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Score-based Generative Models

SDE and ODE
SDE , - 2 —
 ScoreSDE  p; (@) : dx; = [f(xs,t) — g(t)“se(xs, t)]|dt + g(t)dwy
ODE dmt 1 9
e ScoreODE p; () : pFre hy(x:,t) == f(xs,t) — 59(75) Sg(xy,1)

* Trained by minimizing weighted combination of score matching objectives:

Tom (6 )\(-))::% /0 NOEq, o, [ 180, t)~ Vo log s (o) 3]
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Score matching is to minimizing (upper bound) KL-divergence of SDEs
Maximum likelihood training of ScoreSDEs

* Score Matching is to maximum likelihood training of ScoreSDE (Song, et al, 2021).

4 N N
Dx1.(g0 || P3°°) < Dxw(ar || p7°°)+ Tsm(0; 9(+)?)
Very small, Weighted Score Matching

=t ) J




Problem: Score Matching for ScoreODEs is Unclear

First-order score matching is not enough for ScoreODEs

* An 1-D mixture-of-Gaussian distribution. ScoreODE is “Variance Exploding” type.

(first-order SM)

(Song, et al, 2021)
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Part I.
Relationship between Score Matching and
KL Divergence of ScoreODEs



Relationship between Data Distribution and Score-based Models
The three distributions are different

, Forward SDE (Eqn.(1))

Eqgn. (3)
q: () { Reverse SDE (Eqn.(2)) ) pSPE(g,)
approximate V 4 log q+ by s8¢ . (Appendix. B)
\ Probability flow ODE (Eqn.(5)) y pOPE ()
Eqn. (6)

(a) Relationship between g, p;~" and pPF.

SDE

Proposition 1. (ours, informal). Assume f(x, t) is linear w.r.t. x; , if pfPf = p2PE then

p:PE is a Gaussian distribution for all t € [0, T].

ODE(

For SGMs trained on the real data, p;PF is always different from p?PZ (even if the score model achieves the optimum).



Motivation: Exact Likelihood Computation of ScoreODEs

First-order score matching is not enough for ScoreODEs

* Theorem. (Ricky T. Q. Chen et al., 2018) “Instantaneous Change of Variables”:

T
1
log 5" (o) = log p7°" (@) +/ Ve - (f(wf,,t) N 59(t)230(wt,t)> dt

J 0

 Score matching can only control sg(x;, t), but cannot control V,.sg(x;,t) !

 Astraightforward way: Directly MLE by the above equation?
No!
Even for evaluation, computing the likelihood of a single batch needs 2~3 minutes.



KL-Divergence of ScoreODEs

The score matching objective is part of KL-divergence

Theorem 1. (ours, informal) The KL-divergence between data distribution and ScoreODE

distribution is:

Dx1.(qo || p§P%) = Dx1(ar || p9PF) + Jope(6)

= DKL(qT || p%DE) + jSM(O) + jDiﬁP(e) Uncontrolled Error

upper bound of Dx1,(qo0 || pgD E ) in Egn. (4)

where

T _
/ 9()*Eq, (a)) | (80(xt,t) — Vg log qi () |(Ve log pPPE(xy) — Vo 1ogqt<wt>ﬂ]dt,
0

= ) o~ )

T _
/ 9(0)*Eq, (a | (50(@e, ) — Vo log qe(0))
0

Ve log pPPF (x;) — so(xy, 1‘))] dt.
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Bounding the KL-Divergence of ScoreODEs

Turn MLE to score matching

* By Cauchy-Schwarz inequality:

1 T
Dxkr(qo || pS°F) = Dxw(qr || p9°F) + —/ 9(t)°Ey, (2, [(s0 — V1ogq) ' (ViogpPP" — Vlog q,)] dt

2 Jo
. > A =
ODE 1 g g
< Dxwlar [ p77) +|5- /( 9()?Eq, (z,)lIs6 — Vlog g:|5d¢ - \ /( 9()?Eq, () |V log pPP" — Vlog g, [|5d¢
) )
(First-Order) Score Matching Fisher Divergence between ODEs
& (Song, et al, 2021) / K (Uncontrolled error) /
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Bounding Fisher Divergence by High-Order Score Matchings

First-order, second-order and third-order score matchings

Theorem 2. (ours, informal) Assume ||V, log p?°" ||, < C, then the Fisher divergence

between g, and p?P% can be bounded by U(t; 64, 85, 83, C, q), where 8;, 85, 83 are first-

order, second-order and third-order score matching errors:

so(x¢,t) — Valogge(xe)|]2 < 61,
Vaso (@i, t) — Vg log gi(x:)||F < 62,
Vaztr(Vese(xi,t)) — Ve tr(Vi log g¢ (1)) ||2 < 03




Summary: Relationship between Score Matching and KL Divergence

ScoreSDE and ScoreODE are different

DKL(qO | p

SDE)

Dx1.(qo || pgPF)

(Song et al., 2021) '<—m1n1mlzmg upper bound—| (Theorem 3.1 & Eqn. (11))

&731\\4/( 0)

I
v

first-order SM

\/jSM(H) ’ \/jFisher
l(Theorem 3.2)

first-order SM [second, third-order SM
(Theorem 4.1, 4.2, 4.3)
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Part ll.
Error-Bounded High-Order
Denoising Score Matching (DSM)



Second-Order Denoising Score Matching

Second-order score function

 The second-order score function includes the first-order score function:

Vit log Qt(mt) = eq()(w(ﬂmt)ﬁvit log (J()t(fEt|ZU0> + th log QOt(iDt|iB0)vmt log (]()t(ilft|$0)T]]

- [v log ¢t (1) V., log qtmf] “Second-order noise’
(Can turn to Denoising)

First-order score
(Unkown)

 Astraightforward way (Meng, et al, 2021): replacing the first-order score function
V., log q:(x;) by the approximated score network $; (x¢, t).

Score-based Diffusion ODEs 13



Second-Order Denoising Score Matching
Straightforward way
* (Mengetal., 2021) uses the following objective for second-order DSM:
0" = arg;nin Eq,Eq, [}‘32(9) — V?1log qot — V1og otV log qq; + 5‘1~§1TH2F]

However, we show that this method has unbounded score matching error, even if
the training objective achieves the global optimal.

Proposition 2. (ours, informal) Assume V2 log g, is unbounded (e.g. Gaussian
distribution), and there exists §; > 0 such that ||$; —log g¢||, > &;. Thenforany §; > 0

and C > 0, there always exists x; such that

[s2(xe, t;07) — Vi logqe (xe)llr > C



Error-Bounded Second-Order Denoising Score Matching

Matrix form

Theorem 3. (ours, informal) Assume $; is an estimation for V.. log q;, then we can
learn a second-order score model s, (8) which minimizes

E,, () [”sz(azt,t; 0) — V2 IOth(mt)“i“}
by optimizing
6" = argmin Eq, . [ —||lo? s2(ze, t;0) + I — £1£) || ]
where 9
Li(€,xo,t) = 0481(T¢,t) + €, T = uxo+0ore, €~N(0,I)

Moreover, the score matching error can be bounded by the training error and the
first-order score matching error:

H82(mt7t; 0) v2 lqut Lt ||F S ”SZ(wtae) o SZ(wtat; 0*)”F + 5%(131;,15)

( 51(wt7t) = ||‘§1(wtat) o vw loth(wt)HQ)



Error-Bounded Second-Order Denoising Score Matching

Scalar form (matching trace)

Corollary 1. (ours, informal) Assume §; is an estimation for V,. log g, then we can
learn a second-order score model s57%¢€(0) which minimizes

]eq(mt) [|st2mce(«’13t, t ‘9) - tr(vi log qt(mt)) |2]

by optimizing
1
ot

Moreover, the score matching error can be bounded by the training error and the
first-order score matching error:

2
0" = argmin Ey,, [ Ufstzmce(wt, t;0)+d— ||£1||§| ]
0

| 859 (1, 8;0) — tr (V3 log gi(@))| < |85° (e, t;0) — 5% (@e, 1;07)| + 07 (24, ¢)



Error-Bounded Third-Order Denoising Score Matching

Vector form

Theorem 4. (ours, informal) Assume §; is an estimation for V. log g, and §, is an
estimation for V2 log q,, then we can learn a third score model s3(8) which minimizes

Eq o) |||83(xt,t56) — Vo tr(V2 log gu(2)) |3
by optimizing
9* — argminEwO,e [ ||O‘t S3 wt,t 9 -|-£3|| ]
0

where 01(€,xo,t) == 0481 (s, t) + €, La(e, o, t) = 0782(xs,t) + I,

£3(€, Xy, t) = (||£1||§I — tr(£2)I — 2£2) Ly, xTy=04xTy+ OL€E, €~ N(O, I)
Moreover, the score matching error can be bounded by the training error and the
first-order and second-order score matching errors:

[s5(xt,t;0) — Vo tr(V2log gu(:)) ||, < ll83(@s,t;0) — s3(xs, 850"y + (07 + G2, + 202) 07



Summary: Error-Bounded High-Order DSM

Bounded by training error and lower-order score matching errors

|82(, 85 0) —

V2 log gt (x4 ||F < |[s2(x+,0) — s2(@,8507)|| o + 5%(‘1%75)

‘Strace(wt,t 9) _ tr(V2 log Qt Ty )‘ < |stmce(a:t,t; ) — Sgace(mt,t; 0%)| + 5%(:1%,1;)

||S3(wt7 ta 0)

Ve tr(V2 log g:(z1)) ||, < llsa(ze,t;0) — sz, t560%)]|, + (5% + 024 + 252)5%

I,
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Part Ill.
Training Score Models by High-Order DSM



Variance Reduction by Time-Reweighting
The “noise-prediction” trick in (Ho et al. 2020)

* Our training objectives is:

jéél)v[( ) ]Et,a:o,e i |Ut59(wt7 t) + 6”;]
TSu(0) =Ee g [[[03Vaso(e,t) + T — 2] 7],
Tian (0):=Eoay,c | |07 tr(Vaso(@s, 1) +d— & I3]].

TSuO) =Bt e[ Vst (Vo s, 1))+ &5][7],

) min T34 (0)+ M (Tam(8) + TS (0)) + 2T (6),

Score-based Diffusion ODEs 20



Scale-up to High Dimension

By Hutchinson’s trace estimator (Hutchinson, 1989)

 Qur training objectives for high-dimensional data are:
(2) 0) = E 24 _ 3, . : S 2
jDSM estlmatlon( ) — St,xp,eSp(v) ||0t Sjup +v (Utsl v+ € v)(atsl + 6)“2 )
[ 2
j(gl\tllr estlmatlon(a) — ]Et,w(),GIEP(U) UtszSjvp + ||’U||% - |at‘§1 "Vt € ’U|2) ] ’

jDSM estlmatlon(g) - Et,w(),GEP(U) ‘GEUvasjUP + |0t'§1 "Vt € ’U|2(0't§1 + 6) - (vaTéjUP + ”’v”g)(atél + 6)

2
—2(0481 v +€- v)(aféjvp + 'U)HJ ,

Proposition 3. (ours, informal) The training objectives for high-dimensional data can

upper bound the corresponding original objectives:

2 2 r r 3 3
\7( : ( ) j(Sl)\/I estimation(0)7 j(z t)( ) j(gl\il)estlmation(e)a j( ) ( ) j(Sl)V[ estimation(g)



Experiments

Example: 1-D mixture-of-Gaussians

e Denote 10° 1 -
1
gFisher(t) = 59 (t)zDF (Qt || p?DE)a 103 -

]' - irs
lsm(t) = 59(1) Bq, () 80 (1, 1) = Valog g (a,)[3, 0t I e Rt |
— {risher, S€CONd
= LFisher, Third

10—1 -
””””

r
1073 4 S~=TT

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3. lrisher(t) and £sm(t) of ScoreODEs (VE type) on 1-D
mixture of Gaussians, trained by minimizing the first, second,
third-order score matching objectives.
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Experiments

Density modeling on 2-D checkerboard data
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Figure 4. Model density of ScoreODEs (VE type) on 2-D checkerboard data.



Experiments
Density modeling on CIFAR-10

Table 1. Negative log-likelihood (NLL) in bits/dim (bpd) and sam-
ple quality (FID scores) on CIFAR-10 and ImageNet 32x32.

ImageNet

Model CIFAR-10 32x32

NLL| FID| NLL |
VE (Song et al., 2020) 3.66 2.42 421
VE (second) (ours) 3.44 2.37 4.06
VE (third) (ours) 3.38 2.95 4.04
VE (deep) (Song et al., 2020) 3.45 2.19 4.21
VE (deep, second) (ours) 3.35 2.43 4.05

VE (deep, third) (ours) 3.27 2.61 4.03

Score-based Diffusion ODEs



Experiments
Random samples of SGMs by PC sampler (Song, et al., 2021)

First-Order DSM Second-Order DSM Third-Order DSM
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Summary and Discussion

* We analyze the relationship between score matching and KL divergence of ScoreODEs,
and give an upper bound of KL divergence by high-order score matchings.

* We propose a novel error-bounded high-order denoising score matching method.

e Our proposed method can improve the likelihood of ScoreODEs.



