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Multi-slots Online Matching Applications

• Multiple Ads are presented under resource constraints 

• User pays the most attention onto particular ads slots 

• Diversity shall be maintained across different slots

max
X∈𝒳

T

∑
t=1

r⊤
t Xtc + αℋ(Xtc)

T

∑
t=1

M⊤
t Xtc ≤ TB

Here, c characterizes slots' impression capacity. 
Correspondingly, c influences both the objective 
as well as the consumption of resources.

 refers to the entropy regularizer, which is 
designed to promote diversity.
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Problem Formulation

max
X∈𝒳

T

∑
t=1

r⊤
t Xtc + αℋ(Xtc)

T

∑
t=1

M⊤
t Xtc ≤ TB

Directly solving  requires  complexity!Xt 𝒪(N3A3
t )

Original Problem

Our Two-Steps Approach Introduce the intermediate variable  
representing the total expected impressions in all slots.

yt := Xtc

max
y∈𝒴

T

∑
t=1

r⊤
t yt + αℋ(yt)

s . t .
T

∑
t=1

M⊤
t yt ≤ TB

X̂t = argXt∈𝒳 {Xtc = ŷt}

First, we optimize a simpler problem by reducing the 
number of variable. 

Unacceptable for real-world applications in general

Next, we solve a linear system to recover the decision matrix.



Online subGradient descent for Multi-slots Allocation (OG-MA)

• Efficiency Pooling Projection estimates ŷt

• Roulette Swapping Allocation samples X̃t

• Projected subGradient Descent updates λt

OG-MA achieves  complexity𝒪(N + NAt + AtlogAt)

Results:

Recall that a vanilla method takes  𝒪(N3A3
t )

OG-MA attains  regret 

Choose the position-based click model[1] 

𝒪(C( K + logT) T)

cn =
1
nγ

• , the regret is of order  

• , the regret is of order 

γ = 1 𝒪(logN)

γ =
1
2

𝒪( N)

[1]: Craswell, N., Zoeter, O., Taylor, M., and Ramsey, B. An experimental comparison of click position-bias models.  



Efficiency Pooling Projection Algorithm (EPP)
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Optimal Order

l = 0

l = 1

l = 2

• Define  as the contribution value to the  
objective, and let  be the efficiency 
value for primal solution  

• The optimal solution  and its efficiency  are in 
the same order 

vt,a

et,a := vt,a/yt,a
yt,a

y*t e*t

Key idea:
• Follow the idea of Pool Adjacent Violators Algorithm[2] (PAVA) 

• Iteratively enforce the efficiency  in non-increasing order by merging 
adjacent ads and sharing the same efficiency 

• Update the expected impression  after merging operations

et,a

yt,a

[2]:De Leeuw, J., Hornik, K., and Mair, P. Isotone optimization in r: pool-adjacent-violators algorithm (pava) and active set methods.  



Roulette Swapping Allocation

• Allocate the expected impressions by swapping the positions of 
advertisements 

• Swapping operations utilize excess impressions to make up for 
under-allocated advertisements
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Experiments
Regret Bound for different Click Model

The experiment results coincide with the theoretical analysis.

Trade-off between Revenue and Diversity

Higher entropy leads to better diversity in matching. 
Particularly,  presents a good trade-off result. α = 0.01

Inference Efficiency

The complexity grows sub-linearly w.r.t the number of slots N.

Effectiveness on Reducing Computation

The OG-MA is 3 ~ 4 order faster than dual subgradient descent.



Conclusion

Online subGradient descent for Multi-slots Allocation (OG-MA)

• Scalable:  complexity, good for large-scale applications 

• Effective: sub-linear regret w.r.t. the number of slots 

• Diverse: provides diversified ranking results without violating resource constraints 

• Easy implementation: only consists of basic operations (i.e., swap and merge)

𝒪(N + NAt + AtlogAt)


