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®\\e consider the following problem

mm fo(w Zf’f (w),

s.t. fj(w) <0, 7= 13 y T2,

fo(*) is a non-convex and white/black-box function
fi () is non-convex/convex and white/black-box function

®Examples
1. Classification with pairwise constraints.
2. Tuning the average performance of the policy under multiple scenarios and ensuring
the performance of each scenario.

3. Optimizing the control policy under performance and safety constraints.
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Table 1: Representative zeroth order methods for constrained optimization problems, where N/C means nonconvex/convex,
W/B means white/black-box function, and the last column shows the size of the constraints.

Framework Algorthm Reference Objective Constraints Size
Z0SCGD (Balasubramanian & Ghadimi, 2018) N/C ,g., Small

FZFW C
Frank-Wolfe FZCGS (Gao & Huang, 2020) N/C Small

W

FCGS

Acc-SZO0FW C
AccS7OEWH (Huang et al., 2020b) N/C W Small

: C
Projected ZOPSGD (Liu et al., 2018c) N/C W Small
AccZOMDA (Huang et al., 2020a) N/C ,E, Small

N/C

Penalty DSZOG Ours N/C W/B Large
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* Reformulate the problem as the following minimax problem over a
probability distribution,

A
min max L(w,p) =fo(w) + Bo(w,p) — S Ipl3, (2)
w peA 2

where >0, 1> 0, p(w,p) = XLy pj; (W), ¢;(w) = (max{f;(w),0})", A™ = {p| 2%, p; = 1,
0< Dj < 1}.

* Alternately update w and p with stochastic zeroth-order method.
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* Sample t; uniformly, and f; according top , and calculate
their stochastic zeroth-order gradient w.r.t w,

G (wy, ) = B ) — bi{wy), (3)
2
Gﬁ(wt,p, fj,ﬂ) _ qu(wf + ﬁ‘z) _ ij(wf)u? (4)

where u > 0andu ~ N(0,1,).

* (Obtain the stochastic zeroth-order gradient of L w.r.t w,

Gﬁ (wtaptv l;, fjv u):G;{ (wta l;, u) + BGﬁ(wt:pta fj: u)- (9)
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* Sample f; uniformly, and calculate the stochastic gradient w.r.t p,

H(w¢,py, [j) = Bme;o;(we) — Apy, (8)

* Sample a batch of l;, fj, and uy to reduce the variance

r 1 I _ o] 1
GpJ (wt}ptingﬁfMQ?u[q]) ZQ|M1| Z Zaﬁ('wt:gi:uk) + Q'|M2‘ Z ZGﬁ(wt:pt:fjauk)a (6)

ie M1 k=1 jEMs k=1
Bm |
H(wi, py, fa,) = Ma]| Z ejdj(we) — Apy. (9)
JEM3

where M; € [n], M, € [m], M; € [m] and q > 0.
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* Using momentum methods and adaptive step size to

ZE_I :(1 - b)ziu + bGﬁ(wt-l—l:pt—l—la ng? sz: u[q])n
(1)
EE:_H :(1 _b)z;+bH(wt+1:pt—l—1:fM3)a (12)
Zw
Wipt = W, — Ty (13)
|z [|2 + ¢

zt

=) (14)

f’t+1 = Pam(p; + Ip
\/ ||z§3||2 + C

where pi+1 = (1 — a)ps + aps41, and Pam(+) denotes the projection operator.
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Algorithm 1 Doubly Stochastic Zeroth-order Gradient (DSZ0G).

. .
A/gor/thm Input: 7', | M|, | Ms|, M|, 8> 1, ¢ pu A=1e —6,bec (0,1),¢c=1le — 8 a € (0,1), 1, and

Tlp-
Output: wr.
1: Inmitialize ;.
2: Initialize pi p* wlj by solving the strongly concave problem.
— (.T

3: Initialize =z, (w109, 00m, 5 Ay, U ])dndz:,:H{wl,pl,fMR).
4: fort =1,- Tciﬂ

z!,

50 Wi = Wi Ne—F————
2512 + ¢
Zp

'6: ﬁ!.-l—l = ’P&rn (pt —|— ?}P— .

Izl + ¢

7 Py~ (L—a)p, + ﬂp1+1

8:  Randomly sample wq,--- ,u, ~ N(0,14).

9:  Randomly sample a index a{,t M1 C [n] of £,.
10:  Sample a constraint index set Mgy ~ p, | C [m].

11:  Randomly sample a constraint index set M.
b . ]- i v
12: Calculate (}ﬁ(wt+1:p£—|—11ngnsz'!u[q]) - M Zif:f\/h }i—l(]rf;(wt+1:£i:uk) +
5}
M ZJEM*z (1;1{w£+1:p1+11f37ukJ
{J’m

13:  Calculate H{w;y1,p,1 1, fms) = |M | EJEM‘; e;joi(wip1) — Ap.

14: 2zl = (1= b)zl, + bGE(wis1, Pyy1s bay s Faas Ug)-

IS: z;fl = (l — b)Z;, + bH(wt+1:P1+1: qu)
16: end for
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* Convergence analysis

min {g(w) = max £w,p) = Llw,p"(w) ), @D

wr peA™

Theorem 5.14. Under Assumpr.iﬂns 5.1, 5.9 and 5.10,

{.fﬂ € (0*1] p*(u’l) 1 H{wt!pt:st}'
z':ll.u - Gﬁ(wf pt1€M1 fMg g]) 0 < Tlp <
1 b? Th?

' 1}, 0 2 =
B 3co 1L’ Ta%cy;  32L%a%cy;’ J < T =
(L P s e

ALct " 4ei L7 IQSLEchlu 128L%7 "

< € O{b{nﬂn{z et 1} and

W= T+ 3 207 640217
2(g(wy) — g(wr)) 202 ﬁdcr%L?
T > max{ P T 73 }, we have

T

1

ZE [ Va(wol3] < . 22)
t=1
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* Experimental results
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Figure 1: Test accuracy against training time of all the methods in classification with pairwise constraints (We stop the
algorithms if the training time is more than 10000 seconds).
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Figure 2: Test accuracy against training time of all the methods in classification with fairness constraints (We stop the
algorithms if the training time is more than 10000 seconds).
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