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PROBLEM FORMULATION
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• Robust optimization

• Optimize black box function 𝑓
• Consider Input Uncertainty

• What is a robust solution?

• First moment:        𝕁𝜉 𝑓 = 𝔼𝜉 𝑓 𝑥 + 𝜉

• Second moment:   𝕍𝜉 𝑓 = 𝕍𝜉 𝑓 𝑥 + 𝜉

O
b

je
c
ti
v
e

 F
u

n
c
ti
o

n
 𝑓

Input 𝑥

O
b

je
c
ti
v
e

 D
is

tr
ib

u
ti
o
n

 

D
e

n
s
it
y

𝜉 distribution

𝑥∗𝑥𝑟
∗

“Solution 𝑥𝑟
∗ is more robust than 𝑥∗”

Mean:       𝔼𝜉 𝑓 𝑥𝑟
∗ + 𝜉 ≥ 𝔼𝜉 𝑓 𝑥∗ + 𝜉

Variance:  𝕍𝜉 𝑓 𝑥𝑟
∗ + 𝜉 ≤ 𝕍𝜉 𝑓 𝑥∗ + 𝜉
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• What is a robust solution?

• First moment:        𝕁𝜉 𝑓 = 𝔼𝜉 𝑓 𝑥 + 𝜉

• Second moment:   𝕍𝜉 𝑓 = 𝕍𝜉 𝑓 𝑥 + 𝜉

• Bayesian approach:

• Gaussian Process 𝑓~𝒢𝒫

• Bayesian Treatment of the above moments

• 𝕁𝜉 𝒢𝒫 𝑓 = 𝔼𝜉 𝒢𝒫 𝑥 + 𝜉

• 𝕍𝜉 𝒢𝒫 𝑓 = 𝕍𝜉 𝒢𝒫 𝑥 + 𝜉
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Inner Product FormBochner’s Theorem

APPROACH
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𝑘 𝑥, 𝑥′

= 𝜎2 𝑝׬ 𝜔 cos 𝜔𝑇𝐿 𝑥 − 𝑥′ 𝑑𝜔 ≈ 𝜙𝑇(𝑥)𝜙(𝑥′)
𝒢𝒫 ≃ 𝜙(𝑥)𝑇𝛩

Bayesian Linear Model

Feature mapping function
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𝒢𝒫 ≃ 𝜙(𝑥)𝑇𝛩

Bayesian Linear ModelInner Product Form

≈ 𝜙𝑇(𝑥)𝜙(𝑥′)

Random Fourier Features Monte Carlo

𝑘 𝑥, 𝑥′

= 𝜎2 𝑝׬ 𝜔 cos 𝜔𝑇𝐿 𝑥 − 𝑥′ 𝑑𝜔
Feature mapping function
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𝒢𝒫 ≃ 𝜙(𝑥)𝑇𝛩

Bayesian Linear Model

We derive expressions for 

Monte CarloRandom Fourier Features

Quadrature Fourier Features

𝑘 𝑥, 𝑥′

= 𝜎2 𝑝׬ 𝜔 cos 𝜔𝑇𝐿 𝑥 − 𝑥′ 𝑑𝜔 ≈ 𝜙𝑇(𝑥)𝜙(𝑥′)

Numerical Quadrature

Feature mapping function
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𝒢𝒫 ≃ 𝜙(𝑥)𝑇𝛩

• 𝕁𝜉 𝒢𝒫 𝑓 ≃ 𝔼𝜉 𝜙(𝑥 + 𝜉)𝑇 𝛩

• 𝕍𝜉 𝒢𝒫 𝑓

≃ 𝛩𝑇𝔼𝜉 𝜙 𝑥 + 𝜉 𝑇 𝛩 −

𝔼𝜉 𝜙(𝑥 + 𝜉)𝑇 𝛩
2

Bayesian Linear Model
𝑘 𝑥, 𝑥′

= 𝜎2 𝑝׬ 𝜔 cos 𝜔𝑇𝐿 𝑥 − 𝑥′ 𝑑𝜔 ≈ 𝜙𝑇(𝑥)𝜙(𝑥′) Feature mapping function
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Fourier feature base robustness measures

Bayesian Linear Model

We derive expressions for 

‒ 𝜉 ~ (multivariate) Normal distribution 

‒ 𝜉 ~ Uniform distribution

𝑘 𝑥, 𝑥′

= 𝜎2 𝑝׬ 𝜔 cos 𝜔𝑇𝐿 𝑥 − 𝑥′ 𝑑𝜔 ≈ 𝜙𝑇(𝑥)𝜙(𝑥′) Feature mapping function
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Fourier feature base robustness measures

A spectral representation (i.e., a parametric representation) of robustness measures 

that supports sampling continuous posterior trajectories

Bayesian Linear Model

We derive expressions for 

‒ 𝜉 ~ (multivariate) Normal distribution 

‒ 𝜉 ~ Uniform distribution

𝑘 𝑥, 𝑥′
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‒ Supports various 

problem formulations

‒ Supports various 

acquisition functions

Fourier feature-based robustness measures

A spectral representation (i.e., a parametric representation) of robustness measures 

that supports sampling continuous posterior trajectories

Sample 𝑓 posterior

Application in Robust 

Bayesian Optimization
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‒ Supports various 

problem formulations

‒ Supports various 

acquisition functions

Fourier feature-based robustness measures

A spectral representation (i.e., a parametric representation) of robustness measures 

that supports sampling continuous posterior trajectories

Application in Robust 

Bayesian Optimization

Pareto frontierRBO Added PointsBenchmark Function

Proof of Concept
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