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What mathematical foundations lead to such a theory?
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NTK regression as a testbed for theories

NN-induced linear regression (ResNet NTK features on image data):
• Achieves comparable performance to NNs

• Exhibits many of the same empirical phenomena
• Power-law scaling; effect of pretraining



Empirical obstructions for classical theories

Norm-based generalization bounds: predict 
wrong sign as N increases!



Empirical obstructions for classical theories

Norm-based generalization bounds: predict 
wrong sign as N increases!



Empirical obstructions for classical theories

Norm-based generalization bounds: predict 
wrong sign as N increases!

Spectral generalization bounds: randomly 
initialized to pretrained representations 
→ increased effective dimension!



Empirical obstructions for classical theories

Norm-based generalization bounds: predict 
wrong sign as N increases!

Spectral generalization bounds: randomly 
initialized to pretrained representations 
→ increased effective dimension!



The random matrix theory perspective

We prove that the GCV estimator [Craven and Wahba, 1978] predicts 
linear regression generalization under a random matrix hypothesis …



The random matrix theory perspective

We prove that the GCV estimator [Craven and Wahba, 1978] predicts 
linear regression generalization under a random matrix hypothesis …

… and find it to be empirically accurate🎉



Empirical phenomena via random matrices

We predict scaling law rates …
• Verify eigendecay exponent + alignment exponent ≈ scaling exponent

between eigenvectors and ground truth

[Cui et al., NeurIPS 2021]



Empirical phenomena via random matrices

We predict scaling law rates …
• Verify eigendecay exponent + alignment exponent ≈ scaling exponent

… and investigate the role of pretraining in generalization
• Better alignment prevails over slower eigendecay / high effective dim

[Cui et al., NeurIPS 2021]

between eigenvectors and ground truth



Summary

What makes a compelling scientific theory of high-dimensional models?
• Accuracy in qualitative phenomena, precision in explanations

We find random matrix theory predicts empirical phenomena
(even when more classical approaches fail)
• Setting: linear regression + ResNet NTK features + image data

Apply toward understanding scaling laws, role of pretraining


