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We can get a compact Representation of Time Series in Frequency Domain

Theorem 1. Assume that ji(A), the coherence measure of
matrix A, is 2(k/n). Then, with a high probability, we have

|A— Par(A)] < (1+ ¢)|A — Ay
if s = O(k?/€?).
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- Experiments

Table 2. Multivariate long-term series forecasting results on six datasets with input length I = 96 and prediction length O €
{96,192, 336, 720} (For ILI dataset, we use input length I = 36 and prediction length O € {24,36,48,60}). A lower MSE in-

dicates better performance, and the best results are highlighted in bold.

Methods | Metric ETTm2 Electricity Exchange Traffic Weather ILI
96 192 336 720 | 96 336 720 | 96 192 336 720 | 96 192 336 720 | 96 192 336 720 | 24 36 48 60
FEDformer-f MSE [0.203 0.269 0.325 0.421|0.193 0.201 0.214 0.246(0.148 0.271 0.460 1.195|0.587 0.604 0.621 0.6260.217 0.276 0.339 0.403|3.228 2.679 2.622 2.857
MAE |0.287 0.328 0.366 0.415|0.308 0.315 0.329 0.355|0.278 0.380 0.500 0.841(0.366 0.373 0.383 0.382(0.296 0.336 0.380 0.428|1.260 1.080 1.078 1.157
FEDformer-w MSE [0.204 0.316 0.359 0.433|0.183 0.195 0.212 0.2310.139 0.256 0.426 1.090|0.562 0.562 0.570 0.596|0.227 0.295 0.381 0.424|2.203 2.272 2.209 2.545
MAE |0.288 0.363 0.387 0.432|0.297 0.308 0.313 0.343|0.276 0.369 0.464 0.800|0.349 0.346 0.323 0.368 |0.304 0.363 0.416 0.434[0.963 0.976 0.981 1.061
Autoformer MSE [0.255 0.281 0.339 0.422]0.201 0.222 0.231 0.254(0.197 0.300 0.509 1.447|0.613 0.616 0.622 0.6600.266 0.307 0.359 0.419|3.483 3.103 2.669 2.770
MAE |0.339 0.340 0.372 0.419|0.317 0.334 0.338 0.361|0.323 0.369 0.524 0.9410.388 0.382 0.337 0.408(0.336 0.367 0.395 0.428|1.287 1.148 1.085 1.125
Inf MSE [0.365 0.533 1.363 3.379|0.274 0.296 0.300 0.373|0.847 1.204 1.672 2.478|0.719 0.696 0.777 0.864|0.300 0.598 0.578 1.059|5.764 4.755 4.763 5.264
MOTMMET 1 MAE |0.453 0.563 0.887 1.338[0.368 0.386 0.394 0.439|0.752 0.895 1.036 1.310[0.391 0.379 0.420 0.472|0.384 0.544 0.523 0.741|1.677 1.467 1.469 1.564
LogT, MSE [0.768 0.989 1.334 3.048|0.258 0.266 0.280 0.2830.968 1.040 1.659 1.941|0.684 0.685 0.7337 0.717|0.458 0.658 0.797 0.869 |4.480 4.799 4.800 5.278
OBIIANS | MAE |0.642 0.757 0.872 1.328|0.357 0.368 0.380 0.376|0.812 0.851 1.081 1.127|0.384 0.390 0.408 0.396[0.490 0.589 0.652 0.675|1.444 1.467 1.468 1.560
Reformer MSE [0.658 1.078 1.549 2.631|0.312 0.348 0.350 0.340(1.065 1.188 1.357 1.510]0.732 0.733 0.742 0.755|0.689 0.752 0.639 1.130|4.400 4.783 4.832 4.882
MAE |0.619 0.827 0.972 1.242|0.402 0.433 0.433 0.420|0.829 0.906 0.976 1.016|0.423 0.420 0.420 423 [0.596 0.638 0.596 0.792|1.382 1.448 1.465 1.483

Table 1. A subset of the benchmark showing both Mean and STD.

MSE | ETTm2 Electricity Exchange Traffic

w | 96 | 0.203 £0.0042| 0.194 - 0.0008 0.148 +=0.002 0.217 4 0.008
A | 192 | 0.269 £{0.0023 | 0.201+£ 0.0015  0.270+ 0.008  0.604 + 0.004
E 336 | 0.325 £)0.0015] 0.215+£0.0018  0.460+ 0.016  0.621 % 0.006

720 | 0.421 £0.0038 | 0.246+ 0.0020  1.1954+0.026  0.626 £ 0.003
g | 96 0.255 4 0.020 0.201+ 0.003 0.197+£0.019  0.613+ 0.028
g 192 | 0.281 40.027 0.2224 0.003 0.3004+ 0.020  0.616+£ 0.042
S | 336 | 0.339 40.018 0.231+ 0.006 0.509+ 0.041  0.622+ 0.016
3 720 | 0.422 H40.015 0.254+ 0.007 1.4474+ 0.084  0.419+ 0.017
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Figure 6. Comparison of two base-modes selection method
(Fix&Rand). Rand policy means randomly selecting a subset
of modes, Fix policy means selecting the lowest frequency modes.

Two policies are compared on a variety of base-modes number
M € {2,4,8...256} on ETT full-benchmark (h1, m1, h2, m2).
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Rule of thumb for mode selection && model selection

Table 3. Perm Entropy Complexity comparison for multi vs uni

Permutation Entropy | Electricity Traffic Exchange Illness
Multivariate 0910 0792 0961 0960 \Wavelet for complex dataset
Univariate 0902 079 0949 0867 Fourier for less complex dataset

Table 2. Complexity experiments for datasets
Methods ETThl ETTh2 ETTml ETTm2

Permutation Entropy | 0.954 0.866 0.959 0.788 More mode for more Complex dataset
SVD Entropy 0.807 0.495 0.589 0.361




— Experiments

The Kolmogorov-Smirnov statistic is

Dy,m = sup |F1,n(2) = Fo,m(2))|

K-S Test: Sample 1/ Sample 2
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Table 5. P-values of Kolmogrov-Smirnov test of different trans-
former models for long-term forecasting output on ETTm1 and
ETTm?2 dataset. Larger value indicates the hypothesis (the input
sequence and forecasting output come from the same distribution)
is less likely to be rejected. The best results are highlighted.

Methods | Transformer Informer Autoformer FEDformer  True

— | 96 0.0090 0.0055 0.020 0.048 0.023
E | 192 0.0052 0.0029 0.015 0.028 0.013
E 336 0.0022 0.0019 0.012 0.015 0.010
720 0.0023 0.0016 0.008 0.014 0.004

~ | 96 0.0012 0.0008 0.079 0.071 0.087
E 192 0.0011 0.0006 0.047 0.045 0.060
E 336 0.0005 0.00009 0.027 0.028 0.042
720 0.0008 0.0002 0.023 0.021 0.023
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Running Time per Iteration (M5)
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Table 1. Complexity analysis of different forecasting models.

768 4
3072 4.4
4508
7680 -

10752 -

1536 -

Output Length

Training Testing
Methods Time Memory Steps
FEDformer O(L) O(L) 1
Autoformer | O(LlogL) | O(LlogL) 1
Informer O(LlogL) | O(LlogL) 1
Transformer | O (L?) O (L%) L
LogTrans O(LlogL) | O (L?%) 1
Reformer O(LlogL) | O(LlogL) L
LSTM O(L) O(L) L




We propose a frequency enhanced decomposed Transformer architecture with mixture of experts
for seasonal-trend decomposition in order to better capture global properties of time series.

We propose Fourier enhanced blocks and Wavelet enhanced blocks in the Transformer structure
that allows us to capture important structures in time series through frequency domain mapping.
They serve as substitutions for both self-attention and cross-attention blocks.

By randomly selecting a fixed number of Fourier components, the proposed model achieves
linear computational complexity and memory cost. The effectiveness of this selection method is
verified both theoretically and empirically.

We conduct extensive experiments over 6 benchmark datasets across multiple domains (energy,
traffic, economics, weather and disease). Our empirical studies show that the proposed model

Improves the performance of state-of-the-art methods by 14.8% and 22.6% for multivariate and
univariate forecasting, respectively.
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