special method 1: weighted sampling

Questions. Can we make the ELBO estimator ﬁj(G) stable during training ?

Suggestions. We analyze the ELBO estimator error /3](@)) (Proposition 2), and propose the weighted sampling (Proposition 3).

*  We first bound the ELBO estimator error, i.e., logp(Y|X) — ﬁ] via terms of spectral norm E [”KSM(X, X) — ESM(X, X)||2].
* Toreduce the ELBO estimator error, we should reduce E [”KSM(X, X) — Kgm(X, X)||2], which requires large M = Zgzlmq spectral points.

Proposition 2. The error of ELBO estimator Lyin Eq. (3.8) is bounded as

Y3 + No?

254
207

0 < logp(Y|X) L; < ( )E[fo}.;_\l Kaum o] + KL(q(5)|[p(5))

where E[|| Ksn — Ksw||,] is integrated over the spectral point § with q(3).

*  For the fixed M = Zgzlmq spectral points, we focus on reducing E [||KSM(X,X) - I?SM(X,X)HZJ by allocating {mq}2=1 spectral points .

Proposition 3. Given inputs X={x,}2_,, let m, be the number of spectral points sampled from N (j,, d;’), and
M= Zq? | Mg be the total number of spectral points. Let p,= % be the ratio of spectral points. Then, the optimal

pi,-Pp =argmin, E[HKHM Kswm|| ] is given

/2

1
N '

2 Wq [Zz 1 Zi<j .(]q(-ri — ;Tj)]
Pg = 172

) N /4
Zf,e 1 Wy [Z: 1 Zi<j 9q(Ti — -"Ai)}

where g,(T)=1+k,/( ‘27)421.‘;-;(7') and k(1) denotes the q-th component term in SM kernel related to {1, (7;’ 3

*
[*

The optimal spectral point m;, is obtained as the integer closest to max{1, Mp; }.
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Special method 2: approximate natural gradient update

Questions. Can we reduce the training time taken for obtaining the hyperparameters?

Suggestions. We propose the approximate natural gradient (Proposition 4), to expedite the convergence of parameter inference.

* For the probability density pg (z) parameterized by 8, the natural gradient is defined via KL divergence.

VeL(0) = arg min L(6+ AB).
{AO;KL(pa lpo+ae)=€}

* The natural gradient can be understood as the second order optimization using Fisher Information matrix Fg = E,,)[Vg logpg(2) Vg logpy (2)7]

VoL(0) = argmin £(0) + Vo L(0)T A0 + ;\AE)TFBAQ,
A8

* We propose the approximate natural gradient to make the Kernel Gram matrix remain P.S.D and numerically stable during training.

oy t t . T D . . % K A
Proposition 4. Let ,ué ) and 0((1 ) be the t-th iterated parameters of N (fiq, aj) which is q-th component distribution
for q(8). The natural gradient of Lj w.rt jiqy and o4 in log domain, i.e. Vg “qE,] and Vo (,qﬁ_], can be

approximated as

q

7 ; o ; :
vloo Iy E.] ~ > o vlog/l ‘C.l

for

Vieg ff«;[’N‘ < 1 in element-wise sense.

2
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o | © Vieg ,I,ICN < 1l and
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Experiments

°
Quantitative result
RMSE MNLL RMSE (topi1-5 MNLL (Top 1-5)

M=28(Q=T7T,m=4)
Baseline (MLE-2) 61.85+2251 5H.066x040  26.88+199 163 + 002
SV5S 04.38+2230  H.53zo020  34.11+1.s 1.92 + 0.04
SVSS5-Ws 54.00+1155 5622031 28.62+1.102 1.92 + 003
M=28(Q=28m=1)
SV5S 101.04 +1333 5852005 TBT2+6m 5.72+0m
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Qualitative results
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Prediction on test set

We conduct a regression task on airline dataset to validate that weighted sampling improves the approximate inference.
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We conduct an ablation study via regression task on UCI set to validate the effectiveness of the tricks used in the inference.

# SS -4 SS+RP - SVSS SVSS Ng VSS Ws  =§= SVSS WsNg B SVSS Exact SVSS Ng Exact SVSS Ws Exact B SVSS WsNg Exact
e de= lea—1
1 A | P 1.2 |8 &
50 [+ -0.4 .
8 \
" L D Y
J . —0.6 .\ £
\ - \
\ . = -0.8 W Ow
7 \ £ b E .\ "
e . e 7 L n 2 -1.0 N -
Y ).7 N ' z @ =
1.2¢ 3 e — _’ \- -1 ~
+ 0.6 Sl [ |
1.00 A_._‘i 05 R | S 1 ot - " 14 \\'>l~.
0.75 e ¢ NP e
> 0. Li -1.6
18 30 60 90 120 150 180 240 8 30 60 90 120 0 18 30 60 90 120 150 180 240 18 30 60 90 120 150 180 p
# spectral points (M=Q x m, Q=6) # spectral points (M=Q x m, Q=6) # spectral points (M=0Q x m, Q=6) # spectral points (M=0Q x m, Q=6)

(a) prediction by the approximate kernel 1;'_\'_\ 1

SYSTEM INTELLIGENCE LAB

(b) prediction by the exact kernel Ksas

240




Details

*  Further details are explained our paper.
* Ifyou are interested in our work, please check our paper!

Efficient Approximate Inference for Stationary Kernel on Frequency Domain

Yohan Jung'! Kyungwoo Song” Jinkyoo Park '
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Abstract

Based on the Fourier duality between a station-
ary kernel and its spectral density, modeling the
spectral density using a Gaussian mixture density
enables one to construct a flexible kernel, known
as a Spectral Mixture kernel, that can model any
stationary kernel. However, despite its expressive
power, training this kernel is typically difficult
because scalability and overfitting issues often
arise due to a large number of training parameters.
To resolve these issues, we propose an approxi-
mate inference method for estimating the Spectral
mixture kernel hyperparameters. Specifically, we
approximate this kernel by using the finite random
spectral points based on Random Fourier Feature
and optimize the parameters for the distribution of
spectral points by sampling-based variational in-
ference. To improve this inference procedure, we
analyze the training loss and propose two special
methods: a sampling method of spectral points to
reduce the error of the approximate kernel in train-
ing, and an approximate natural gradient to accel-

stationary kernel k(x; — xs) for inputs x; and x5 can be
expressed by an inverse Fourier transform of its spectral
density p(s) as

k(r) — 22) = /:':”"‘""T{“”_‘”E)p(.e)ris. (1)

For example, the RBF kernel, which is defined as k(ml

N 8o 1 2z, . e -
z5) = exp( %H M | ), is obtained when specifying

p(s) = N(s;0,1721) with RBF hyperparameter / in Eq. (1).
Based on the Fourier duality, selecting a specific kernel
is equivalent to modeling the form of p(s). If the model
assumption for the spectral density is not flexible enough
to express the spectral density of the true kernel, the GP
model with the induced kernel may not explain the dataset
well. Thus, a flexible model for p(s) is necessary in order
to find a stationary kernel that can describe the dataset well.

As an attempt to construct a flexible kernel, Wilson &
Adams (2013) represent p(s) as a Gaussian mixture den-
sity Z? l'.i;.'qﬁ-"(.n;:pq.diag(ag):}. where p, € RP and
diag(a7) € RP*D are the mean and the diagonal covari-
ance matrix, respectively. The Gaussian mixture density

B A I A T - PR TG [ EPRPAE PSR I e e e




Appendix: Intuition of Kernel Approximation

We reconsider that the SM kernel can be represented as

kg (1) = 23=1 W, [et2m STqu (s; g Diag(ag)) ds
g—th integral

where g-th spectral density is defined as p, (S; g Diag(oﬁ)) = %(N(s; g Diag(oﬁ) + N(=Ss; g, Diag(oﬁ)).

* This implies that if we approximate g th integral term, then we can approximate SM kernel.

N .
* For approximating each g-th integral, we can use monte-carlo integration that needs N, spectral points {Sq'i}i—ql ~ N(lg, Dlag(aé)) as

j i2r sT "Dq (s uq,Dlag(Gq N Z cos Znsg’lr 2 ¢q (xl,{sql}iv 1) ¢q(x2;{5q1}NQ)

q—th iﬁtegral

N .
where ¢, (x; {Sq,i}iqu) \/_ cos 2msy 1, Sin 2msy 4 .., COS 27ts§,Nq ,sin ZNSZ’Nq] € RNgx1

N
This implies that if we assign the randomness on finites spectral points {Sq l} 7 we can generate the random estimator

to approximate SM kernel.
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Appendix: Step 1. Define the distribution of spectral points

Based on this intuition, for g-th mixture component, we define the distribution of N spectral points q (sq,l, ey Sq,Nq)

having shared parameters {,uq, Diag(aj)}, as
N
— q . : 2
q (Sq,l' - -'Sq,Nq) = I1;2; N(sqis Mg Dlag(aq )
* Then, we construct the random estimator qbq such that

N 1 N,
. A ) A - T i T T i T i N
qbq (x, {Sq’l}i=1) = [cos Znqu ,Sin 27t5q,1 ,..,COS 2nsq,Nq ,Sin Znsq,Nq] with {S‘I"}i=1 q (sq‘l, ..,sq‘Nq)

* For Q mixture components, we define the distribution of M spectral points as

o N .
q(®) = M- 11,7, N(sq,i 5 g, Diag(a?))

q—th coﬁzponent

s — — v
where §=( s11,..,S1,n, - 150,10+ 1 SQNg )and M =3/, m,.
_«_/ "
1-th component Q—-th component
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Then, we can define SM kernel random estimator ¢ (x) using M spectral points as follows:

Ny Ng
dsm (%) = |JW1 ¢4 (x; {Slli}i=1) /W D1 (x; {SQ’i}i=1)] € RIxXM
1—-th component Q—th component




Appendix: Step 2. Approximate SM Kernel

» Using the defined random estimator ¢ (x), we can approximate the SM kernel in unbiased manner:

ksm(x1 — x2) = Ege)[Psm ()" psm(x2)] = psm (1) psm(x2)

*  Forthe dataset X = {x,,})_,, we can define random feature matrix @M (X) satisfying E[® sy (X)T Py (X)] = Ksy (X, X) € RNV,
OM(X) = [psm(x1); .., Psm(xy)] € RN *2M

 To answer the provable guarantee for the SM kernel approximation, we present the error bound of ® gy (X)T Py (X) as follows:

Lwg=1

Proposition 1. Let W, = ‘ll’.,."'l"&_":‘} :r'ﬁ and M = ()my under the assumption m, = .. = mg. Then, for a small

£ = 1), the error bound for the estimator I-:I.-H}I[[..){. X) = oSM(XN)SM(X)T is obtained as

—3e2 M )

P-( Ken(X, X) — Ksp(X, X)), > )'-::-k' ( — — —
o [[Ksm(X, X) — Ksu(X, X, 2 ¢ PANWLQ (6] K (X, X, + BNWoy/Q + 8¢)

where || - ||, denotes the matrix spectral norm. |

* Roughly speaking, as more spectral points (large M = 23_1 N,) are sampled, its kernel matrix approximation error is likely to be small.
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Appendix: Step 3. Compute the ELBO estimator and update the parameters

e For training, we use the ELBO estimator fI(G)), with 0 = {Wq, Ug» aj}jzl, which uses the distribution of spectral points q(3)

as variational distribution

logp(Y[X) > [ log (pmx, $q(3) (%)) ds

1 . . ) A A . ' j .
=~ 72§=110gp(Y|X, s(j)) — KL(q(s)Hp(s)) 2 L;(0) $ijy = (51(,]1)'--'5(51,1)\/(2) ~ q(3)

regulaizer

logmarg. lik estimator
) . . o )
where logp(Y|X,5;)) =logN(Y; R (X, X) + a21) and R (X, X) = Osm(X;5¢) Psm(X;5()

KL(g®|[p®)) = Zgzl KL (N(sq'l;,uq,0§)||N(sq'1;,uq0'050)) with q(8): N(sg1; g, 02) and p(3): N(s,1; 1g,, 02,)

* The q(3) denotes the variational distribution of spectral points, which is defined in Step 1.
* The p(3) denotes the prior distribution of g(§) having the same form with q(3).

e The parameters {,uqo',az ¢

d0J g1 of p(§) are initialized by using the empirical spectral density of dataset or inductive bias of the task.
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