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Mixed Linear Regression (MLR)

. * o yi = z{(Xi, B1)+(1—z7)(Xi, B3) +ei
e Recover 37, 35 and z{ from data

*e (Xlryl)vVIE{]-r ,Tl}

e Applications: Music perception
studies [Viele & Tong, 2002],
Vehicle merging [Li et al., 2019]




Combinatorial Formulation

Given attributes X € R™* 4 and responsey € R™
Recover sparse parameters 31 € R4 and B, € R4
Recover hidden labels z € {0, 1}™
Combinatorial MLR
ming, g,z (2 i1 zi(yi — (Xi, B1))* + (1 — z) (yi — (Xi, B2))?)
subject to zi €{0,1}, Vvie{l,---,n}
IBillo =51, [IB2llo =s2



Combinatorial Formulation

Given attributes X € R™* 4 and responsey € R™
Recover sparse parameters B; € RY and B, € R4
Recover hidden labels z € {0, 1}™
Combinatorial MLR
ming, g,z — (3 1nq zi(yi — (Xi, B1))? + (1 — z0) (yi — (X4, B2))?)
subject to zi €{0,1}, Vvie{l,---,n}
[Billo =51, [IB2llo =s2

Non-convex even after continuous relaxation and regularization!



Invex Relaxation

e Given attributes X € R™"*4 and responsey € R™and S; = [ Xi} [X.T _Ui]
1

e Recover sparse matrices W € RA+1xd+1 1] ¢ RA+1Xd+1 gng hidden labels
te{-1,+1"

e [nvex MLR

mingwou 33121 (St WU + (S, W —UW)) + AW [ + Az lUE) 11

subject to W=0, U=0
Waita+1 =1, Ugt1a+1=1
Itlloo < 1

o] (8 110, [B2] 167 1] = 020 = 432



Invexity

e Afunction ¢ is n-invex iff
d(u) —d(v) = Vo(v)™(u,v) vu,v

e A convex function ¢ is n-invex forn(u, v) = u —v.
e KKT conditions

e necessary even for non-convex problems
e sufficient for invex problems [Hanson, 1981]
e Come up with unique primal and dual variables which satisfy KKT conditions



Invex Formulation

e Invex MLR

ming w u %(Z?:1<Si. W+ U> + ti<Si, W — U>) + 7\1HW(:)H1 + 7\2”U.(:)||1

subject to W>=0, U>0
Wai1a41 =1, Ugyrra41=1
[0 <1

e Functions are n-invex for

0

n((t, W, u), (&L, W, 0)) = |-W

—-u



Generative Model

e True sparse parameters and hidden labels: (37 € R4, B3 € R4, z*xe{0, 1™
e Random attributes and independent noise: X € R™*4 e c R"

e Theresponse yi € Ris generated by:

Yo = 20(Xe, BY) + (1—20) (X0, B3) +ex Vie (L ,n)

1 \ f1
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Exact Recovery Guarantee

Let S(B) = {ilBi # 0} be the support of p € R4
Yiqzi=mng, mp=n—-m

Invex MLR outputs the true solution
S(B1) =S(B1), S(B2) =S(B2), z=2"
with high probability provided that:

ny > Q(S(B3)Plogd), mna > Q(IS(B3)1P logd)

Furthermore, |1 — Bll2 <8, [[B2—B3|2 <.






