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2

Bochner’s theorem
Let  𝑘 𝜏 be a complex-valued function defined on 𝜏 ∈ 𝑅𝑑. 
If 𝑘 𝜏 is the covariance function of weakly stationary process, 𝑘 𝜏 can be represented as 

ถ𝑘 𝜏
stationary

kernel

= න𝑒𝑖2𝜋 𝑠𝑇𝜏 ถ𝑝 𝑠
spectral
density

𝑑𝑠

where 𝑝 𝑠 denotes the spectral density defined on frequency domain 𝑠 ∈ 𝑅𝑑 .

• Stationary kernel 𝑘 𝜏 is a class of kernel defined as the function of the difference 𝜏 = 𝑥1 − 𝑥2 between inputs 𝑥1 and 𝑥2.

• The stationary kernel has a theoretical background called Bochner’s theorem that explains the construction of stationary kernel.

• This theorem implies that any stationary kernel 𝑘 𝜏 can be quantified by specifying the spectral density 𝑝 𝑠 .

For example, the RBF kernel 𝑘RBF 𝜏 = exp −
1

2

2𝜋𝜏

𝑙

2
is specified by setting  𝑝 𝑠 = 𝑁(𝑠; 0, 𝑙2𝐼).

• Wilson  et al. devised a spectral mixture (SM) kernel 𝑘SM 𝜏 which can approximate any stationary kernel.
They quantified the spectral density 𝑝 𝑠 as a weighted Gaussian mixture density as follows:

𝑝 𝑠 = σ𝑞=1
𝑄

𝑤𝑞 𝑝𝑞(𝑠; 𝜇𝑞, 𝜎𝑞
2) where  𝑝𝑞 𝑠; 𝜇𝑞, 𝜎𝑞

2 =
1

2
𝑁(𝑠; 𝜇𝑞, Diag 𝜎𝑞

2 + 𝑁(−𝑠; 𝜇𝑞 , Diag 𝜎𝑞
2spectral density : 

𝑘SM(𝜏) = σ𝑞=1
𝑄

𝑤𝑞 exp −
1

2
2𝜋 2 𝜏𝑇Diag 𝜎𝑞

2 𝜏 cos 2𝜋 𝜇𝑞
𝑇𝜏 .stationary kernel : 
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𝑘true 𝜏 𝑝true 𝑠 𝑝true 𝑠 𝑝SM 𝑠 𝑘SM(𝜏)

• For the given stationary process with its kernel 𝑘true 𝜏 and spectral density 𝑝true 𝑠 ,
the weighted Gaussian mixture density 𝑝 𝑠 can model the true spectral density 𝑝true 𝑠 as shown below figure.

≈

• For modeling the real dataset, SM kernel has shown great prediction performance on extrapolation task as well.

Reference : Covariance Kernels for Fast Automatic Pattern Discovery and Extrapolation with Gaussian Processes - AG Wilson
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• In this work, we propose the approximate inference for SM kernel (RFF + Sampling-based VI)  to alleviate the mentioned issue.

• However, employing the SM kernel has some limitations due to training:

 Training lots of hyperparameters 𝑤𝑞 , 𝜇𝑞 , 𝜎𝑞
2
𝑞=1

𝑄
could induce a over-fitting.

 Training lots of hyperparameters 𝑤𝑞 , 𝜇𝑞 , 𝜎𝑞
2
𝑞=1

𝑄
requires a longer training time and large memory (automatic differentiation), especially for large-scale dataset.

ǁ𝑠 = 𝑠1,1, … , 𝑠1,𝑚1
∗ ∪ 𝑠2,1, … , 𝑠2,𝑚2

∗ ∪ 𝑠3,1, … , 𝑠3,𝑚3
∗

𝑁(𝜇1, 𝜎1
2) 𝑁(𝜇2, 𝜎2

2) 𝑁(𝜇3, 𝜎3
2)

~ ~~

𝑞 ෤𝑠 =ෑ

𝑞=1

𝑄

ෑ

𝑖=1

𝒎𝒒
∗

𝑁 𝑠𝑞,𝑖; 𝜇𝑞 , 𝜎𝑞
2

𝑘𝑆𝑀 𝑥 − 𝑦 ≈ 𝜙𝑆𝑀 𝑥, ǁ𝑠 𝜙𝑆𝑀 𝑦, ǁ𝑠 𝑇

|𝒙 − 𝒚|

𝜙𝑆𝑀 𝑥, ǁ𝑠 𝜙𝑆𝑀 𝑦, ǁ𝑠 𝑇

𝒌𝑆𝑀 𝒙 − 𝒚

SM kernel Approximation

by the feature map 𝜙𝑆𝑀

መℒ𝐽 =
1

𝐽
෍

𝑗=1

𝐽

log 𝑝 𝑌|𝑋, ǁ𝑠(𝑗) − KL 𝑞 ǁ𝑠 ||𝑝( ǁ𝑠)

Maximize the ELBO estimator መℒ𝐽

w.r.t  𝒘𝒒, 𝝁𝒒, 𝝈𝒒
𝟐
𝒒=𝟏

𝑸
and 𝝈𝝐

𝟐

Variational parameters update by the approximate natural gradient
෨𝛻log 𝜇𝑞

መℒ𝐽
෨𝛻log 𝜎𝑞

መℒ𝐽

Step1.  Define the distribution of 𝑀 spectral points, with 𝑀 = σ𝑞=1
𝑄 𝑚𝑞, which is used as variational distribution.

Step2.  Construct the approximate SM kernel by using the random spectral points sampled from its distribution.

Step3. Optimize the parameters of 𝑀 spectral points distribution by using the ELBO estimator መℒ𝐽 as training loss.

• The proposed inference is scalable because it uses ෡𝐾SM 𝑋, 𝑋 instead of 𝐾SM 𝑋, 𝑋 ,     

• The proposed inference could relaxes overfitting because  it uses ෡𝐾SM 𝑋, 𝑋 having randomness and KL term as regulaizer. 
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Special methods 

Special method 1. weighted sampling

Special method 2. approximate natural gradient 
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Can we make the ELBO estimator መℒ𝐽 Θ stable during training ?   Questions.

We analyze the ELBO estimator error መℒ𝐽 Θ (Proposition 2), and propose the weighted sampling (Proposition 3).Suggestions.

• For the fixed 𝑀 = σ𝑞=1
𝑄 𝑚𝑞 spectral points, we focus on reducing E 𝐾SM 𝑋, 𝑋 − ෡𝐾SM 𝑋, 𝑋

2
by allocating  𝑚𝑞 𝑞=1

𝑄
spectral points .

• We first bound the ELBO estimator error, i.e. , log 𝑝 𝑌|𝑋 − መℒ𝐽 via terms of spectral norm E 𝐾SM 𝑋, 𝑋 − ෡𝐾SM 𝑋, 𝑋
2

.

• To reduce the ELBO estimator error,  we should reduce E 𝐾SM 𝑋, 𝑋 − ෡𝐾SM 𝑋, 𝑋
2

, which requires  large  𝑀 = σ𝑞=1
𝑄

𝑚𝑞 spectral points.
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Can we reduce the training time taken for obtaining the hyperparameters?Questions.

We propose the approximate natural gradient (Proposition 4), to expedite the convergence of parameter inference.Suggestions.

• We propose the approximate natural gradient to make the Kernel Gram matrix remain P.S.D and numerically stable during  training. 

• For the probability density 𝑝𝜃(𝑧) parameterized by 𝜃, the natural gradient is defined via KL divergence.

• The natural gradient can be understood as the second order optimization using Fisher Information matrix  𝐹𝜃 = E𝑝𝜃(𝑧) 𝛻𝜃 log 𝑝𝜃(𝑧) 𝛻𝜃 log𝑝𝜃 𝑧 𝑇
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• We conduct a regression task on airline dataset to validate that weighted sampling improves the approximate inference.

Qualitative resultsQuantitative result

Prediction on test set 

• We conduct an ablation study  via regression task on UCI set to validate the effectiveness of the tricks used in the inference.
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• Further details are explained our paper.
• If you are interested in our work, please check our paper!

Details
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• We reconsider that  the SM kernel  can be represented as

𝑘SM 𝜏 = σ𝑞=1
𝑄

𝑤𝑞 𝑒𝑖2𝜋׬ 𝑠
𝑇𝜏𝑝𝑞 𝑠; 𝜇𝑞, Diag 𝜎𝑞

2 𝑑𝑠

𝑞−th integral

where 𝑞-th spectral density is defined as  𝑝𝑞 𝑠;𝜇𝑞, Diag 𝜎𝑞
2 =

1

2
𝑁(𝑠; 𝜇𝑞,Diag 𝜎𝑞

2 +𝑁(−𝑠; 𝜇𝑞,Diag 𝜎𝑞
2 .  

න𝑒𝑖2𝜋 𝑠𝑇𝜏𝑝𝑞 𝑠; 𝜇𝑞,Diag 𝜎𝑞
2 𝑑𝑠

𝑞−𝑡ℎ 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙

≅
1

𝑁𝑞
෍

𝑖=1

𝑁𝑞
cos 2𝜋𝑠𝑞,1

𝑇 𝜏 ≜ 𝜙𝑞 𝑥1; 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
𝑇
𝜙𝑞(𝑥2; 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
)

where  𝜙𝑞 𝑥; 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
≜

1

𝑁𝑞
cos 2𝜋𝑠𝑞,1

𝑇 , sin 2𝜋𝑠𝑞,1
𝑇 , . . , cos 2𝜋𝑠𝑞,𝑁𝑞

𝑇 , sin 2𝜋𝑠𝑞,𝑁𝑞
𝑇 ∈ 𝑅𝑁𝑞×1

• For approximating each 𝑞-th integral, we can use monte-carlo integration that needs 𝑁𝑞 spectral points 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
∼ 𝑁(𝜇𝑞, Diag 𝜎𝑞

2 ) as

• This implies that if we assign the randomness on finites spectral points 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
, we can generate the random estimator 

to approximate SM kernel.   

• This implies that if we approximate 𝑞 th integral term, then we can approximate SM kernel.



Appendix:  Step 1. Define the distribution of spectral points
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𝑞 𝑠𝑞,1, . . , 𝑠𝑞,𝑁𝑞 = ς
𝑖=1

𝑁𝑞
𝑁(𝑠𝑞,𝑖 ; 𝜇𝑞 , Diag 𝜎𝑞

2 )

• Based on this intuition, for 𝑞-th mixture component, we define the distribution of 𝑁𝑞 spectral points 𝑞 𝑠𝑞,1, . . , 𝑠𝑞,𝑁𝑞
having shared parameters 𝜇𝑞 , Diag 𝜎𝑞

2 ,  as

• Then, we construct the random estimator 𝜙𝑞 such that

𝜙𝑞 𝑥; 𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
≜

1

𝑁𝑞
cos 2𝜋𝑠𝑞,1

𝑇 , sin 2𝜋𝑠𝑞,1
𝑇 , . . , cos 2𝜋𝑠𝑞,𝑁𝑞

𝑇 , sin 2𝜋𝑠𝑞,𝑁𝑞
𝑇 with  𝑠𝑞,𝑖 𝑖=1

𝑁𝑞
∼ 𝑞 𝑠𝑞,1, . . , 𝑠𝑞,𝑁𝑞

• For 𝑄 mixture components,  we define the distribution of 𝑀 spectral points as

𝜙SM 𝑥 = 𝑤1 𝜙1 𝑥; 𝑠1,𝑖 𝑖=1

𝑁1

1−𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

. . . , 𝑤𝑄 𝜙1 𝑥; 𝑠𝑄,𝑖 𝑖=1

𝑁𝑄

𝑄−𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

∈ 𝑅1×𝑀 .

𝑞 ǁ𝑠 = ς𝑞=1
𝑄 ς

𝑖=1

𝑁𝑞 𝑁(𝑠𝑞,𝑖 ; 𝜇𝑞 , Diag 𝜎𝑞
2 )

𝑞−𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

• Then, we can define SM kernel random estimator 𝝓𝑺𝑴 𝒙 using 𝑀 spectral points  as follows:

where  ǁ𝑠 = ( 𝑠1,1, . . , 𝑠1,𝑁1
1−𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

, … , 𝑠𝑄,1, . . , 𝑠𝑄,𝑁𝑄
𝑄−𝑡ℎ 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡

) and  𝑀 = σ𝑞=1
𝑄

𝑚𝑞. 



Appendix:  Step 2. Approximate SM Kernel

12

• Using the defined random estimator 𝝓𝑺𝑴 𝒙 , we can approximate the SM kernel in unbiased manner:

𝑘SM 𝑥1 − 𝑥2 = E𝑞(෥𝑠 ) 𝜙SM 𝑥1
𝑇𝜙SM 𝑥2 ≅ 𝜙SM 𝑥1

𝑇𝜙SM 𝑥2

ΦSM 𝑋 = 𝜙SM 𝑥1 ; . . , 𝜙SM 𝑥𝑁 ∈ 𝑅𝑁 ×2𝑀

• For the dataset 𝑋 = 𝑥𝑛 𝑛=1
𝑁 , we can define random feature matrix ΦSM 𝑋 satisfying Ε ΦSM 𝑋 𝑇ΦSM 𝑋 = 𝐾SM 𝑋, 𝑋 ∈ 𝑅𝑁×𝑁.

• To answer the provable guarantee for the SM kernel approximation, we present the error bound of ΦSM 𝑋 𝑇ΦSM 𝑋 as follows:   

• Roughly speaking, as more spectral points (large 𝑀 = σ𝑞−1
𝑄

𝑁𝑞) are sampled, its kernel matrix approximation error is likely to be small.



Appendix:  Step 3. Compute the ELBO estimator and update the parameters 
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log 𝑝 𝑌|𝑋 ≥ ׬ log 𝑝 𝑌|𝑋, ǁ𝑠 𝑞 ǁ𝑠
𝑝 ǁ𝑠

𝑞 ǁ𝑠
𝑑 ǁ𝑠

≅
1

𝐽
σ𝑗=1
𝐽

log 𝑝 𝑌|𝑋, ǁ𝑠 𝑗

logmarg. lik estimator

− KL 𝑞 ǁ𝑠 ||𝑝 ǁ𝑠

regulaizer

≜ መℒ𝐽 Θ ǁ𝑠(𝑗) = (𝑠1,1
(𝑗)
, . . , 𝑠𝑄,𝑁𝑄

(𝑗)
) ∼ 𝑞 ǁ𝑠

where  log 𝑝 𝑌|𝑋, ǁ𝑠(𝑗) = log𝑁(𝑌; ෡𝐾SM
𝑗
𝑋, 𝑋 + 𝜎𝜖

2𝐼) and        ෡𝐾SM
𝑗
𝑋, 𝑋 = ΦSM 𝑋; ǁ𝑠(𝑗)

𝑇
ΦSM 𝑋; ǁ𝑠(𝑗)

KL 𝑞 ǁ𝑠 ||𝑝 ǁ𝑠 = σ𝑞=1
𝑄

KL 𝑁 𝑠𝑞,1; 𝜇𝑞 , 𝜎𝑞
2 ||𝑁 𝑠𝑞,1; 𝜇𝑞0,𝜎𝑞0

2 with 𝑞 ǁ𝑠 : 𝑁 𝑠𝑞,1; 𝜇𝑞 , 𝜎𝑞
2 and  𝑝 ǁ𝑠 : 𝑁 𝑠𝑞,1; 𝜇𝑞0,, 𝜎𝑞0

2

• For training, we use the ELBO estimator መℒ Θ , with Θ = 𝑤𝑞 , 𝜇𝑞,𝜎𝑞
2

𝑞=1

𝑄
, which uses the distribution of spectral points 𝑞 ǁ𝑠

as variational distribution

• The 𝑞 ǁ𝑠 denotes the variational distribution of spectral points, which is defined in Step 1. 
• The 𝑝 ǁ𝑠 denotes the prior distribution of 𝑞 ǁ𝑠 having the same form with 𝑞 ǁ𝑠 .

• The parameters 𝜇𝑞0,, 𝜎𝑞0
2

𝑞=1

𝑄
of 𝑝 ǁ𝑠 are initialized by using the empirical spectral density of dataset or inductive bias of the task.


