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Institut de Mathématiques de Bordeaux

1 / 13



Image Inverse Problems

Find x from observation y = Ax+ ξ

y ∈ Rm observation

x ∈ Rn unknown input

A ∈ Rm×n degradation operator

ξ random noise, generally ξ ∼ N (0, σ2 Idm)
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Maximum A-Posteriori

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

⇐⇒ arg minx∈Rn
data-fidelity

+
prior

e.g. f(x) = 1
2 ||Ax− y||
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Plug & Play (PnP) [Venkatakrishnan et al., ’13]

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior

Plug-and-Play (PnP)

3 SOTA restoration
7 no minimization problem

7 no convergence guarantees
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f(x) + g(x)

7 unknown prior

Plug-and-Play (PnP)

3 SOTA restoration
7 no minimization problem

7 no convergence guarantees

Minimize
arg min
x∈Rn

f(x) + g(x)

Proximal algorithms

PGD: xk+1 = Proxτg ◦ (Id−τ∇f)(xk)
DRS: xk+1 = 1

2
xk +

1
2
(2Proxτg − Id) ◦ (2Proxτf − Id)(xk)

Proximal operator :

Proxτg(y) = arg min
x∈Rn

1

2τ
||x− y||2 + g(x)

⇔ Gaussian Denoising MAP with prior g (σ2 = τ)

PnP algorithms

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)
PnP-DRS: xk+1 = 1

2
xk +

1
2
(2Dσ − Id) ◦ (2Proxτf − Id)(xk)
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Dσ ≈ Proxτg
How to ensure that Dσ is exactly a Prox ?

We train the denoiser Dσ = ∇hσ
with hσ : Rn → R parametrized by a neural network.

hσ convexe ⇔ Id−Dσ 1-Lipschitz ⇔ ∀x, ||J(Id−Dσ)(x)||S ≤ 1

Training loss :

Ex,ξσ
[
||Dσ(x+ ξσ)− x||2 + µ max(||J(Id−Dσ)(x+ ξσ)||S , 1− ε)

]
3 Dσ achieves performant denoising.

3 Id−Dσ contractive.
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Prox-PnP

Find x from observation y = Ax+ ξ

Maximum A-Posteriori

x∗ ∈ arg min
x∈Rn

f(x) + g(x)

7 unknown prior
Plug-and-Play (PnP)

3 implicit prior
3 SOTA restoration

7 no minimization problem
7 no convergence guarantees

Prox-PnP [Hurault et al, ’22]

0 ∈ ∂(f + φσ)(x∗)

Dσ ≈ Proxτg

PnP algorithms ...

PnP-PGD: xk+1 = Dσ ◦ (Id−τ∇f)(xk)

PnP-DRS: xk+1 = 1
2xk + 1

2 (2Dσ − Id) ◦ (2 Proxτf − Id)(xk)

... (with τ = 1) become again proximal algorithms

Prox-PnP-PGD: xk+1 = Proxφσ ◦ (Id−∇f)(xk)

Prox-PnP-DRS: xk+1 = 1
2xk + 1

2 (2Proxφσ − Id)(2 Proxf − Id)(xk)

Convergence analysis : nonconvex PGD and DRS

Objective function :

F = f + φσ

[Attouch et al, ’13] [Themelis & Patrinos, ’20]
Under the right assumptions...

F (xk) converges and ||xk+1 − xk|| → 0.

(xk) converges to a critical point of F .
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