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Over-parameterization

‣ Tensor network (TN) is a promising framework to resolve it.

‣ Statistical learning and probability density estimation

‣ Latent factor models and data decomposition

‣Deep learning
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TENSOR NETWORK (TN) is an edge-labeled graph, which depicts a sequence of 
contractions among multiple tensors.
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a⌦ b
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(I ⇥ J)
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J
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I
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B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
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(I ⇥K)
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K
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I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
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(1⇥ 1⇥ 1)
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X ⇥1 a⇥2 b⇥3 c
<latexit sha1_base64="Mdj9E+YBNnyEN8zwAEnvpiuL0nQ=">AAACN3icbZDLSsNAFIYn9VbrLerSzWARXJWkFXRn0Y3LCvYCbQiT6aQdOpOEmYlQQh7Hh/AZ3OrClbgRt76BkzQF23pg4Oc75/Cf+b2IUaks690ora1vbG6Vtys7u3v7B+bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQ263cfiZA0DB7UNCIOR6OA+hQjpZFrXg84UmOMWNJLB4pyIl07R54PUQHqcE68gjTmALtm1apZecFVYReiCopquebnYBjimJNAYYak7NtWpJwECUUxI2llEEsSITxBI9LXMkDaz0nyj6bwTJMh9EOhX6BgTv9uJIhLOeWenswOlMu9DP7X68fKv3ISGkSxIgGeGfkxgyqEWWpwSAXBik21QFhQfSvEYyQQVjrbBRePpzoTezmBVdGp1+xGrX5/UW3eFOmUwQk4BefABpegCe5AC7QBBk/gBbyCN+PZ+DC+jO/ZaMkodo7BQhk/v61NrX4=</latexit>

X
<latexit sha1_base64="gJU+xKS8gcd+TGzfn1VAZmamC10=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DpUDJppg1NMkOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvFd7neeqNIslo9mktBA4KFkESPYWMnvCWxGBPOsO+1Xqm7NnQGtEq8gVSjQ7Fd+eoOYpIJKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcSC6iCbRZ6ic6sMUBQr+6RBM/XvRoaF1hMR2sk8ol72cvE/z09NdBNkTCapoZLMD0UpRyZG+f/RgClKDJ9YgoliNisiI6wwMbalhSuhyDvxlhtYJe16zbus1R+uqo3bop0SnMIZXIAH19CAe2hCCwjE8AKv8OY8O+/Oh/M5H11zip0TWIDz9Qt3B5gI</latexit>

a
<latexit sha1_base64="lARkly2hBl77atLgnGdkxY/CRV8=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKE++WKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE7TZa9</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

c
<latexit sha1_base64="KRj5Yh3W8hsYBioRpujyXxO60FU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkJE+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE+c5a/</latexit>



Tensor Network (TN)
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TENSOR is a multi-way number array. CONTRACTION: “tensor-tensor” multiplication.

matrix decomposition CP decomposition
[Hitchcock, 1927]

TENSOR NETWORK (TN) is an edge-labeled graph, which depicts a sequence of 
contractions among multiple tensors.

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

a⌦ b
<latexit sha1_base64="4tiu7aGizBnvfz6YaX5e2UsfHTU=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgqsxUQZdFNy4r2Ae0Q0nSTBuaZIYkI5ShCz/Cb3Cra3fi1g9w6Z+YaUewrQcCh3Pu5dwcHHOmjed9OYW19Y3NreJ2aWd3b//APTxq6ShRhDZJxCPVwUhTziRtGmY47cSKIoE5bePxTea3H6jSLJL3ZhLTQKChZCEjyFip75Z7ApkRDiGCvcgwQTX8VXDfrXhVbwa4SvycVECORt/97g0ikggqDeFI667vxSZIkTKMcDot9RJNY0TGaEi7lkpk44J09okpPLXKAIaRsk8aOFP/bqRIaD0R2E5mB+plLxP/87qJCa+ClMk4MVSSeVCYcGgimDUCB0xRYvjEEkQUs7dCMkIKEWN7W0jBYmo78ZcbWCWtWtU/r9buLir167ydIiiDE3AGfHAJ6uAWNEATEPAInsELeHWenDfn3fmYjxacfOcYLMD5/AH7/Z4f</latexit>

a
<latexit sha1_base64="JtahwqYLiJdwEJa47CBn25f/Th8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0yQxJRihDN36DW127E7f+iUv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKEUb9ccavuDGiVeDmpQI5Gv/zTG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezxFN0ZpUBCiNlnzRopv7dSLHQeiICO5kl1MteJv7ndRMTXvspk3FiqCTzQ2HCkYlQ9n00YIoSwyeWYKKYzYrICCtMjC1p4UogprYTb7mBVdKqVb2Lau3+slK/ydspwgmcwjl4cAV1uIMGNIGAhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y+V/5bn</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

(I ⇥ J)
<latexit sha1_base64="iPTNFxUONcbVk7ikbpNWDPrDMUc=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjbqqYB8wHUomTdvQZDIkd4QydOU3uNW1O3Hrl7j0T0zbWdjWA4HDOfdybk4YC27Adb+dldW19Y3N3FZ+e2d3b79wcNgwKtGU1akSSrdCYpjgEasDB8FasWZEhoI1w+HNxG8+MW24ih5hFLNAkn7Ee5wSsJJfumsDl8zg+7NOoeiW3SnwMvEyUkQZap3CT7uraCJZBFQQY3zPjSFIiQZOBRvn24lhMaFD0me+pRGxOUE6PXmMT63SxT2l7YsAT9W/GymRxoxkaCclgYFZ9Cbif56fQO8qSHkUJ8AiOgvqJQKDwpP/4y7XjIIYWUKo5vZWTAdEEwq2pbmUUI5tJ95iA8ukUSl75+XKw0Wxep21k0PH6ASVkIcuURXdohqqI4oUekGv6M15dt6dD+dzNrriZDtHaA7O1y/ZwpcE</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

AB
<latexit sha1_base64="PPCkjOkrnSVQ1Z4QUirmGsykYQg=">AAACC3icbVDLSsNAFL3xWesr2qWbwSK4KkkVdFnrxmUF+4A2lMl00g6dScLMRAiln+A3uNW1O3HrR7j0T5y0EWzrgQuHc+7lHo4fc6a043xZa+sbm1vbhZ3i7t7+waF9dNxSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj++zfz2I5WKReGDTmPqCTwMWcAI1kbq26WewHrkB+gG/bJ63y47FWcGtErcnJQhR6Nvf/cGEUkEDTXhWKmu68Tam2CpGeF0WuwlisaYjPGQdg0NsaDKm8zCT9GZUQYoiKSZUKOZ+vdigoVSqfDNZhZQLXuZ+J/XTXRw7U1YGCeahmT+KEg40hHKmkADJinRPDUEE8lMVkRGWGKiTV8LX3wxNZ24yw2skla14l5UqveX5Vo9b6cAJ3AK5+DCFdTgDhrQBAIpPMMLvFpP1pv1bn3MV9es/KYEC7A+fwBbzZqC</latexit>

B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
<latexit sha1_base64="94tL1q9O9cS77J172E010NqOwHQ=">AAAB/3icbVC7TsMwFL3hWcqrwMhiUSExVUlBgrHAwlgk+kBtVDmu01q1nch2kKqoA9/ACjMbYuVTGPkTnDYDbTmSpaNz7tU9PkHMmTau++2srK6tb2wWtorbO7t7+6WDw6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweg281tPVGkWyQczjqkv8ECykBFsrPTYFdgMgxBd90plt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPEGnVumjMFL2SYOm6t+NFAutxyKwk1lAvehl4n9eJzHhlZ8yGSeGSjI7FCYcmQhlv0d9pigxfGwJJorZrIgMscLE2I7mrgRiYjvxFhtYJs1qxTuvVO8vyrWbvJ0CHMMJnIEHl1CDO6hDAwgIeIFXeHOenXfnw/mcja44+c4RzMH5+gUI7Zad</latexit>

(I ⇥K)
<latexit sha1_base64="M//2C6WLxtNTfHKeYcKIzygckwU=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjeKmgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6a4NXDKD7886haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/bVpcF</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

(1⇥ 1⇥ 1)
<latexit sha1_base64="xPJ872JvyatRpZQAUPNv3i1Wxnc=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LblxWsA9oQ5lMJ+3QmSTM3Agh9BP8Bre6didu/QiX/onTNoi2HhjmcM69nMvxY8E1OM6nVVhb39jcKm6Xdnb39g/sw6O2jhJFWYtGIlJdn2gmeMhawEGwbqwYkb5gHX9yM/M7D0xpHoX3kMbMk2QU8oBTAkYa2OWq2wcumcY//9nArjg1Zw68StycVFCO5sD+6g8jmkgWAhVE657rxOBlRAGngk1L/USzmNAJGbGeoSExOV42P36KT40yxEGkzAsBz9XfGxmRWqfSN5OSwFgvezPxP6+XQHDlZTyME2AhXQQFicAQ4VkTeMgVoyBSQwhV3NyK6ZgoQsH09SfFl1PTibvcwCpp12vuea1+d1FpXOftFNExOkFV5KJL1EC3qIlaiKIUPaFn9GI9Wq/Wm/W+GC1Y+U4Z/YH18Q3BmJoj</latexit>

X ⇥1 a⇥2 b⇥3 c
<latexit sha1_base64="Mdj9E+YBNnyEN8zwAEnvpiuL0nQ=">AAACN3icbZDLSsNAFIYn9VbrLerSzWARXJWkFXRn0Y3LCvYCbQiT6aQdOpOEmYlQQh7Hh/AZ3OrClbgRt76BkzQF23pg4Oc75/Cf+b2IUaks690ora1vbG6Vtys7u3v7B+bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQ263cfiZA0DB7UNCIOR6OA+hQjpZFrXg84UmOMWNJLB4pyIl07R54PUQHqcE68gjTmALtm1apZecFVYReiCopquebnYBjimJNAYYak7NtWpJwECUUxI2llEEsSITxBI9LXMkDaz0nyj6bwTJMh9EOhX6BgTv9uJIhLOeWenswOlMu9DP7X68fKv3ISGkSxIgGeGfkxgyqEWWpwSAXBik21QFhQfSvEYyQQVjrbBRePpzoTezmBVdGp1+xGrX5/UW3eFOmUwQk4BefABpegCe5AC7QBBk/gBbyCN+PZ+DC+jO/ZaMkodo7BQhk/v61NrX4=</latexit>

X
<latexit sha1_base64="gJU+xKS8gcd+TGzfn1VAZmamC10=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DpUDJppg1NMkOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvFd7neeqNIslo9mktBA4KFkESPYWMnvCWxGBPOsO+1Xqm7NnQGtEq8gVSjQ7Fd+eoOYpIJKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcSC6iCbRZ6ic6sMUBQr+6RBM/XvRoaF1hMR2sk8ol72cvE/z09NdBNkTCapoZLMD0UpRyZG+f/RgClKDJ9YgoliNisiI6wwMbalhSuhyDvxlhtYJe16zbus1R+uqo3bop0SnMIZXIAH19CAe2hCCwjE8AKv8OY8O+/Oh/M5H11zip0TWIDz9Qt3B5gI</latexit>

a
<latexit sha1_base64="lARkly2hBl77atLgnGdkxY/CRV8=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKE++WKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE7TZa9</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

c
<latexit sha1_base64="KRj5Yh3W8hsYBioRpujyXxO60FU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkJE+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE+c5a/</latexit>

Tensor



Tensor Network (TN)
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scalar vector matrix

TENSOR is a multi-way number array. CONTRACTION: “tensor-tensor” multiplication.

matrix decomposition CP decomposition
[Hitchcock, 1927]

TENSOR NETWORK (TN) is an edge-labeled graph, which depicts a sequence of 
contractions among multiple tensors.

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

a⌦ b
<latexit sha1_base64="4tiu7aGizBnvfz6YaX5e2UsfHTU=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgqsxUQZdFNy4r2Ae0Q0nSTBuaZIYkI5ShCz/Cb3Cra3fi1g9w6Z+YaUewrQcCh3Pu5dwcHHOmjed9OYW19Y3NreJ2aWd3b//APTxq6ShRhDZJxCPVwUhTziRtGmY47cSKIoE5bePxTea3H6jSLJL3ZhLTQKChZCEjyFip75Z7ApkRDiGCvcgwQTX8VXDfrXhVbwa4SvycVECORt/97g0ikggqDeFI667vxSZIkTKMcDot9RJNY0TGaEi7lkpk44J09okpPLXKAIaRsk8aOFP/bqRIaD0R2E5mB+plLxP/87qJCa+ClMk4MVSSeVCYcGgimDUCB0xRYvjEEkQUs7dCMkIKEWN7W0jBYmo78ZcbWCWtWtU/r9buLir167ydIiiDE3AGfHAJ6uAWNEATEPAInsELeHWenDfn3fmYjxacfOcYLMD5/AH7/Z4f</latexit>

a
<latexit sha1_base64="JtahwqYLiJdwEJa47CBn25f/Th8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0yQxJRihDN36DW127E7f+iUv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKEUb9ccavuDGiVeDmpQI5Gv/zTG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezxFN0ZpUBCiNlnzRopv7dSLHQeiICO5kl1MteJv7ndRMTXvspk3FiqCTzQ2HCkYlQ9n00YIoSwyeWYKKYzYrICCtMjC1p4UogprYTb7mBVdKqVb2Lau3+slK/ydspwgmcwjl4cAV1uIMGNIGAhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y+V/5bn</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

(I ⇥ J)
<latexit sha1_base64="iPTNFxUONcbVk7ikbpNWDPrDMUc=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjbqqYB8wHUomTdvQZDIkd4QydOU3uNW1O3Hrl7j0T0zbWdjWA4HDOfdybk4YC27Adb+dldW19Y3N3FZ+e2d3b79wcNgwKtGU1akSSrdCYpjgEasDB8FasWZEhoI1w+HNxG8+MW24ih5hFLNAkn7Ee5wSsJJfumsDl8zg+7NOoeiW3SnwMvEyUkQZap3CT7uraCJZBFQQY3zPjSFIiQZOBRvn24lhMaFD0me+pRGxOUE6PXmMT63SxT2l7YsAT9W/GymRxoxkaCclgYFZ9Cbif56fQO8qSHkUJ8AiOgvqJQKDwpP/4y7XjIIYWUKo5vZWTAdEEwq2pbmUUI5tJ95iA8ukUSl75+XKw0Wxep21k0PH6ASVkIcuURXdohqqI4oUekGv6M15dt6dD+dzNrriZDtHaA7O1y/ZwpcE</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

AB
<latexit sha1_base64="PPCkjOkrnSVQ1Z4QUirmGsykYQg=">AAACC3icbVDLSsNAFL3xWesr2qWbwSK4KkkVdFnrxmUF+4A2lMl00g6dScLMRAiln+A3uNW1O3HrR7j0T5y0EWzrgQuHc+7lHo4fc6a043xZa+sbm1vbhZ3i7t7+waF9dNxSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj++zfz2I5WKReGDTmPqCTwMWcAI1kbq26WewHrkB+gG/bJ63y47FWcGtErcnJQhR6Nvf/cGEUkEDTXhWKmu68Tam2CpGeF0WuwlisaYjPGQdg0NsaDKm8zCT9GZUQYoiKSZUKOZ+vdigoVSqfDNZhZQLXuZ+J/XTXRw7U1YGCeahmT+KEg40hHKmkADJinRPDUEE8lMVkRGWGKiTV8LX3wxNZ24yw2skla14l5UqveX5Vo9b6cAJ3AK5+DCFdTgDhrQBAIpPMMLvFpP1pv1bn3MV9es/KYEC7A+fwBbzZqC</latexit>

B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
<latexit sha1_base64="94tL1q9O9cS77J172E010NqOwHQ=">AAAB/3icbVC7TsMwFL3hWcqrwMhiUSExVUlBgrHAwlgk+kBtVDmu01q1nch2kKqoA9/ACjMbYuVTGPkTnDYDbTmSpaNz7tU9PkHMmTau++2srK6tb2wWtorbO7t7+6WDw6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweg281tPVGkWyQczjqkv8ECykBFsrPTYFdgMgxBd90plt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPEGnVumjMFL2SYOm6t+NFAutxyKwk1lAvehl4n9eJzHhlZ8yGSeGSjI7FCYcmQhlv0d9pigxfGwJJorZrIgMscLE2I7mrgRiYjvxFhtYJs1qxTuvVO8vyrWbvJ0CHMMJnIEHl1CDO6hDAwgIeIFXeHOenXfnw/mcja44+c4RzMH5+gUI7Zad</latexit>

(I ⇥K)
<latexit sha1_base64="M//2C6WLxtNTfHKeYcKIzygckwU=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjeKmgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6a4NXDKD7886haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/bVpcF</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

(1⇥ 1⇥ 1)
<latexit sha1_base64="xPJ872JvyatRpZQAUPNv3i1Wxnc=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LblxWsA9oQ5lMJ+3QmSTM3Agh9BP8Bre6didu/QiX/onTNoi2HhjmcM69nMvxY8E1OM6nVVhb39jcKm6Xdnb39g/sw6O2jhJFWYtGIlJdn2gmeMhawEGwbqwYkb5gHX9yM/M7D0xpHoX3kMbMk2QU8oBTAkYa2OWq2wcumcY//9nArjg1Zw68StycVFCO5sD+6g8jmkgWAhVE657rxOBlRAGngk1L/USzmNAJGbGeoSExOV42P36KT40yxEGkzAsBz9XfGxmRWqfSN5OSwFgvezPxP6+XQHDlZTyME2AhXQQFicAQ4VkTeMgVoyBSQwhV3NyK6ZgoQsH09SfFl1PTibvcwCpp12vuea1+d1FpXOftFNExOkFV5KJL1EC3qIlaiKIUPaFn9GI9Wq/Wm/W+GC1Y+U4Z/YH18Q3BmJoj</latexit>

X ⇥1 a⇥2 b⇥3 c
<latexit sha1_base64="Mdj9E+YBNnyEN8zwAEnvpiuL0nQ=">AAACN3icbZDLSsNAFIYn9VbrLerSzWARXJWkFXRn0Y3LCvYCbQiT6aQdOpOEmYlQQh7Hh/AZ3OrClbgRt76BkzQF23pg4Oc75/Cf+b2IUaks690ora1vbG6Vtys7u3v7B+bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQ263cfiZA0DB7UNCIOR6OA+hQjpZFrXg84UmOMWNJLB4pyIl07R54PUQHqcE68gjTmALtm1apZecFVYReiCopquebnYBjimJNAYYak7NtWpJwECUUxI2llEEsSITxBI9LXMkDaz0nyj6bwTJMh9EOhX6BgTv9uJIhLOeWenswOlMu9DP7X68fKv3ISGkSxIgGeGfkxgyqEWWpwSAXBik21QFhQfSvEYyQQVjrbBRePpzoTezmBVdGp1+xGrX5/UW3eFOmUwQk4BefABpegCe5AC7QBBk/gBbyCN+PZ+DC+jO/ZaMkodo7BQhk/v61NrX4=</latexit>

X
<latexit sha1_base64="gJU+xKS8gcd+TGzfn1VAZmamC10=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DpUDJppg1NMkOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvFd7neeqNIslo9mktBA4KFkESPYWMnvCWxGBPOsO+1Xqm7NnQGtEq8gVSjQ7Fd+eoOYpIJKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcSC6iCbRZ6ic6sMUBQr+6RBM/XvRoaF1hMR2sk8ol72cvE/z09NdBNkTCapoZLMD0UpRyZG+f/RgClKDJ9YgoliNisiI6wwMbalhSuhyDvxlhtYJe16zbus1R+uqo3bop0SnMIZXIAH19CAe2hCCwjE8AKv8OY8O+/Oh/M5H11zip0TWIDz9Qt3B5gI</latexit>

a
<latexit sha1_base64="lARkly2hBl77atLgnGdkxY/CRV8=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKE++WKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE7TZa9</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

c
<latexit sha1_base64="KRj5Yh3W8hsYBioRpujyXxO60FU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkJE+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE+c5a/</latexit>

Tensor

Contraction



Tensor Network (TN)

Order-0
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Order-1
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Order-2
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Order-3
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Order-5
Tensor

scalar vector matrix

TENSOR is a multi-way number array. CONTRACTION: “tensor-tensor” multiplication.

matrix decomposition CP decomposition
[Hitchcock, 1927]

TENSOR NETWORK (TN) is an edge-labeled graph, which depicts a sequence of 
contractions among multiple tensors.

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

a⌦ b
<latexit sha1_base64="4tiu7aGizBnvfz6YaX5e2UsfHTU=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgqsxUQZdFNy4r2Ae0Q0nSTBuaZIYkI5ShCz/Cb3Cra3fi1g9w6Z+YaUewrQcCh3Pu5dwcHHOmjed9OYW19Y3NreJ2aWd3b//APTxq6ShRhDZJxCPVwUhTziRtGmY47cSKIoE5bePxTea3H6jSLJL3ZhLTQKChZCEjyFip75Z7ApkRDiGCvcgwQTX8VXDfrXhVbwa4SvycVECORt/97g0ikggqDeFI667vxSZIkTKMcDot9RJNY0TGaEi7lkpk44J09okpPLXKAIaRsk8aOFP/bqRIaD0R2E5mB+plLxP/87qJCa+ClMk4MVSSeVCYcGgimDUCB0xRYvjEEkQUs7dCMkIKEWN7W0jBYmo78ZcbWCWtWtU/r9buLir167ydIiiDE3AGfHAJ6uAWNEATEPAInsELeHWenDfn3fmYjxacfOcYLMD5/AH7/Z4f</latexit>

a
<latexit sha1_base64="JtahwqYLiJdwEJa47CBn25f/Th8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0yQxJRihDN36DW127E7f+iUv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKEUb9ccavuDGiVeDmpQI5Gv/zTG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezxFN0ZpUBCiNlnzRopv7dSLHQeiICO5kl1MteJv7ndRMTXvspk3FiqCTzQ2HCkYlQ9n00YIoSwyeWYKKYzYrICCtMjC1p4UogprYTb7mBVdKqVb2Lau3+slK/ydspwgmcwjl4cAV1uIMGNIGAhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y+V/5bn</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

(I ⇥ J)
<latexit sha1_base64="iPTNFxUONcbVk7ikbpNWDPrDMUc=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjbqqYB8wHUomTdvQZDIkd4QydOU3uNW1O3Hrl7j0T0zbWdjWA4HDOfdybk4YC27Adb+dldW19Y3N3FZ+e2d3b79wcNgwKtGU1akSSrdCYpjgEasDB8FasWZEhoI1w+HNxG8+MW24ih5hFLNAkn7Ee5wSsJJfumsDl8zg+7NOoeiW3SnwMvEyUkQZap3CT7uraCJZBFQQY3zPjSFIiQZOBRvn24lhMaFD0me+pRGxOUE6PXmMT63SxT2l7YsAT9W/GymRxoxkaCclgYFZ9Cbif56fQO8qSHkUJ8AiOgvqJQKDwpP/4y7XjIIYWUKo5vZWTAdEEwq2pbmUUI5tJ95iA8ukUSl75+XKw0Wxep21k0PH6ASVkIcuURXdohqqI4oUekGv6M15dt6dD+dzNrriZDtHaA7O1y/ZwpcE</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

AB
<latexit sha1_base64="PPCkjOkrnSVQ1Z4QUirmGsykYQg=">AAACC3icbVDLSsNAFL3xWesr2qWbwSK4KkkVdFnrxmUF+4A2lMl00g6dScLMRAiln+A3uNW1O3HrR7j0T5y0EWzrgQuHc+7lHo4fc6a043xZa+sbm1vbhZ3i7t7+waF9dNxSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj++zfz2I5WKReGDTmPqCTwMWcAI1kbq26WewHrkB+gG/bJ63y47FWcGtErcnJQhR6Nvf/cGEUkEDTXhWKmu68Tam2CpGeF0WuwlisaYjPGQdg0NsaDKm8zCT9GZUQYoiKSZUKOZ+vdigoVSqfDNZhZQLXuZ+J/XTXRw7U1YGCeahmT+KEg40hHKmkADJinRPDUEE8lMVkRGWGKiTV8LX3wxNZ24yw2skla14l5UqveX5Vo9b6cAJ3AK5+DCFdTgDhrQBAIpPMMLvFpP1pv1bn3MV9es/KYEC7A+fwBbzZqC</latexit>

B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
<latexit sha1_base64="94tL1q9O9cS77J172E010NqOwHQ=">AAAB/3icbVC7TsMwFL3hWcqrwMhiUSExVUlBgrHAwlgk+kBtVDmu01q1nch2kKqoA9/ACjMbYuVTGPkTnDYDbTmSpaNz7tU9PkHMmTau++2srK6tb2wWtorbO7t7+6WDw6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweg281tPVGkWyQczjqkv8ECykBFsrPTYFdgMgxBd90plt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPEGnVumjMFL2SYOm6t+NFAutxyKwk1lAvehl4n9eJzHhlZ8yGSeGSjI7FCYcmQhlv0d9pigxfGwJJorZrIgMscLE2I7mrgRiYjvxFhtYJs1qxTuvVO8vyrWbvJ0CHMMJnIEHl1CDO6hDAwgIeIFXeHOenXfnw/mcja44+c4RzMH5+gUI7Zad</latexit>

(I ⇥K)
<latexit sha1_base64="M//2C6WLxtNTfHKeYcKIzygckwU=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjeKmgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6a4NXDKD7886haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/bVpcF</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

(1⇥ 1⇥ 1)
<latexit sha1_base64="xPJ872JvyatRpZQAUPNv3i1Wxnc=">AAACC3icbVDLSsNAFJ3UV62vaJduBotQNyWpgi6LblxWsA9oQ5lMJ+3QmSTM3Agh9BP8Bre6didu/QiX/onTNoi2HhjmcM69nMvxY8E1OM6nVVhb39jcKm6Xdnb39g/sw6O2jhJFWYtGIlJdn2gmeMhawEGwbqwYkb5gHX9yM/M7D0xpHoX3kMbMk2QU8oBTAkYa2OWq2wcumcY//9nArjg1Zw68StycVFCO5sD+6g8jmkgWAhVE657rxOBlRAGngk1L/USzmNAJGbGeoSExOV42P36KT40yxEGkzAsBz9XfGxmRWqfSN5OSwFgvezPxP6+XQHDlZTyME2AhXQQFicAQ4VkTeMgVoyBSQwhV3NyK6ZgoQsH09SfFl1PTibvcwCpp12vuea1+d1FpXOftFNExOkFV5KJL1EC3qIlaiKIUPaFn9GI9Wq/Wm/W+GC1Y+U4Z/YH18Q3BmJoj</latexit>

X ⇥1 a⇥2 b⇥3 c
<latexit sha1_base64="Mdj9E+YBNnyEN8zwAEnvpiuL0nQ=">AAACN3icbZDLSsNAFIYn9VbrLerSzWARXJWkFXRn0Y3LCvYCbQiT6aQdOpOEmYlQQh7Hh/AZ3OrClbgRt76BkzQF23pg4Oc75/Cf+b2IUaks690ora1vbG6Vtys7u3v7B+bhUUeGscCkjUMWip6HJGE0IG1FFSO9SBDEPUa63uQ263cfiZA0DB7UNCIOR6OA+hQjpZFrXg84UmOMWNJLB4pyIl07R54PUQHqcE68gjTmALtm1apZecFVYReiCopquebnYBjimJNAYYak7NtWpJwECUUxI2llEEsSITxBI9LXMkDaz0nyj6bwTJMh9EOhX6BgTv9uJIhLOeWenswOlMu9DP7X68fKv3ISGkSxIgGeGfkxgyqEWWpwSAXBik21QFhQfSvEYyQQVjrbBRePpzoTezmBVdGp1+xGrX5/UW3eFOmUwQk4BefABpegCe5AC7QBBk/gBbyCN+PZ+DC+jO/ZaMkodo7BQhk/v61NrX4=</latexit>

X
<latexit sha1_base64="gJU+xKS8gcd+TGzfn1VAZmamC10=">AAACAXicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4DpUDJppg1NMkOSEcrQld/gVtfuxK1f4tI/MdPOwrYeCBzOuZd7csKEM21c99tZW9/Y3Nou7ZR39/YPDitHx20dp4rQFol5rLoh1pQzSVuGGU67iaJYhJx2wvFd7neeqNIslo9mktBA4KFkESPYWMnvCWxGBPOsO+1Xqm7NnQGtEq8gVSjQ7Fd+eoOYpIJKQzjW2vfcxAQZVoYRTqflXqppgskYD6lvqcSC6iCbRZ6ic6sMUBQr+6RBM/XvRoaF1hMR2sk8ol72cvE/z09NdBNkTCapoZLMD0UpRyZG+f/RgClKDJ9YgoliNisiI6wwMbalhSuhyDvxlhtYJe16zbus1R+uqo3bop0SnMIZXIAH19CAe2hCCwjE8AKv8OY8O+/Oh/M5H11zip0TWIDz9Qt3B5gI</latexit>

a
<latexit sha1_base64="lARkly2hBl77atLgnGdkxY/CRV8=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKE++WKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE7TZa9</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

c
<latexit sha1_base64="KRj5Yh3W8hsYBioRpujyXxO60FU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q8mkmTY0yQxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkJE+uWKW3VnQKvEy0kFcjT65Z/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP50FnqIzqwxQGCn7pEEz9e9GioXWExHYySygXvYy8T+vm5jw2k+ZjBNDJZkfChOOTISy36MBU5QYPrEEE8VsVkRGWGFibEcLVwIxtZ14yw2sklat6l1Ua/eXlfpN3k4RTuAUzsGDK6jDHTSgCQQEvMArvDnPzrvz4XzORwtOvnMMC3C+fgE+c5a/</latexit>

[Tucker, 1966]

[Oseledets, 2011]

[Zhao et al, 2016]
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TENSOR is a multi-way number array. CONTRACTION: “tensor-tensor” multiplication.

matrix decomposition CP decomposition
[Hitchcock, 1927]

TENSOR NETWORK (TN) is an edge-labeled graph, which depicts a sequence of 
contractions among multiple tensors.

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

a⌦ b
<latexit sha1_base64="4tiu7aGizBnvfz6YaX5e2UsfHTU=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgqsxUQZdFNy4r2Ae0Q0nSTBuaZIYkI5ShCz/Cb3Cra3fi1g9w6Z+YaUewrQcCh3Pu5dwcHHOmjed9OYW19Y3NreJ2aWd3b//APTxq6ShRhDZJxCPVwUhTziRtGmY47cSKIoE5bePxTea3H6jSLJL3ZhLTQKChZCEjyFip75Z7ApkRDiGCvcgwQTX8VXDfrXhVbwa4SvycVECORt/97g0ikggqDeFI667vxSZIkTKMcDot9RJNY0TGaEi7lkpk44J09okpPLXKAIaRsk8aOFP/bqRIaD0R2E5mB+plLxP/87qJCa+ClMk4MVSSeVCYcGgimDUCB0xRYvjEEkQUs7dCMkIKEWN7W0jBYmo78ZcbWCWtWtU/r9buLir167ydIiiDE3AGfHAJ6uAWNEATEPAInsELeHWenDfn3fmYjxacfOcYLMD5/AH7/Z4f</latexit>

a
<latexit sha1_base64="JtahwqYLiJdwEJa47CBn25f/Th8=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae2Q8mkmTY0yQxJRihDN36DW127E7f+iUv/xEw7C9t6IHA4517uyQlizrRx3W+nsLa+sblV3C7t7O7tH5QPj1o6ShShTRLxSHUCrClnkjYNM5x2YkWxCDhtB+PbzG8/UaVZJB/MJKa+wEPJQkawsdJjT2AzCkKEUb9ccavuDGiVeDmpQI5Gv/zTG0QkEVQawrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtlVhQ7aezxFN0ZpUBCiNlnzRopv7dSLHQeiICO5kl1MteJv7ndRMTXvspk3FiqCTzQ2HCkYlQ9n00YIoSwyeWYKKYzYrICCtMjC1p4UogprYTb7mBVdKqVb2Lau3+slK/ydspwgmcwjl4cAV1uIMGNIGAhBd4hTfn2Xl3PpzP+WjByXeOYQHO1y+V/5bn</latexit>

b
<latexit sha1_base64="DNGegz3UpEy/SoVyc/0rjZStnVY=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ie0Q0nSTBuazAxJRihDF36DW127E7d+ikv/xEw7C9t6IHA4517uySGx4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dJYqyJo1EpDoEayZ4yJqGG8E6sWJYEsHaZHyb+e0npjSPwgcziZkv8TDkAafYWOmxJ7EZkQCRfrniVt0Z0CrxclKBHI1++ac3iGgiWWiowFp3PTc2foqV4VSwaamXaBZjOsZD1rU0xJJpP50FnqIzqwxQECn7QoNm6t+NFEutJ5LYySygXvYy8T+vm5jg2k95GCeGhXR+KEgEMhHKfo8GXDFqxMQSTBW3WREdYYWpsR0tXCFyajvxlhtYJa1a1buo1u4vK/WbvJ0inMApnIMHV1CHO2hAEyhIeIFXeHOenXfnw/mcjxacfOcYFuB8/QI84Ja+</latexit>

(I ⇥ J)
<latexit sha1_base64="iPTNFxUONcbVk7ikbpNWDPrDMUc=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjbqqYB8wHUomTdvQZDIkd4QydOU3uNW1O3Hrl7j0T0zbWdjWA4HDOfdybk4YC27Adb+dldW19Y3N3FZ+e2d3b79wcNgwKtGU1akSSrdCYpjgEasDB8FasWZEhoI1w+HNxG8+MW24ih5hFLNAkn7Ee5wSsJJfumsDl8zg+7NOoeiW3SnwMvEyUkQZap3CT7uraCJZBFQQY3zPjSFIiQZOBRvn24lhMaFD0me+pRGxOUE6PXmMT63SxT2l7YsAT9W/GymRxoxkaCclgYFZ9Cbif56fQO8qSHkUJ8AiOgvqJQKDwpP/4y7XjIIYWUKo5vZWTAdEEwq2pbmUUI5tJ95iA8ukUSl75+XKw0Wxep21k0PH6ASVkIcuURXdohqqI4oUekGv6M15dt6dD+dzNrriZDtHaA7O1y/ZwpcE</latexit>

J
<latexit sha1_base64="iPKhNFSPiDW86sRcCxgyDM+uv8o=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRqwSMB+QHGFvM5cs2d07dveE48gvsNXaTmz9OZb+EzfJFSbxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20dJYpCi0Y8Ut2AaOBMQssww6EbKyAi4NAJJvczv/MMSrNIPpk0Bl+QkWQho8RYqfk4KFfcqjsHXideTiooR2NQ/ukPI5oIkIZyonXPc2PjZ0QZRjlMS/1EQ0zohIygZ6kkArSfzQ+d4gurDHEYKVvS4Ln6dyIjQutUBLZTEDPWq95M/M/rJSa89TMm48SApItFYcKxifDsazxkCqjhqSWEKmZvxXRMFKHGZrO0JRBTm4m3msA6adeq3lW11ryu1O/ydIroDJ2jS+ShG1RHD6iBWogiQC/oFb05qfPufDifi9aCk8+coiU4X79ELZNo</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

AB
<latexit sha1_base64="PPCkjOkrnSVQ1Z4QUirmGsykYQg=">AAACC3icbVDLSsNAFL3xWesr2qWbwSK4KkkVdFnrxmUF+4A2lMl00g6dScLMRAiln+A3uNW1O3HrR7j0T5y0EWzrgQuHc+7lHo4fc6a043xZa+sbm1vbhZ3i7t7+waF9dNxSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj++zfz2I5WKReGDTmPqCTwMWcAI1kbq26WewHrkB+gG/bJ63y47FWcGtErcnJQhR6Nvf/cGEUkEDTXhWKmu68Tam2CpGeF0WuwlisaYjPGQdg0NsaDKm8zCT9GZUQYoiKSZUKOZ+vdigoVSqfDNZhZQLXuZ+J/XTXRw7U1YGCeahmT+KEg40hHKmkADJinRPDUEE8lMVkRGWGKiTV8LX3wxNZ24yw2skla14l5UqveX5Vo9b6cAJ3AK5+DCFdTgDhrQBAIpPMMLvFpP1pv1bn3MV9es/KYEC7A+fwBbzZqC</latexit>

B
<latexit sha1_base64="futOwDfv0EATwUk9NtBVM1D4uvk=">AAAB/3icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLUjcsK9iHtUDJppg1NMkOSEcrQhd/gVtfuxK2f4tI/MdPOwrYeCBzOuZd7coKYM21c99tZW9/Y3Nou7BR39/YPDktHxy0dJYrQJol4pDoB1pQzSZuGGU47saJYBJy2g/Ft5refqNIskg9mElNf4KFkISPYWOmxJ7AZBSGq90tlt+LOgFaJl5My5Gj0Sz+9QUQSQaUhHGvd9dzY+ClWhhFOp8VeommMyRgPaddSiQXVfjoLPEXnVhmgMFL2SYNm6t+NFAutJyKwk1lAvexl4n9eNzHhjZ8yGSeGSjI/FCYcmQhlv0cDpigxfGIJJorZrIiMsMLE2I4WrgRiajvxlhtYJa1qxbusVO+vyrV63k4BTuEMLsCDa6jBHTSgCQQEvMArvDnPzrvz4XzOR9ecfOcEFuB8/QIKgJae</latexit>

A
<latexit sha1_base64="94tL1q9O9cS77J172E010NqOwHQ=">AAAB/3icbVC7TsMwFL3hWcqrwMhiUSExVUlBgrHAwlgk+kBtVDmu01q1nch2kKqoA9/ACjMbYuVTGPkTnDYDbTmSpaNz7tU9PkHMmTau++2srK6tb2wWtorbO7t7+6WDw6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweg281tPVGkWyQczjqkv8ECykBFsrPTYFdgMgxBd90plt+JOgZaJl5My5Kj3Sj/dfkQSQaUhHGvd8dzY+ClWhhFOJ8VuommMyQgPaMdSiQXVfjoNPEGnVumjMFL2SYOm6t+NFAutxyKwk1lAvehl4n9eJzHhlZ8yGSeGSjI7FCYcmQhlv0d9pigxfGwJJorZrIgMscLE2I7mrgRiYjvxFhtYJs1qxTuvVO8vyrWbvJ0CHMMJnIEHl1CDO6hDAwgIeIFXeHOenXfnw/mcja44+c4RzMH5+gUI7Zad</latexit>

(I ⇥K)
<latexit sha1_base64="M//2C6WLxtNTfHKeYcKIzygckwU=">AAACAXicbVDLSgMxFM34rPVVdekmWIS6KTNV0GXRjeKmgn3AdCiZNG1Dk8mQ3BHK0JXf4FbX7sStX+LSPzFtZ2FbDwQO59zLuTlhLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHDqERTVqdKKN0KiWGCR6wOHARrxZoRGQrWDIc3E7/5xLThKnqEUcwCSfoR73FKwEp+6a4NXDKD7886haJbdqfAy8TLSBFlqHUKP+2uoolkEVBBjPE9N4YgJRo4FWycbyeGxYQOSZ/5lkbE5gTp9OQxPrVKF/eUti8CPFX/bqREGjOSoZ2UBAZm0ZuI/3l+Ar2rIOVRnACL6CyolwgMCk/+j7tcMwpiZAmhmttbMR0QTSjYluZSQjm2nXiLDSyTRqXsnZcrDxfF6nXWTg4doxNUQh66RFV0i2qojihS6AW9ojfn2Xl3PpzP2eiKk+0coTk4X7/bVpcF</latexit>

K
<latexit sha1_base64="yQchR/vGmI1FWVj1ElrvAcWIZUI=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrBJwHxAcoS9zVyyZHfv2N0TjiO/wFZrO7H151j6T9wkV5jEBwOP92aYmRfEnGnjut9OYWNza3unuFva2z84PCofn7R1lCgKLRrxSHUDooEzCS3DDIdurICIgEMnmNzP/M4zKM0i+WTSGHxBRpKFjBJjpebjoFxxq+4ceJ14OamgHI1B+ac/jGgiQBrKidY9z42NnxFlGOUwLfUTDTGhEzKCnqWSCNB+Nj90ii+sMsRhpGxJg+fq34mMCK1TEdhOQcxYr3oz8T+vl5jw1s+YjBMDki4WhQnHJsKzr/GQKaCGp5YQqpi9FdMxUYQam83SlkBMbSbeagLrpF2relfVWvO6Ur/L0ymiM3SOLpGHblAdPaAGaiGKAL2gV/TmpM678+F8LloLTj5zipbgfP0CRcCTaQ==</latexit>

I
<latexit sha1_base64="6MgDcebxBw4AHPTGRkLXsNY4hn8=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe6ioGXQRrsEzAckR9jbzCVLdveO3T3hOPILbLW2E1t/jqX/xE1yhUl8MPB4b4aZeUHMmTau++0UNja3tneKu6W9/YPDo/LxSVtHiaLQohGPVDcgGjiT0DLMcOjGCogIOHSCyf3M7zyD0iySTyaNwRdkJFnIKDFWaj4OyhW36s6B14mXkwrK0RiUf/rDiCYCpKGcaN3z3Nj4GVGGUQ7TUj/REBM6ISPoWSqJAO1n80On+MIqQxxGypY0eK7+nciI0DoVge0UxIz1qjcT//N6iQlv/YzJODEg6WJRmHBsIjz7Gg+ZAmp4agmhitlbMR0TRaix2SxtCcTUZuKtJrBO2rWqd1WtNa8r9bs8nSI6Q+foEnnoBtXRA2qgFqII0At6RW9O6rw7H87norXg5DOnaAnO1y9CmpNn</latexit>

J
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Main Contributions
1. Optimization model for TN-PS

Permutation Search of Tensor Network Structures via Local Sampling

the mapping if it is unambiguous. For convenience, we use
[N ] ✓ Z+ to denote a set of positive integers from 1 to N ,
where ✓ represents the subset relation.

A graph G = (V,E) consists of a vertex set V and an edge

set E. For a graph G of N vertices, the set of its automor-

phisms, written Aut(G), is a collection of vertex permuta-
tions, under which the edges are preserved, and equivalent
to a subgroup of the symmetric group, i.e., Aut(G)  SN .
We call H = (VH ,EN ) a (spanning) subgraph of G if
VH = V and EH ✓ E. Let KN = (V,EKN ) be a complete

graph with N vertices and GN be the set containing all sub-
graphs of KN . We then know that any simple graphs of N
vertices are elements of GN . The minimum and maximum

degree of a graph G are denoted by � and �, respectively.

2.1. Tensor and Tensor Networks (TNs)

We consider an order-N tensor as a multi-
dimensional array of real numbers represented
by Xi1,i2,...,iN 2 RI1⇥I2⇥···⇥IN , where the indices
in, n 2 [N ] correspond to the RIn -associated tensor mode.
Sometimes we ignore the indices by representing the same
tensor as X for notational simplicity. Tensor contraction

roughly refers to the process of summing over a pair of
repeated indices between two tensors, which is though of as
a natural extension of matrix multiplication into high-order
tensors. An explicit calculation of tensor contraction used in
this paper follows the definition in (Cichocki et al., 2016).

We consider tensor network (TN) as defined by Ye & Lim
(2019). Suppose a sequence of vector spaces RIi , i 2 [N ]
and an edge-labelled simple graph (G, r) = (V,E, r),
where r : E ! Z+ represents the function labelling edges
with positive integers. TN is thus intuitively defined as a set
of tensors, whose elements are of the form of a sequence
of tensor contraction of “core tensors” corresponding to
vertices of G. See (Ye & Lim, 2019) for an explicit defi-
nition of a TN. In the paper we refer to those core tensors
as vertices, to the unlabelled graph G as TN format, and to
the function r as TN-(model)-ranks. Being consistent with
(Ye & Lim, 2019), we use the same mathematical expres-
sion TNS(G, r,RI1 ,RI2 . . . ,RIN ) to represent a TN in
our analysis. The expression is also rewritten as TNS(G, r)
for shorthand if RIn , n 2 [N ] are unimportant in the con-
text. Let FG be the set consisting of all possible functions of
r’s associated to G. Then note that FG is equivalent to a pos-
itive cone except zero of dimension |E|, i.e., FG = Z+,|E|.

2.2. TN Structure Search (TN-SS)

Let X 2 RI1⇥I2⇥···⇥IN be an order-N tensor. TN-SS with-

out noise is to solve an optimization problem as follows:

min
r2FKN

� (KN , r) , s.t.X 2 TNS(KN , r), (1)

where � : GN ⇥ FKN ! R represents a loss function mea-
suring the model complexity of a TN. Note that, although
in (1) the first term of � is fixed to be KN , the TN format
can degenerate into any simple graphs of N vertices, as the
edges of labeling with “1”, i.e., {e 2 EKN |r(e) = 1}, can
be harmlessly discarded from the format (Ye & Lim, 2019;
Hashemizadeh et al., 2020). We see that solving (1) is an
integer programming problem, generally NP-complete (Pa-
padimitriou & Yannakakis, 1982). Nevertheless, thanks to
the fact FKN = Z+,|EKN

|, some practical algorithms have
been proposed (Hashemizadeh et al., 2020; Kodryan et al.,
2020; Li & Sun, 2020), as Z+,|EKN

| is a well-defined metric
space with the isotropic property. However, we will see next
that such good properties do not hold for TN-PS anymore
in general.

3. Tensor-Network Permutation
Search (TN-PS)

In this section, we first make precise the problem of TN-PS
and then prove the properties involving counting, metric,
and neighborhood, which are crucial for both understanding
the problem and deriving efficient algorithms.

3.1. Problem Setup

Recall the example illustrated in Figure 1. Suppose a tensor
X of order N and a simple graph G0, , dubbed template, of
N vertices. Apart from the TN-ranks, the primary goal of
TN-PS is to find the optimal mappings in some sense from
the modes of X onto vertices of G0. We thus easily see that
the problem amounts to searching the optimal permutation

of vertices of a graph. More precisely, solving TN-PS is
to repeatedly index the vertices of G0 consecutively from 1
to N , and then to seek the optimal index sequence in some
sense from all possibilities. Since the permutations are
bijective to each other, the TN structures arising from these
permutations naturally form an equivalence class, of which
all elements preserve the same “diagram” as G0. Formally,
such the equivalence class to the template G0 = (V,E0)
can be written as follows:

G0 = {G 2 GN |G ⇠= G0} , (2)

where ⇠= denotes the relation of graph isomorphism, mean-
ing that for each G 2 G0 there exists a vertex permu-
tation gG 2 SN such that G = (gG (V) ,E0) holds, or
G = gG · G0 for shorthand. TN-PS (without noise) is
thus defined by restricting the search space of (1) to G0 as
follows:

min
(G,r)2G0⇥FG0

� (G, r) , s.t.X 2 TNS(G, r). (3)

Compared to TN-SS, we search TN structures from a new
space consisting of two ingredients: a non-trivial graph set

Permutation Search of Tensor Network Structures via Local Sampling

TN-SS TN-PS

imposing

TN-SS path
solution

Figure 2. “Geometrical shape” of search spaces of TN-SS and TN-
PS, where the equivalence class G0 makes the “shape” for TN-PS
as a combination of flips of low-dimensional spaces.

G0 and FG0 = Z+,|E0| that corresponds to the TN-ranks.
We see that TN-PS is no longer an integer programming
problem as TN-SS due to the irregular geometry of G0.
Meanwhile, the size of the new search space varies with
different template G0. Figure 2 visualizes intuitively the
“geometrical shape” of the search space for TN-PS associ-
ated to a template of three vertices and two edges. We see
that the search space of TN-PS is more “collapsed” than the
original TN-SS. One immediate consequence of collapsing
is that the searching path and solutions for TN-SS would run
out of the TN-PS region, thereby failing to preserve the orig-
inal TN format. Next, we will establish formal statements
for these observations, and the results will help develop
feasible algorithms for resolving TN-PS.

3.2. Counting TN Structures

We begin by counting the size of the new search space,
proving that the graph degrees of the template G0 give a
universal bound for the size of the search space of TN-PS.

Suppose first a simple graph G0 = (V,E0) of N vertices
as the template, by which we then construct the set G0 as
Eq. (2). As mentioned above, we have known two facts: 1)

Aut(G0) forms a subgroup of SN , i.e., Aut(G0)  SN ,
such that G0 = a · G0 for any a 2 Aut(G0); and
2) for every G 2 G0 there exists gG 2 SN such that
G = gG · G0. By these facts, G = g

0
· G0 holds

for any g
0 = gG · a, implying that for each G 2 G0

there exists a left coset of Aut(G0), which is of the form
gG ·Aut(G0) := {gG · a|a 2 Aut(G0)}. According to the
Lagrange’s theorem in group theory, we thus obtain the
following equation with respect to the size of G0:

|SN | = |G0| · |Aut(G0)|. (4)

Table 1 lists the values of |Aut(G0)| associated with several
commonly used TNs. The size of G0 for those TNs can be
therefore derived by (4), shown in the last row of Table 1.

However, counting the automorphisms for a general graph
is difficult (Chang et al., 1995). Blow we prove that the
size of the search space of TN-PS is controlled by the the
minimum and maximum degree of G0. For convenience,
we further assume that TN-ranks are only searched within a

Table 1. Illustration of several counting-related properties for com-
monly used TNs of order N > 3, including tensor train (TT,
Oseledets 2011), tensor tree (TTree, Ye & Lim 2019), TR and
projected entangled pair states (PEPS, Verstraete & Cirac 2004),
where G0 = (V,E0), and �0 and �0 denote the minimum and
maximum degree of G0, respectively.

TT TTree TR PEPS

G0 Path Tree Cycle Lattice
�0 1 1 2 2

�0 2 [2, N � 1] 2 2, 3, 4

|E0| N � 1 N � 1 N  N

|Aut(G0)| 2 [2, (N � 1)!] 2N  N

|G0| N !/2 [N,N !/2] (N � 1)!/2  N !/4

finite range FG0,R ⇢ FG0 , meaning that the rank r(e)  R

holds for any r 2 FG0,R and e 2 E0. We then have the
following counting bounds.
Theorem 3.1. Assume G0 to be a simple and connected

graph of N vertices, and G0 is constructed as (2). Let

� = N/d1 and � = N/d2, d1 � d2 > 1, be the minimum

and maximum degree of G0, respectively. The size of the

search space of (3), written LG0,R := G0 ⇥ FG0,R, is

bounded as follows:

R
N2

2d2 ·N ! � |LG0,R| � R
N2

2d1 · e
�(d2)·N� 1

2 log d2�1/24,

(5)

where �(d) = log d+ 1
d
�1 is a positive and monotonically

increasing function for d > 1.

Proving the above theorem requires the following lemma
about an upper-bound of the size of Aut(G0), of which the
proof is given in Appendix A.
Lemma 3.2. Let G0 be a simple graph of N vertices, and

Aut(G0) be the set containing automorphisms of G0. As-

sume that G0 is connected and its maximum degree � satis-

fies N/� = d > 1, then the inequality

|Aut(G0)|  N ! · e��(d)·N+ 1
2 log d+1/24 (6)

holds, where �( · ) is defined in Theorem 3.1.

As shown in (5), the bounds of |LG0,R| are determined by
three factors: the number of vertices N , the searching range
of TN-ranks R, and the graph degrees of G0 parameterized
by d1 and d2. Figure 3 shows the bounds in (5) with varying
these factors. We see from the left panel that the upper and
lower bounds go closer with increasing the value of d (where
we assume d1 = d2 = d for brevity). It implies that the
bounds are tight for graphs with small degrees. We also see
from the middle panel that |LG0,R| grows fast with N , even
though the graph degree d been sufficiently small such as in
TT/TR, while the growth is relatively slow with increasing
R, the search range for TN-ranks.
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with positive integers. TN is thus intuitively defined as a set
of tensors, whose elements are of the form of a sequence
of tensor contraction of “core tensors” corresponding to
vertices of G. See (Ye & Lim, 2019) for an explicit defi-
nition of a TN. In the paper we refer to those core tensors
as vertices, to the unlabelled graph G as TN format, and to
the function r as TN-(model)-ranks. Being consistent with
(Ye & Lim, 2019), we use the same mathematical expres-
sion TNS(G, r,RI1 ,RI2 . . . ,RIN ) to represent a TN in
our analysis. The expression is also rewritten as TNS(G, r)
for shorthand if RIn , n 2 [N ] are unimportant in the con-
text. Let FG be the set consisting of all possible functions of
r’s associated to G. Then note that FG is equivalent to a pos-
itive cone except zero of dimension |E|, i.e., FG = Z+,|E|.

2.2. TN Structure Search (TN-SS)

Let X 2 RI1⇥I2⇥···⇥IN be an order-N tensor. TN-SS with-

out noise is to solve an optimization problem as follows:

min
r2FKN

� (KN , r) , s.t.X 2 TNS(KN , r), (1)

where � : GN ⇥ FKN ! R represents a loss function mea-
suring the model complexity of a TN. Note that, although
in (1) the first term of � is fixed to be KN , the TN format
can degenerate into any simple graphs of N vertices, as the
edges of labeling with “1”, i.e., {e 2 EKN |r(e) = 1}, can
be harmlessly discarded from the format (Ye & Lim, 2019;
Hashemizadeh et al., 2020). We see that solving (1) is an
integer programming problem, generally NP-complete (Pa-
padimitriou & Yannakakis, 1982). Nevertheless, thanks to
the fact FKN = Z+,|EKN

|, some practical algorithms have
been proposed (Hashemizadeh et al., 2020; Kodryan et al.,
2020; Li & Sun, 2020), as Z+,|EKN

| is a well-defined metric
space with the isotropic property. However, we will see next
that such good properties do not hold for TN-PS anymore
in general.

3. Tensor-Network Permutation
Search (TN-PS)

In this section, we first make precise the problem of TN-PS
and then prove the properties involving counting, metric,
and neighborhood, which are crucial for both understanding
the problem and deriving efficient algorithms.

3.1. Problem Setup

Recall the example illustrated in Figure 1. Suppose a tensor
X of order N and a simple graph G0, , dubbed template, of
N vertices. Apart from the TN-ranks, the primary goal of
TN-PS is to find the optimal mappings in some sense from
the modes of X onto vertices of G0. We thus easily see that
the problem amounts to searching the optimal permutation

of vertices of a graph. More precisely, solving TN-PS is
to repeatedly index the vertices of G0 consecutively from 1
to N , and then to seek the optimal index sequence in some
sense from all possibilities. Since the permutations are
bijective to each other, the TN structures arising from these
permutations naturally form an equivalence class, of which
all elements preserve the same “diagram” as G0. Formally,
such the equivalence class to the template G0 = (V,E0)
can be written as follows:

G0 = {G 2 GN |G ⇠= G0} , (2)

where ⇠= denotes the relation of graph isomorphism, mean-
ing that for each G 2 G0 there exists a vertex permu-
tation gG 2 SN such that G = (gG (V) ,E0) holds, or
G = gG · G0 for shorthand. TN-PS (without noise) is
thus defined by restricting the search space of (1) to G0 as
follows:

min
(G,r)2G0⇥FG0

� (G, r) , s.t.X 2 TNS(G, r). (3)

Compared to TN-SS, we search TN structures from a new
space consisting of two ingredients: a non-trivial graph set
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Figure 2. “Geometrical shape” of search spaces of TN-SS and TN-
PS, where the equivalence class G0 makes the “shape” for TN-PS
as a combination of flips of low-dimensional spaces.

G0 and FG0 = Z+,|E0| that corresponds to the TN-ranks.
We see that TN-PS is no longer an integer programming
problem as TN-SS due to the irregular geometry of G0.
Meanwhile, the size of the new search space varies with
different template G0. Figure 2 visualizes intuitively the
“geometrical shape” of the search space for TN-PS associ-
ated to a template of three vertices and two edges. We see
that the search space of TN-PS is more “collapsed” than the
original TN-SS. One immediate consequence of collapsing
is that the searching path and solutions for TN-SS would run
out of the TN-PS region, thereby failing to preserve the orig-
inal TN format. Next, we will establish formal statements
for these observations, and the results will help develop
feasible algorithms for resolving TN-PS.

3.2. Counting TN Structures

We begin by counting the size of the new search space,
proving that the graph degrees of the template G0 give a
universal bound for the size of the search space of TN-PS.

Suppose first a simple graph G0 = (V,E0) of N vertices
as the template, by which we then construct the set G0 as
Eq. (2). As mentioned above, we have known two facts: 1)

Aut(G0) forms a subgroup of SN , i.e., Aut(G0)  SN ,
such that G0 = a · G0 for any a 2 Aut(G0); and
2) for every G 2 G0 there exists gG 2 SN such that
G = gG · G0. By these facts, G = g

0
· G0 holds

for any g
0 = gG · a, implying that for each G 2 G0

there exists a left coset of Aut(G0), which is of the form
gG ·Aut(G0) := {gG · a|a 2 Aut(G0)}. According to the
Lagrange’s theorem in group theory, we thus obtain the
following equation with respect to the size of G0:

|SN | = |G0| · |Aut(G0)|. (4)

Table 1 lists the values of |Aut(G0)| associated with several
commonly used TNs. The size of G0 for those TNs can be
therefore derived by (4), shown in the last row of Table 1.

However, counting the automorphisms for a general graph
is difficult (Chang et al., 1995). Blow we prove that the
size of the search space of TN-PS is controlled by the the
minimum and maximum degree of G0. For convenience,
we further assume that TN-ranks are only searched within a

Table 1. Illustration of several counting-related properties for com-
monly used TNs of order N > 3, including tensor train (TT,
Oseledets 2011), tensor tree (TTree, Ye & Lim 2019), TR and
projected entangled pair states (PEPS, Verstraete & Cirac 2004),
where G0 = (V,E0), and �0 and �0 denote the minimum and
maximum degree of G0, respectively.

TT TTree TR PEPS

G0 Path Tree Cycle Lattice
�0 1 1 2 2

�0 2 [2, N � 1] 2 2, 3, 4

|E0| N � 1 N � 1 N  N

|Aut(G0)| 2 [2, (N � 1)!] 2N  N

|G0| N !/2 [N,N !/2] (N � 1)!/2  N !/4

finite range FG0,R ⇢ FG0 , meaning that the rank r(e)  R

holds for any r 2 FG0,R and e 2 E0. We then have the
following counting bounds.
Theorem 3.1. Assume G0 to be a simple and connected

graph of N vertices, and G0 is constructed as (2). Let

� = N/d1 and � = N/d2, d1 � d2 > 1, be the minimum

and maximum degree of G0, respectively. The size of the

search space of (3), written LG0,R := G0 ⇥ FG0,R, is

bounded as follows:

R
N2

2d2 ·N ! � |LG0,R| � R
N2

2d1 · e
�(d2)·N� 1

2 log d2�1/24,

(5)

where �(d) = log d+ 1
d
�1 is a positive and monotonically

increasing function for d > 1.

Proving the above theorem requires the following lemma
about an upper-bound of the size of Aut(G0), of which the
proof is given in Appendix A.
Lemma 3.2. Let G0 be a simple graph of N vertices, and

Aut(G0) be the set containing automorphisms of G0. As-

sume that G0 is connected and its maximum degree � satis-

fies N/� = d > 1, then the inequality

|Aut(G0)|  N ! · e��(d)·N+ 1
2 log d+1/24 (6)

holds, where �( · ) is defined in Theorem 3.1.

As shown in (5), the bounds of |LG0,R| are determined by
three factors: the number of vertices N , the searching range
of TN-ranks R, and the graph degrees of G0 parameterized
by d1 and d2. Figure 3 shows the bounds in (5) with varying
these factors. We see from the left panel that the upper and
lower bounds go closer with increasing the value of d (where
we assume d1 = d2 = d for brevity). It implies that the
bounds are tight for graphs with small degrees. We also see
from the middle panel that |LG0,R| grows fast with N , even
though the graph degree d been sufficiently small such as in
TT/TR, while the growth is relatively slow with increasing
R, the search range for TN-ranks.

2. TNLS: Algo. based on local-sampling

1. Sampling in neighborhood

2. Evaluating the fitness

3. Updating the center
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the mapping if it is unambiguous. For convenience, we use
[N ] ✓ Z+ to denote a set of positive integers from 1 to N ,
where ✓ represents the subset relation.

A graph G = (V,E) consists of a vertex set V and an edge

set E. For a graph G of N vertices, the set of its automor-

phisms, written Aut(G), is a collection of vertex permuta-
tions, under which the edges are preserved, and equivalent
to a subgroup of the symmetric group, i.e., Aut(G)  SN .
We call H = (VH ,EN ) a (spanning) subgraph of G if
VH = V and EH ✓ E. Let KN = (V,EKN ) be a complete

graph with N vertices and GN be the set containing all sub-
graphs of KN . We then know that any simple graphs of N
vertices are elements of GN . The minimum and maximum

degree of a graph G are denoted by � and �, respectively.

2.1. Tensor and Tensor Networks (TNs)

We consider an order-N tensor as a multi-
dimensional array of real numbers represented
by Xi1,i2,...,iN 2 RI1⇥I2⇥···⇥IN , where the indices
in, n 2 [N ] correspond to the RIn -associated tensor mode.
Sometimes we ignore the indices by representing the same
tensor as X for notational simplicity. Tensor contraction

roughly refers to the process of summing over a pair of
repeated indices between two tensors, which is though of as
a natural extension of matrix multiplication into high-order
tensors. An explicit calculation of tensor contraction used in
this paper follows the definition in (Cichocki et al., 2016).

We consider tensor network (TN) as defined by Ye & Lim
(2019). Suppose a sequence of vector spaces RIi , i 2 [N ]
and an edge-labelled simple graph (G, r) = (V,E, r),
where r : E ! Z+ represents the function labelling edges
with positive integers. TN is thus intuitively defined as a set
of tensors, whose elements are of the form of a sequence
of tensor contraction of “core tensors” corresponding to
vertices of G. See (Ye & Lim, 2019) for an explicit defi-
nition of a TN. In the paper we refer to those core tensors
as vertices, to the unlabelled graph G as TN format, and to
the function r as TN-(model)-ranks. Being consistent with
(Ye & Lim, 2019), we use the same mathematical expres-
sion TNS(G, r,RI1 ,RI2 . . . ,RIN ) to represent a TN in
our analysis. The expression is also rewritten as TNS(G, r)
for shorthand if RIn , n 2 [N ] are unimportant in the con-
text. Let FG be the set consisting of all possible functions of
r’s associated to G. Then note that FG is equivalent to a pos-
itive cone except zero of dimension |E|, i.e., FG = Z+,|E|.

2.2. TN Structure Search (TN-SS)

Let X 2 RI1⇥I2⇥···⇥IN be an order-N tensor. TN-SS with-

out noise is to solve an optimization problem as follows:

min
r2FKN

� (KN , r) , s.t.X 2 TNS(KN , r), (1)

where � : GN ⇥ FKN ! R represents a loss function mea-
suring the model complexity of a TN. Note that, although
in (1) the first term of � is fixed to be KN , the TN format
can degenerate into any simple graphs of N vertices, as the
edges of labeling with “1”, i.e., {e 2 EKN |r(e) = 1}, can
be harmlessly discarded from the format (Ye & Lim, 2019;
Hashemizadeh et al., 2020). We see that solving (1) is an
integer programming problem, generally NP-complete (Pa-
padimitriou & Yannakakis, 1982). Nevertheless, thanks to
the fact FKN = Z+,|EKN

|, some practical algorithms have
been proposed (Hashemizadeh et al., 2020; Kodryan et al.,
2020; Li & Sun, 2020), as Z+,|EKN

| is a well-defined metric
space with the isotropic property. However, we will see next
that such good properties do not hold for TN-PS anymore
in general.

3. Tensor-Network Permutation
Search (TN-PS)

In this section, we first make precise the problem of TN-PS
and then prove the properties involving counting, metric,
and neighborhood, which are crucial for both understanding
the problem and deriving efficient algorithms.

3.1. Problem Setup

Recall the example illustrated in Figure 1. Suppose a tensor
X of order N and a simple graph G0, , dubbed template, of
N vertices. Apart from the TN-ranks, the primary goal of
TN-PS is to find the optimal mappings in some sense from
the modes of X onto vertices of G0. We thus easily see that
the problem amounts to searching the optimal permutation

of vertices of a graph. More precisely, solving TN-PS is
to repeatedly index the vertices of G0 consecutively from 1
to N , and then to seek the optimal index sequence in some
sense from all possibilities. Since the permutations are
bijective to each other, the TN structures arising from these
permutations naturally form an equivalence class, of which
all elements preserve the same “diagram” as G0. Formally,
such the equivalence class to the template G0 = (V,E0)
can be written as follows:

G0 = {G 2 GN |G ⇠= G0} , (2)

where ⇠= denotes the relation of graph isomorphism, mean-
ing that for each G 2 G0 there exists a vertex permu-
tation gG 2 SN such that G = (gG (V) ,E0) holds, or
G = gG · G0 for shorthand. TN-PS (without noise) is
thus defined by restricting the search space of (1) to G0 as
follows:

min
(G,r)2G0⇥FG0

� (G, r) , s.t.X 2 TNS(G, r). (3)

Compared to TN-SS, we search TN structures from a new
space consisting of two ingredients: a non-trivial graph set
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Figure 2. “Geometrical shape” of search spaces of TN-SS and TN-
PS, where the equivalence class G0 makes the “shape” for TN-PS
as a combination of flips of low-dimensional spaces.

G0 and FG0 = Z+,|E0| that corresponds to the TN-ranks.
We see that TN-PS is no longer an integer programming
problem as TN-SS due to the irregular geometry of G0.
Meanwhile, the size of the new search space varies with
different template G0. Figure 2 visualizes intuitively the
“geometrical shape” of the search space for TN-PS associ-
ated to a template of three vertices and two edges. We see
that the search space of TN-PS is more “collapsed” than the
original TN-SS. One immediate consequence of collapsing
is that the searching path and solutions for TN-SS would run
out of the TN-PS region, thereby failing to preserve the orig-
inal TN format. Next, we will establish formal statements
for these observations, and the results will help develop
feasible algorithms for resolving TN-PS.

3.2. Counting TN Structures

We begin by counting the size of the new search space,
proving that the graph degrees of the template G0 give a
universal bound for the size of the search space of TN-PS.

Suppose first a simple graph G0 = (V,E0) of N vertices
as the template, by which we then construct the set G0 as
Eq. (2). As mentioned above, we have known two facts: 1)

Aut(G0) forms a subgroup of SN , i.e., Aut(G0)  SN ,
such that G0 = a · G0 for any a 2 Aut(G0); and
2) for every G 2 G0 there exists gG 2 SN such that
G = gG · G0. By these facts, G = g

0
· G0 holds

for any g
0 = gG · a, implying that for each G 2 G0

there exists a left coset of Aut(G0), which is of the form
gG ·Aut(G0) := {gG · a|a 2 Aut(G0)}. According to the
Lagrange’s theorem in group theory, we thus obtain the
following equation with respect to the size of G0:

|SN | = |G0| · |Aut(G0)|. (4)

Table 1 lists the values of |Aut(G0)| associated with several
commonly used TNs. The size of G0 for those TNs can be
therefore derived by (4), shown in the last row of Table 1.

However, counting the automorphisms for a general graph
is difficult (Chang et al., 1995). Blow we prove that the
size of the search space of TN-PS is controlled by the the
minimum and maximum degree of G0. For convenience,
we further assume that TN-ranks are only searched within a

Table 1. Illustration of several counting-related properties for com-
monly used TNs of order N > 3, including tensor train (TT,
Oseledets 2011), tensor tree (TTree, Ye & Lim 2019), TR and
projected entangled pair states (PEPS, Verstraete & Cirac 2004),
where G0 = (V,E0), and �0 and �0 denote the minimum and
maximum degree of G0, respectively.

TT TTree TR PEPS

G0 Path Tree Cycle Lattice
�0 1 1 2 2

�0 2 [2, N � 1] 2 2, 3, 4

|E0| N � 1 N � 1 N  N

|Aut(G0)| 2 [2, (N � 1)!] 2N  N

|G0| N !/2 [N,N !/2] (N � 1)!/2  N !/4

finite range FG0,R ⇢ FG0 , meaning that the rank r(e)  R

holds for any r 2 FG0,R and e 2 E0. We then have the
following counting bounds.
Theorem 3.1. Assume G0 to be a simple and connected

graph of N vertices, and G0 is constructed as (2). Let

� = N/d1 and � = N/d2, d1 � d2 > 1, be the minimum

and maximum degree of G0, respectively. The size of the

search space of (3), written LG0,R := G0 ⇥ FG0,R, is

bounded as follows:

R
N2

2d2 ·N ! � |LG0,R| � R
N2

2d1 · e
�(d2)·N� 1

2 log d2�1/24,

(5)

where �(d) = log d+ 1
d
�1 is a positive and monotonically

increasing function for d > 1.

Proving the above theorem requires the following lemma
about an upper-bound of the size of Aut(G0), of which the
proof is given in Appendix A.
Lemma 3.2. Let G0 be a simple graph of N vertices, and

Aut(G0) be the set containing automorphisms of G0. As-

sume that G0 is connected and its maximum degree � satis-

fies N/� = d > 1, then the inequality

|Aut(G0)|  N ! · e��(d)·N+ 1
2 log d+1/24 (6)

holds, where �( · ) is defined in Theorem 3.1.

As shown in (5), the bounds of |LG0,R| are determined by
three factors: the number of vertices N , the searching range
of TN-ranks R, and the graph degrees of G0 parameterized
by d1 and d2. Figure 3 shows the bounds in (5) with varying
these factors. We see from the left panel that the upper and
lower bounds go closer with increasing the value of d (where
we assume d1 = d2 = d for brevity). It implies that the
bounds are tight for graphs with small degrees. We also see
from the middle panel that |LG0,R| grows fast with N , even
though the graph degree d been sufficiently small such as in
TT/TR, while the growth is relatively slow with increasing
R, the search range for TN-ranks.

2. TNLS: Algo. based on local-sampling

1. Sampling in neighborhood

2. Evaluating the fitness

3. Updating the center

3. Theoretical results

The number of mapping candidates grows exponentially 
fast with the tensor order for most practical TN formats.

1. Solving TN-PS is non-trivial.

2. Basic geometry for new search space

The New (semi)-metric and its induced neighborhood is 
rigorously proved.
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the mapping if it is unambiguous. For convenience, we use
[N ] ✓ Z+ to denote a set of positive integers from 1 to N ,
where ✓ represents the subset relation.

A graph G = (V,E) consists of a vertex set V and an edge

set E. For a graph G of N vertices, the set of its automor-

phisms, written Aut(G), is a collection of vertex permuta-
tions, under which the edges are preserved, and equivalent
to a subgroup of the symmetric group, i.e., Aut(G)  SN .
We call H = (VH ,EN ) a (spanning) subgraph of G if
VH = V and EH ✓ E. Let KN = (V,EKN ) be a complete

graph with N vertices and GN be the set containing all sub-
graphs of KN . We then know that any simple graphs of N
vertices are elements of GN . The minimum and maximum

degree of a graph G are denoted by � and �, respectively.

2.1. Tensor and Tensor Networks (TNs)

We consider an order-N tensor as a multi-
dimensional array of real numbers represented
by Xi1,i2,...,iN 2 RI1⇥I2⇥···⇥IN , where the indices
in, n 2 [N ] correspond to the RIn -associated tensor mode.
Sometimes we ignore the indices by representing the same
tensor as X for notational simplicity. Tensor contraction

roughly refers to the process of summing over a pair of
repeated indices between two tensors, which is though of as
a natural extension of matrix multiplication into high-order
tensors. An explicit calculation of tensor contraction used in
this paper follows the definition in (Cichocki et al., 2016).

We consider tensor network (TN) as defined by Ye & Lim
(2019). Suppose a sequence of vector spaces RIi , i 2 [N ]
and an edge-labelled simple graph (G, r) = (V,E, r),
where r : E ! Z+ represents the function labelling edges
with positive integers. TN is thus intuitively defined as a set
of tensors, whose elements are of the form of a sequence
of tensor contraction of “core tensors” corresponding to
vertices of G. See (Ye & Lim, 2019) for an explicit defi-
nition of a TN. In the paper we refer to those core tensors
as vertices, to the unlabelled graph G as TN format, and to
the function r as TN-(model)-ranks. Being consistent with
(Ye & Lim, 2019), we use the same mathematical expres-
sion TNS(G, r,RI1 ,RI2 . . . ,RIN ) to represent a TN in
our analysis. The expression is also rewritten as TNS(G, r)
for shorthand if RIn , n 2 [N ] are unimportant in the con-
text. Let FG be the set consisting of all possible functions of
r’s associated to G. Then note that FG is equivalent to a pos-
itive cone except zero of dimension |E|, i.e., FG = Z+,|E|.

2.2. TN Structure Search (TN-SS)

Let X 2 RI1⇥I2⇥···⇥IN be an order-N tensor. TN-SS with-

out noise is to solve an optimization problem as follows:

min
r2FKN

� (KN , r) , s.t.X 2 TNS(KN , r), (1)

where � : GN ⇥ FKN ! R represents a loss function mea-
suring the model complexity of a TN. Note that, although
in (1) the first term of � is fixed to be KN , the TN format
can degenerate into any simple graphs of N vertices, as the
edges of labeling with “1”, i.e., {e 2 EKN |r(e) = 1}, can
be harmlessly discarded from the format (Ye & Lim, 2019;
Hashemizadeh et al., 2020). We see that solving (1) is an
integer programming problem, generally NP-complete (Pa-
padimitriou & Yannakakis, 1982). Nevertheless, thanks to
the fact FKN = Z+,|EKN

|, some practical algorithms have
been proposed (Hashemizadeh et al., 2020; Kodryan et al.,
2020; Li & Sun, 2020), as Z+,|EKN

| is a well-defined metric
space with the isotropic property. However, we will see next
that such good properties do not hold for TN-PS anymore
in general.

3. Tensor-Network Permutation
Search (TN-PS)

In this section, we first make precise the problem of TN-PS
and then prove the properties involving counting, metric,
and neighborhood, which are crucial for both understanding
the problem and deriving efficient algorithms.

3.1. Problem Setup

Recall the example illustrated in Figure 1. Suppose a tensor
X of order N and a simple graph G0, , dubbed template, of
N vertices. Apart from the TN-ranks, the primary goal of
TN-PS is to find the optimal mappings in some sense from
the modes of X onto vertices of G0. We thus easily see that
the problem amounts to searching the optimal permutation

of vertices of a graph. More precisely, solving TN-PS is
to repeatedly index the vertices of G0 consecutively from 1
to N , and then to seek the optimal index sequence in some
sense from all possibilities. Since the permutations are
bijective to each other, the TN structures arising from these
permutations naturally form an equivalence class, of which
all elements preserve the same “diagram” as G0. Formally,
such the equivalence class to the template G0 = (V,E0)
can be written as follows:

G0 = {G 2 GN |G ⇠= G0} , (2)

where ⇠= denotes the relation of graph isomorphism, mean-
ing that for each G 2 G0 there exists a vertex permu-
tation gG 2 SN such that G = (gG (V) ,E0) holds, or
G = gG · G0 for shorthand. TN-PS (without noise) is
thus defined by restricting the search space of (1) to G0 as
follows:

min
(G,r)2G0⇥FG0

� (G, r) , s.t.X 2 TNS(G, r). (3)

Compared to TN-SS, we search TN structures from a new
space consisting of two ingredients: a non-trivial graph set
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Figure 2. “Geometrical shape” of search spaces of TN-SS and TN-
PS, where the equivalence class G0 makes the “shape” for TN-PS
as a combination of flips of low-dimensional spaces.

G0 and FG0 = Z+,|E0| that corresponds to the TN-ranks.
We see that TN-PS is no longer an integer programming
problem as TN-SS due to the irregular geometry of G0.
Meanwhile, the size of the new search space varies with
different template G0. Figure 2 visualizes intuitively the
“geometrical shape” of the search space for TN-PS associ-
ated to a template of three vertices and two edges. We see
that the search space of TN-PS is more “collapsed” than the
original TN-SS. One immediate consequence of collapsing
is that the searching path and solutions for TN-SS would run
out of the TN-PS region, thereby failing to preserve the orig-
inal TN format. Next, we will establish formal statements
for these observations, and the results will help develop
feasible algorithms for resolving TN-PS.

3.2. Counting TN Structures

We begin by counting the size of the new search space,
proving that the graph degrees of the template G0 give a
universal bound for the size of the search space of TN-PS.

Suppose first a simple graph G0 = (V,E0) of N vertices
as the template, by which we then construct the set G0 as
Eq. (2). As mentioned above, we have known two facts: 1)

Aut(G0) forms a subgroup of SN , i.e., Aut(G0)  SN ,
such that G0 = a · G0 for any a 2 Aut(G0); and
2) for every G 2 G0 there exists gG 2 SN such that
G = gG · G0. By these facts, G = g

0
· G0 holds

for any g
0 = gG · a, implying that for each G 2 G0

there exists a left coset of Aut(G0), which is of the form
gG ·Aut(G0) := {gG · a|a 2 Aut(G0)}. According to the
Lagrange’s theorem in group theory, we thus obtain the
following equation with respect to the size of G0:

|SN | = |G0| · |Aut(G0)|. (4)

Table 1 lists the values of |Aut(G0)| associated with several
commonly used TNs. The size of G0 for those TNs can be
therefore derived by (4), shown in the last row of Table 1.

However, counting the automorphisms for a general graph
is difficult (Chang et al., 1995). Blow we prove that the
size of the search space of TN-PS is controlled by the the
minimum and maximum degree of G0. For convenience,
we further assume that TN-ranks are only searched within a

Table 1. Illustration of several counting-related properties for com-
monly used TNs of order N > 3, including tensor train (TT,
Oseledets 2011), tensor tree (TTree, Ye & Lim 2019), TR and
projected entangled pair states (PEPS, Verstraete & Cirac 2004),
where G0 = (V,E0), and �0 and �0 denote the minimum and
maximum degree of G0, respectively.

TT TTree TR PEPS

G0 Path Tree Cycle Lattice
�0 1 1 2 2

�0 2 [2, N � 1] 2 2, 3, 4

|E0| N � 1 N � 1 N  N

|Aut(G0)| 2 [2, (N � 1)!] 2N  N

|G0| N !/2 [N,N !/2] (N � 1)!/2  N !/4

finite range FG0,R ⇢ FG0 , meaning that the rank r(e)  R

holds for any r 2 FG0,R and e 2 E0. We then have the
following counting bounds.
Theorem 3.1. Assume G0 to be a simple and connected

graph of N vertices, and G0 is constructed as (2). Let

� = N/d1 and � = N/d2, d1 � d2 > 1, be the minimum

and maximum degree of G0, respectively. The size of the

search space of (3), written LG0,R := G0 ⇥ FG0,R, is

bounded as follows:

R
N2

2d2 ·N ! � |LG0,R| � R
N2

2d1 · e
�(d2)·N� 1

2 log d2�1/24,

(5)

where �(d) = log d+ 1
d
�1 is a positive and monotonically

increasing function for d > 1.

Proving the above theorem requires the following lemma
about an upper-bound of the size of Aut(G0), of which the
proof is given in Appendix A.
Lemma 3.2. Let G0 be a simple graph of N vertices, and

Aut(G0) be the set containing automorphisms of G0. As-

sume that G0 is connected and its maximum degree � satis-

fies N/� = d > 1, then the inequality

|Aut(G0)|  N ! · e��(d)·N+ 1
2 log d+1/24 (6)

holds, where �( · ) is defined in Theorem 3.1.

As shown in (5), the bounds of |LG0,R| are determined by
three factors: the number of vertices N , the searching range
of TN-ranks R, and the graph degrees of G0 parameterized
by d1 and d2. Figure 3 shows the bounds in (5) with varying
these factors. We see from the left panel that the upper and
lower bounds go closer with increasing the value of d (where
we assume d1 = d2 = d for brevity). It implies that the
bounds are tight for graphs with small degrees. We also see
from the middle panel that |LG0,R| grows fast with N , even
though the graph degree d been sufficiently small such as in
TT/TR, while the growth is relatively slow with increasing
R, the search range for TN-ranks.

2. TNLS: Algo. based on local-sampling

1. Sampling in neighborhood

2. Evaluating the fitness

3. Updating the center

3. Theoretical results

The number of mapping candidates grows exponentially 
fast with the tensor order for most practical TN formats.

1. Solving TN-PS is non-trivial.

2. Basic geometry for new search space

The New (semi)-metric and its induced neighborhood is 
rigorously proved.

4. Experimental results
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Table 2. Experimental results on synthetic data in TT/TR format. In the table, Eff. denotes the parameter efficiency defined in (Li & Sun,
2020), #Eva. denotes the number of evaluations, and “-” denotes that the methods fail to satisfy the condition RSE  10�4.

Trial
TR methods TN-SS methods TN-PS methods

TR-SVD TR-LM TR-ALSAR Bayes-TR Greedy TNGA? TNGA+ TNLS
Order 4 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]

A 1.00 1.00 0.21 1.00 1.00 hYesi 1.00 hYesi [600] 1.00 [450] 1.00 [361]
B 0.64 1.00 1.00 0.64 0.89hNoi 1.00 hYesi [300] 1.00 [450] 1.00 [241]
C 1.17 1.17 0.23 1.00 1.17 hYesi 1.17 hYesi [750] 1.17 [450] 1.17 [181]
D 0.57 0.57 0.32 - 1.00 hYesi 1.00 hYesi [450] 1.00 [300] 1.00 [301]
E 0.43 0.48 0.40 0.40 1.00 hYesi 1.00 hYesi [1050] 1.00 [450] 1.00 [361]

Order 6 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]
A 0.21 0.44 - - 0.16 hNoi 0.82 hNoi [1650] 1.00 [1500] 1.00 [661]
B 0.14 0.15 0.14 - 0.27 hNoi - 1.00 [1350] 1.00 [601]
C 0.57 1.00 0.85 0.29 0.97 hNoi 1.00 hYesi [3300] 1.00 [1800] 1.00 [661]
D 0.21 0.39 0.10 0.13 1.04 hYesi 1.04 hYesi [2700] 1.16 [1500] 1.16 [601]
E 0.15 0.30 - 0.12 1.00 hYesi 1.00 hYesi [2400] 1.00 [1050] 1.00 [541]

Order 8 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]
A 0.10 0.16 - 0.03 0.88 hNoi 0.48 hNoi [2550] 1.00 [2850] 1.00 [1021]
B 0.09 0.43 - - 0.61hNoi - 1.02 [2250] 1.02 [961]
C 0.03 0.31 - 0.02 1.16hNoi 0.49 hNoi [2250] 1.11 [3750] 1.11 [1321]
D 0.20 0.53 - - 1.03hNoi 0.32 hNoi [4050] 1.06 [1950] 1.06 [781]
E 0.33 0.33 - - 1.17 hYesi 0.23 hNoi [1500] 0.88 [1500] 1.17 [901]
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Figure 4. Average loss with varying the number of evaluations.

sampling-based methods.

Data generation. We choose TT/TR, the most commonly
used TN formats in machine learning, to generate tensor
data. For each tensor order, i.e., the number of vertices,
N 2 {4, 6, 8}, we generate five tensors by randomly choos-
ing ranks and values of vertices (core tensor). In more detail,
the dimensions for each tensor modes are set to equal 3.
Here we choose a small dimension as same as the one in (Li
& Sun, 2020) because it is typically irrelevant to the search-

ing difficulty, as shown in Theorem 3.1. Meanwhile, we
uniformly select the TN-ranks from {1, 2, 3, 4} in random,
and i.i.d. draw samples from Gaussian distribution N(0, 1)
as the values of vertices. After contracting all vertices, we
finally uniformly permute the tensor modes in random. The
permutations maintain unknown for all algorithms in the
experiment.

Experiment setup. In our method, we set the template G0

as a cycle graph, the searching range for TN-ranks R = 7,
the maximum iteration #Iter = 30, the number of samples
#Sample = 60, and the tuning parameters c1 = 0.9 and
c2 = 0.9, 0.94, 0.98 for three different tensor orders N =
4, 6, 8, respectively.

In the experiment, we also implement various TR decompo-
sition methods with adaptive rank selection for comparison,
including TR-SVD and TR-ALSAR (Zhao et al., 2016),
Bayes-TR (Tao & Zhao, 2020), and TR-LM (Mickelin &
Karaman, 2020). We also compare our method with two SO-
TAs for TN-SS, including “Greedy” (Hashemizadeh et al.,
2020) and TNGA (Li & Sun, 2020). Note that the origi-
nal TNGA is forced to search only the TN formats. For
a fair comparison, we extend it into two new versions: in
“TNGA?” we trivially allow the method to search the for-
mats and ranks simultaneously; and in “TNGA+” we use
the classic “random-key” trick (Bean, 1994) to encode G0

into chromosomes, such that TNGA+ is capable of solving
TN-PS as well but remaining the same genetic operations as
TNGA. In these two methods and ours, we set the function
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the mapping if it is unambiguous. For convenience, we use
[N ] ✓ Z+ to denote a set of positive integers from 1 to N ,
where ✓ represents the subset relation.

A graph G = (V,E) consists of a vertex set V and an edge

set E. For a graph G of N vertices, the set of its automor-

phisms, written Aut(G), is a collection of vertex permuta-
tions, under which the edges are preserved, and equivalent
to a subgroup of the symmetric group, i.e., Aut(G)  SN .
We call H = (VH ,EN ) a (spanning) subgraph of G if
VH = V and EH ✓ E. Let KN = (V,EKN ) be a complete

graph with N vertices and GN be the set containing all sub-
graphs of KN . We then know that any simple graphs of N
vertices are elements of GN . The minimum and maximum

degree of a graph G are denoted by � and �, respectively.

2.1. Tensor and Tensor Networks (TNs)

We consider an order-N tensor as a multi-
dimensional array of real numbers represented
by Xi1,i2,...,iN 2 RI1⇥I2⇥···⇥IN , where the indices
in, n 2 [N ] correspond to the RIn -associated tensor mode.
Sometimes we ignore the indices by representing the same
tensor as X for notational simplicity. Tensor contraction

roughly refers to the process of summing over a pair of
repeated indices between two tensors, which is though of as
a natural extension of matrix multiplication into high-order
tensors. An explicit calculation of tensor contraction used in
this paper follows the definition in (Cichocki et al., 2016).

We consider tensor network (TN) as defined by Ye & Lim
(2019). Suppose a sequence of vector spaces RIi , i 2 [N ]
and an edge-labelled simple graph (G, r) = (V,E, r),
where r : E ! Z+ represents the function labelling edges
with positive integers. TN is thus intuitively defined as a set
of tensors, whose elements are of the form of a sequence
of tensor contraction of “core tensors” corresponding to
vertices of G. See (Ye & Lim, 2019) for an explicit defi-
nition of a TN. In the paper we refer to those core tensors
as vertices, to the unlabelled graph G as TN format, and to
the function r as TN-(model)-ranks. Being consistent with
(Ye & Lim, 2019), we use the same mathematical expres-
sion TNS(G, r,RI1 ,RI2 . . . ,RIN ) to represent a TN in
our analysis. The expression is also rewritten as TNS(G, r)
for shorthand if RIn , n 2 [N ] are unimportant in the con-
text. Let FG be the set consisting of all possible functions of
r’s associated to G. Then note that FG is equivalent to a pos-
itive cone except zero of dimension |E|, i.e., FG = Z+,|E|.

2.2. TN Structure Search (TN-SS)

Let X 2 RI1⇥I2⇥···⇥IN be an order-N tensor. TN-SS with-

out noise is to solve an optimization problem as follows:

min
r2FKN

� (KN , r) , s.t.X 2 TNS(KN , r), (1)

where � : GN ⇥ FKN ! R represents a loss function mea-
suring the model complexity of a TN. Note that, although
in (1) the first term of � is fixed to be KN , the TN format
can degenerate into any simple graphs of N vertices, as the
edges of labeling with “1”, i.e., {e 2 EKN |r(e) = 1}, can
be harmlessly discarded from the format (Ye & Lim, 2019;
Hashemizadeh et al., 2020). We see that solving (1) is an
integer programming problem, generally NP-complete (Pa-
padimitriou & Yannakakis, 1982). Nevertheless, thanks to
the fact FKN = Z+,|EKN

|, some practical algorithms have
been proposed (Hashemizadeh et al., 2020; Kodryan et al.,
2020; Li & Sun, 2020), as Z+,|EKN

| is a well-defined metric
space with the isotropic property. However, we will see next
that such good properties do not hold for TN-PS anymore
in general.

3. Tensor-Network Permutation
Search (TN-PS)

In this section, we first make precise the problem of TN-PS
and then prove the properties involving counting, metric,
and neighborhood, which are crucial for both understanding
the problem and deriving efficient algorithms.

3.1. Problem Setup

Recall the example illustrated in Figure 1. Suppose a tensor
X of order N and a simple graph G0, , dubbed template, of
N vertices. Apart from the TN-ranks, the primary goal of
TN-PS is to find the optimal mappings in some sense from
the modes of X onto vertices of G0. We thus easily see that
the problem amounts to searching the optimal permutation

of vertices of a graph. More precisely, solving TN-PS is
to repeatedly index the vertices of G0 consecutively from 1
to N , and then to seek the optimal index sequence in some
sense from all possibilities. Since the permutations are
bijective to each other, the TN structures arising from these
permutations naturally form an equivalence class, of which
all elements preserve the same “diagram” as G0. Formally,
such the equivalence class to the template G0 = (V,E0)
can be written as follows:

G0 = {G 2 GN |G ⇠= G0} , (2)

where ⇠= denotes the relation of graph isomorphism, mean-
ing that for each G 2 G0 there exists a vertex permu-
tation gG 2 SN such that G = (gG (V) ,E0) holds, or
G = gG · G0 for shorthand. TN-PS (without noise) is
thus defined by restricting the search space of (1) to G0 as
follows:

min
(G,r)2G0⇥FG0

� (G, r) , s.t.X 2 TNS(G, r). (3)

Compared to TN-SS, we search TN structures from a new
space consisting of two ingredients: a non-trivial graph set
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TN-SS TN-PS

imposing

TN-SS path
solution

Figure 2. “Geometrical shape” of search spaces of TN-SS and TN-
PS, where the equivalence class G0 makes the “shape” for TN-PS
as a combination of flips of low-dimensional spaces.

G0 and FG0 = Z+,|E0| that corresponds to the TN-ranks.
We see that TN-PS is no longer an integer programming
problem as TN-SS due to the irregular geometry of G0.
Meanwhile, the size of the new search space varies with
different template G0. Figure 2 visualizes intuitively the
“geometrical shape” of the search space for TN-PS associ-
ated to a template of three vertices and two edges. We see
that the search space of TN-PS is more “collapsed” than the
original TN-SS. One immediate consequence of collapsing
is that the searching path and solutions for TN-SS would run
out of the TN-PS region, thereby failing to preserve the orig-
inal TN format. Next, we will establish formal statements
for these observations, and the results will help develop
feasible algorithms for resolving TN-PS.

3.2. Counting TN Structures

We begin by counting the size of the new search space,
proving that the graph degrees of the template G0 give a
universal bound for the size of the search space of TN-PS.

Suppose first a simple graph G0 = (V,E0) of N vertices
as the template, by which we then construct the set G0 as
Eq. (2). As mentioned above, we have known two facts: 1)

Aut(G0) forms a subgroup of SN , i.e., Aut(G0)  SN ,
such that G0 = a · G0 for any a 2 Aut(G0); and
2) for every G 2 G0 there exists gG 2 SN such that
G = gG · G0. By these facts, G = g

0
· G0 holds

for any g
0 = gG · a, implying that for each G 2 G0

there exists a left coset of Aut(G0), which is of the form
gG ·Aut(G0) := {gG · a|a 2 Aut(G0)}. According to the
Lagrange’s theorem in group theory, we thus obtain the
following equation with respect to the size of G0:

|SN | = |G0| · |Aut(G0)|. (4)

Table 1 lists the values of |Aut(G0)| associated with several
commonly used TNs. The size of G0 for those TNs can be
therefore derived by (4), shown in the last row of Table 1.

However, counting the automorphisms for a general graph
is difficult (Chang et al., 1995). Blow we prove that the
size of the search space of TN-PS is controlled by the the
minimum and maximum degree of G0. For convenience,
we further assume that TN-ranks are only searched within a

Table 1. Illustration of several counting-related properties for com-
monly used TNs of order N > 3, including tensor train (TT,
Oseledets 2011), tensor tree (TTree, Ye & Lim 2019), TR and
projected entangled pair states (PEPS, Verstraete & Cirac 2004),
where G0 = (V,E0), and �0 and �0 denote the minimum and
maximum degree of G0, respectively.

TT TTree TR PEPS

G0 Path Tree Cycle Lattice
�0 1 1 2 2

�0 2 [2, N � 1] 2 2, 3, 4

|E0| N � 1 N � 1 N  N

|Aut(G0)| 2 [2, (N � 1)!] 2N  N

|G0| N !/2 [N,N !/2] (N � 1)!/2  N !/4

finite range FG0,R ⇢ FG0 , meaning that the rank r(e)  R

holds for any r 2 FG0,R and e 2 E0. We then have the
following counting bounds.
Theorem 3.1. Assume G0 to be a simple and connected

graph of N vertices, and G0 is constructed as (2). Let

� = N/d1 and � = N/d2, d1 � d2 > 1, be the minimum

and maximum degree of G0, respectively. The size of the

search space of (3), written LG0,R := G0 ⇥ FG0,R, is

bounded as follows:

R
N2

2d2 ·N ! � |LG0,R| � R
N2

2d1 · e
�(d2)·N� 1

2 log d2�1/24,

(5)

where �(d) = log d+ 1
d
�1 is a positive and monotonically

increasing function for d > 1.

Proving the above theorem requires the following lemma
about an upper-bound of the size of Aut(G0), of which the
proof is given in Appendix A.
Lemma 3.2. Let G0 be a simple graph of N vertices, and

Aut(G0) be the set containing automorphisms of G0. As-

sume that G0 is connected and its maximum degree � satis-

fies N/� = d > 1, then the inequality

|Aut(G0)|  N ! · e��(d)·N+ 1
2 log d+1/24 (6)

holds, where �( · ) is defined in Theorem 3.1.

As shown in (5), the bounds of |LG0,R| are determined by
three factors: the number of vertices N , the searching range
of TN-ranks R, and the graph degrees of G0 parameterized
by d1 and d2. Figure 3 shows the bounds in (5) with varying
these factors. We see from the left panel that the upper and
lower bounds go closer with increasing the value of d (where
we assume d1 = d2 = d for brevity). It implies that the
bounds are tight for graphs with small degrees. We also see
from the middle panel that |LG0,R| grows fast with N , even
though the graph degree d been sufficiently small such as in
TT/TR, while the growth is relatively slow with increasing
R, the search range for TN-ranks.

2. TNLS: Algo. based on local-sampling

1. Sampling in neighborhood

2. Evaluating the fitness

3. Updating the center

3. Theoretical results

The number of mapping candidates grows exponentially 
fast with the tensor order for most practical TN formats.

1. Solving TN-PS is non-trivial.

2. Basic geometry for new search space

The New (semi)-metric and its induced neighborhood is 
rigorously proved.

4. Experimental results
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Table 2. Experimental results on synthetic data in TT/TR format. In the table, Eff. denotes the parameter efficiency defined in (Li & Sun,
2020), #Eva. denotes the number of evaluations, and “-” denotes that the methods fail to satisfy the condition RSE  10�4.

Trial
TR methods TN-SS methods TN-PS methods

TR-SVD TR-LM TR-ALSAR Bayes-TR Greedy TNGA? TNGA+ TNLS
Order 4 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]

A 1.00 1.00 0.21 1.00 1.00 hYesi 1.00 hYesi [600] 1.00 [450] 1.00 [361]
B 0.64 1.00 1.00 0.64 0.89hNoi 1.00 hYesi [300] 1.00 [450] 1.00 [241]
C 1.17 1.17 0.23 1.00 1.17 hYesi 1.17 hYesi [750] 1.17 [450] 1.17 [181]
D 0.57 0.57 0.32 - 1.00 hYesi 1.00 hYesi [450] 1.00 [300] 1.00 [301]
E 0.43 0.48 0.40 0.40 1.00 hYesi 1.00 hYesi [1050] 1.00 [450] 1.00 [361]

Order 6 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]
A 0.21 0.44 - - 0.16 hNoi 0.82 hNoi [1650] 1.00 [1500] 1.00 [661]
B 0.14 0.15 0.14 - 0.27 hNoi - 1.00 [1350] 1.00 [601]
C 0.57 1.00 0.85 0.29 0.97 hNoi 1.00 hYesi [3300] 1.00 [1800] 1.00 [661]
D 0.21 0.39 0.10 0.13 1.04 hYesi 1.04 hYesi [2700] 1.16 [1500] 1.16 [601]
E 0.15 0.30 - 0.12 1.00 hYesi 1.00 hYesi [2400] 1.00 [1050] 1.00 [541]

Order 8 – Eff." hIs TT/TR format preserved? Yes or No.i [#Eva.#]
A 0.10 0.16 - 0.03 0.88 hNoi 0.48 hNoi [2550] 1.00 [2850] 1.00 [1021]
B 0.09 0.43 - - 0.61hNoi - 1.02 [2250] 1.02 [961]
C 0.03 0.31 - 0.02 1.16hNoi 0.49 hNoi [2250] 1.11 [3750] 1.11 [1321]
D 0.20 0.53 - - 1.03hNoi 0.32 hNoi [4050] 1.06 [1950] 1.06 [781]
E 0.33 0.33 - - 1.17 hYesi 0.23 hNoi [1500] 0.88 [1500] 1.17 [901]
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Figure 4. Average loss with varying the number of evaluations.

sampling-based methods.

Data generation. We choose TT/TR, the most commonly
used TN formats in machine learning, to generate tensor
data. For each tensor order, i.e., the number of vertices,
N 2 {4, 6, 8}, we generate five tensors by randomly choos-
ing ranks and values of vertices (core tensor). In more detail,
the dimensions for each tensor modes are set to equal 3.
Here we choose a small dimension as same as the one in (Li
& Sun, 2020) because it is typically irrelevant to the search-

ing difficulty, as shown in Theorem 3.1. Meanwhile, we
uniformly select the TN-ranks from {1, 2, 3, 4} in random,
and i.i.d. draw samples from Gaussian distribution N(0, 1)
as the values of vertices. After contracting all vertices, we
finally uniformly permute the tensor modes in random. The
permutations maintain unknown for all algorithms in the
experiment.

Experiment setup. In our method, we set the template G0

as a cycle graph, the searching range for TN-ranks R = 7,
the maximum iteration #Iter = 30, the number of samples
#Sample = 60, and the tuning parameters c1 = 0.9 and
c2 = 0.9, 0.94, 0.98 for three different tensor orders N =
4, 6, 8, respectively.

In the experiment, we also implement various TR decompo-
sition methods with adaptive rank selection for comparison,
including TR-SVD and TR-ALSAR (Zhao et al., 2016),
Bayes-TR (Tao & Zhao, 2020), and TR-LM (Mickelin &
Karaman, 2020). We also compare our method with two SO-
TAs for TN-SS, including “Greedy” (Hashemizadeh et al.,
2020) and TNGA (Li & Sun, 2020). Note that the origi-
nal TNGA is forced to search only the TN formats. For
a fair comparison, we extend it into two new versions: in
“TNGA?” we trivially allow the method to search the for-
mats and ranks simultaneously; and in “TNGA+” we use
the classic “random-key” trick (Bean, 1994) to encode G0

into chromosomes, such that TNGA+ is capable of solving
TN-PS as well but remaining the same genetic operations as
TNGA. In these two methods and ours, we set the function

More efficient than (Li and Sun,2020)
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