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Our goal: Introduce a model that,

is complex enough to exhibit epoch-wise double descent

is simple enough that allow for analytical study

Allows to derive closed-form expressions for the generalization performance of  our chosen model 

Shows that the difference in learning speed of  different features can be responsible
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Latent features : Teacher Input features: Student

Our setup: Teacher-student framework with distinctive data model

Our approach: Statistical physics to the rescue!

Data size → ∞

Model size → ∞ 



Statistical Physics: Replica Method
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R(t,�) = R1 +R2, where, R1 :=
n

a1d
, and, R2 :=

n

a2d
<latexit sha1_base64="6vioHzrhTqO2X5VKAAQjOuKaeaA="></latexit><latexit sha1_base64="6vioHzrhTqO2X5VKAAQjOuKaeaA="></latexit><latexit sha1_base64="6vioHzrhTqO2X5VKAAQjOuKaeaA="></latexit><latexit sha1_base64="6vioHzrhTqO2X5VKAAQjOuKaeaA="></latexit>

Q(t,�) = Q1 +Q2, where, Q1 :=
b1b2c2 + b1c1

1� b1b2
, and, Q2 :=

b1b2c1 + b2c2
1� b1b2

.
<latexit sha1_base64="TmALwmUuGCRZfl7ey/HGnuKHawE="></latexit><latexit sha1_base64="TmALwmUuGCRZfl7ey/HGnuKHawE="></latexit><latexit sha1_base64="TmALwmUuGCRZfl7ey/HGnuKHawE="></latexit><latexit sha1_base64="TmALwmUuGCRZfl7ey/HGnuKHawE="></latexit>

bi =
↵i

a2i � ↵i
, ci = 1� 2Ri �

n

d

2� ai
ai

for i 2 {1, 2},
<latexit sha1_base64="r/vtywZgFE35CWgZhvR4GRhAAqg="></latexit><latexit sha1_base64="r/vtywZgFE35CWgZhvR4GRhAAqg="></latexit><latexit sha1_base64="r/vtywZgFE35CWgZhvR4GRhAAqg="></latexit><latexit sha1_base64="r/vtywZgFE35CWgZhvR4GRhAAqg="></latexit>

ai = 1 +
2�i

(1� ↵i � �i) +
p

(1� ↵i � �i)2 + 4�i
, for i 2 {1, 2}.

<latexit sha1_base64="w/DWpQ7tJb1zvYj5iavSbPHPivc="></latexit><latexit sha1_base64="w/DWpQ7tJb1zvYj5iavSbPHPivc="></latexit><latexit sha1_base64="w/DWpQ7tJb1zvYj5iavSbPHPivc="></latexit><latexit sha1_base64="w/DWpQ7tJb1zvYj5iavSbPHPivc="></latexit>

↵1 =
n

p
, ↵2 =

n

d� p
, �1 =

�+ 1
⌘t

p
d�

2
1

, �2 =
�+ 1

⌘t
d�p
d �2

2

,
<latexit sha1_base64="jFwVc9+blDsCon5u09AhZppBTx0="></latexit><latexit sha1_base64="jFwVc9+blDsCon5u09AhZppBTx0="></latexit><latexit sha1_base64="jFwVc9+blDsCon5u09AhZppBTx0="></latexit><latexit sha1_base64="jFwVc9+blDsCon5u09AhZppBTx0="></latexit>

γ1 =
1

σ2
1ηt

γ2 =
1

σ2
2ηt

Test Error: 
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Analytical Results

Qualitative results:



Key understanding:

R :=
1

d
W ⇤TFŴ

<latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit>

Q :=
1

d
ŴTFTFŴ

<latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit>

Q :=
1

d
ŴTFTFŴ

<latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit><latexit sha1_base64="ejNvRgOShgKtsNGogY//XVg3MfI=">AAACDXicbVDLSgMxFM34rPU16tJNsApdDTNSbSsIBUFcttAXdMaSSTNtaOZBkhHKMD/gxl9x40IRt+7d+Tem7SBqPSRwcs693NzjRowKaZqf2tLyyuraem4jv7m1vbOr7+23RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX039zh3hgoZBU04i4vhoGFCPYiSV1NePG/DiEtoeRzix0mSQ2iMkk05627xWJ3v09YJpVKul6lkJKlIpm+dlaBnmDN+kADLU+/qHPQhx7JNAYoaE6FlmJJ0EcUkxI2nejgWJEB6jIekpGiCfCCeZbZPCE6UMoBdydQMJZ+rPjgT5Qkx8V1X6SI7EX28q/uf1YulVnIQGUSxJgOeDvJhBGcJpNHBAOcGSTRRBmFP1V4hHSCUjVYB5FcLCyoukfWpYpmE1SoVaMYsjBw7BESgCC5RBDdyAOmgBDO7BI3gGL9qD9qS9am/z0iUt6zkAv6C9fwEeApuM</latexit>

At the same time a fast-learning feature overfits, a slow-learning feature starts to fit.



R :=
1

d
W ⇤TFŴ

<latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit><latexit sha1_base64="wOBVls0Hcn5ECK4ZCrUsI4TDHGQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIUFyWRaltBKAjiskpf0LRlMp20QyeTMDMRSsjSjb/ixoUibv0Ed/6N0wei1gMXDufcy733uCGjUlnWp7GwuLS8sppaS69vbG5tmzu7dRlEApMaDlggmi6ShFFOaooqRpqhIMh3GWm4w8ux37gjQtKAV9UoJG0f9Tn1KEZKS13z4BaeX0DHEwjHdhL3krjROU461StngFTcSLpmxsqVSvnSaR5qUixYZwVo56wJvkkGzFDpmh9OL8CRT7jCDEnZsq1QtWMkFMWMJGknkiREeIj6pKUpRz6R7XjySAKPtNKDXiB0cQUn6s+JGPlSjnxXd/pIDeRfbyz+57Ui5RXbMeVhpAjH00VexKAK4DgV2KOCYMVGmiAsqL4V4gHSoSidXVqHMPfyPKmf5GwrZ9/kM+XsLI4U2AeHIAtsUABlcA0qoAYwuAeP4Bm8GA/Gk/FqvE1bF4zZzB74BeP9CxE0mVI=</latexit>

Q :=
1

d
ŴTFTFŴ
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