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Sampling framework

▶ F smooth and nonconvex

µ⋆(x) ∝ exp(−F (x))
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Figure: Simulation from [KSA+20] (Code from Q. Liu)
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Sampling as optimization

µ⋆ = argmin
µ∈P(Rd )

KL(µ|µ⋆),

where

KL(µ|µ⋆) :=

∫
log

(
dµ

dµ⋆
(x)

)
dµ(x) if µ ≪ µ⋆,+∞ else,

satisfies KL(µ|µ⋆) ≥ 0 and KL(µ|µ⋆) = 0 iff µ = µ⋆.

Gradient descent for KL( · |µ⋆)?
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Stein Variational Gradient Descent (SVGD)

µn+1 = (I − γhµn)#µn, (1)

where hµ :=
∫
∇F (x)k(·, x)−∇2k(·, x)dµ(x) and k(x , y) kernel

of a RKHS H.

▶ When µ0 is discrete then µn is discrete and (1) is called
SVGD algorithm [Liu and Wang, 2016].

▶ When µ0 has a density then µn has a density [SSR22] and (1)
is called SVGD in the population limit.

µ0
µn

−γhµn
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Kernelized Stein Discrepancy

Remark: KSD(µ|µ⋆) := ∥hµ∥H
[Liu et al., 2016, Chwialkowski et al., 2016, Oates et al., 2019,
Gorham and Mackey, 2017].

If H rich enough, KSD(µ|µ⋆) = 0 =⇒ µ = µ⋆.
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Analysis in the population limit

SVGD is a ”Wasserstein gradient descent” in the metric of H
[Liu, 2017, Duncan et al., 2019, Chewi et al., 2020,
Nüsken and Renger, 2021, Shi et al., 2022, Gorham et al., 2020],
[KSA+20, SSR22].

Theorem 1 (Complexity and convergence of SVGD in the
population limit [KSA+20, SSR22])

Convergence: If µ0 has a density and if∫
exp(β∥x − a∥2)dµ⋆(x) < ∞, then W1(µ

n, µ⋆) → 0.
Moreover, complexity n = O(d3/2/ε) to output µ s.t.
KSD2(µ|µ⋆) < ε.

6 / 10



Proof

KL(µn+1|µ⋆) ≤ KL(µn|µ⋆)− γ(1− γC ) ∥hµn∥2H︸ ︷︷ ︸
=KSD2(µn|µ⋆)

.
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