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Contextual Bandits with Knapsacks
Round 1 Round 2 …….

Reward Reward

0.2 0.01

0.5 0.3
. .
. .

0.05 0.7

Goal: Sequentially choose arms over T rounds to maximize rewards.

K arms
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Contextual Bandits with Knapsacks
Round 1 Round 2 …….

Reward Consumptions Reward Consumptions
R1,……..,Rd R1,……..,Rd

0.2 0.1,……..,0.35 0.01 0.25,……..,0.7

0.5 0.6,……..,0.4 0.3                0.6,……..,0.1 
. . . .
. . . .

0.05 0.01,……..,0.3 0.7                0.34,……..,0.49 

Goal: Sequentially choose arms over T rounds to maximize rewards subject to 
resource consumptions less than budget B
Applications: Advertising, clinical trials, general resource allocation problems 

K arms

1. Badanidiyuru, A. et. al. Bandits with Knapsacks. In FOCS, 2013.
2. Devanur, N.R. and Hayes, T.P. The Adwords Problem: Online Keyword Matching with Budgeted Bidders Under Random Permutations. In ACM-EC, 2009. 
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Smoothed Linear Contextual Bandits with Knapsacks (LinCBwK)
• Smoothed context vector corresponding to each of K arms1

• Linear rewards and linear consumptions for all d resources

• Learner can choose the no-op arm with zero rewards and zero consumptions
• Sequentially choose arms to maximize rewards under resource constraints

<latexit sha1_base64="2WVqObhhqxOyitAO80wlAGajpDs="></latexit>

xt(a) = ⌫t(a) + gt(a) ⌫t(a) 2 Bm
2 , gt(a) ⇠ N (0,�2Im⇥m)

<latexit sha1_base64="O56B+a+QkqDNmSpBRG/dVKCagno="></latexit>

E[rt(a)|xt(a), Ht�1] = µ
|
⇤xt(a), µ⇤ 2 Sm�1

<latexit sha1_base64="sWv/hk+Mm0JEbz5TriFCGrh4vmk="></latexit>

E[vt(a)|xt(a), Ht�1] = W
|
⇤ xt(a), W⇤ 2 Rm⇥d

<latexit sha1_base64="GJJ71iNzTcWlMSLfLGZxUSdOSBs="></latexit>

max
TX

t=1

rt(at) s.t.
TX

t=1

vt(at)  IB

1. Kannan et. al. A Smoothed Analysis of Greedy Algorithm for the linear contextual bandit problem. arXiv:1801.04323, 2018. 4



Benchmark policy
• Probability distribution over arms performs better than fixed arm

Choosing context 1 and 2 each with probability 0.5 gives optimal rewards
Without constraints picking fixed arm 1 or 2 gives optimal rewards

• We will benchmark algorithm performance against an optimal adaptive policy with
knowledge of true parameters and adversarially chosen contexts over all T rounds

<latexit sha1_base64="9rGPcwtoidj5ELA9fLxw1CSgf8Y="></latexit>

µ⇤ = [1, 1], W⇤ =


1 0
0 1

�
, xt(1) = [1.0], xt(2) = [0, 1], B =

T

2
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A Primal-Dual Approach

Algorithm

• Estimate 

• Select arm maximizing

• Greedy estimates vs UCB estimates

• 𝜃! is a distribution over resources computed by dual online algorithm based on past 
resource consumptions

• Optimal regret when 𝑍 = "#$
%

where 𝑂𝑃𝑇 is reward of optimal adaptive policy

<latexit sha1_base64="CZ5IVqu8T2bkAyg31AodfB4YGao="></latexit>

hhµ̂t, xt(a)i| {z }
Reward

�Z hŴtxt(a), ✓ti| {z }
Constraints

<latexit sha1_base64="QvpUCtxDhnqBYEzldTPichxhcQ8=">AAACEHicbZDLSgMxFIYz9VbrrerChZtgEVxImZGiXRbcuKxgL9AZhkyatqHJzJCcEcowPoSv4Fb37sStb+DWJzFtZ2Fbfwh8+c85nOQPYsE12Pa3VVhb39jcKm6Xdnb39g/Kh0dtHSWKshaNRKS6AdFM8JC1gINg3VgxIgPBOsH4dlrvPDKleRQ+wCRmniTDkA84JWAsv3zijgikrkwyHy6f8OzWMeyXK3bVngmvgpNDBeVq+uUftx/RRLIQqCBa9xw7Bi8lCjgVLCu5iWYxoWMyZD2DIZFMe+nsAxk+N04fDyJlTgh45v6dSInUeiID0ykJjPRybWr+V+slMKh7KQ/jBFhI54sGicAQ4WkauM8VoyAmBghV3LwV0xFRhILJbGFLILOSCcVZjmAV2ldV57pau69VGvU8niI6RWfoAjnoBjXQHWqiFqIoQy/oFb1Zz9a79WF9zlsLVj5zjBZkff0C17CdXQ==</latexit>

µ̂t, Ŵt

1. Agrawal, S. and Devanur, N. R. Linear Contextual Bandits with Knapsacks. In NeurIPS, 2016. 6



Stochastic Smoothed LinCBwK

• Remember smoothed context vector definition

• Assume                                  iid in each round 

• Remember optimal 𝑍 = "#$
%

. Estimate and extrapolate value of 𝑍 after 𝑇& rounds

• Additive regret

<latexit sha1_base64="2WVqObhhqxOyitAO80wlAGajpDs="></latexit>

xt(a) = ⌫t(a) + gt(a) ⌫t(a) 2 Bm
2 , gt(a) ⇠ N (0,�2Im⇥m)

<latexit sha1_base64="hPcIjYpbMFh3u4bI0cSHidZgGDo=">AAACHnicbVBNS8NAEN34WetX1aOXxVKol5JI0V6Egh4ELxVsFZoYJttNu7ibhN2NWEJ+gX/Cv+BV797Eq179JW5rD7b6YODx3gwz84KEM6Vt+9Oam19YXFourBRX19Y3Nktb2x0Vp5LQNol5LK8DUJSziLY105xeJ5KCCDi9Cm5PRv7VHZWKxdGlHibUE9CPWMgIaCP5pYqb4XtfV2Efu7mfwbGT35xjVzGBXQF6QIBnp7lfKts1ewz8lzgTUkYTtPzSl9uLSSpopAkHpbqOnWgvA6kZ4TQvuqmiCZBb6NOuoREIqrxs/E6OK0bp4TCWpiKNx+rviQyEUkMRmM7RiWrWG4n/ed1Uhw0vY1GSahqRn0VhyrGO8Sgb3GOSEs2HhgCRzNyKyQAkEG0SnNoSiLxoQnFmI/hLOgc157BWv6iXm41JPAW0i/ZQFTnoCDXRGWqhNiLoAT2hZ/RiPVqv1pv1/tM6Z01mdtAUrI9vkCeh1Q==</latexit>

{xt(a)}Ka=1 ⇠ D

𝑇! exploration 
rounds.

Run algorithm with fixed 
estimated Z for 𝑇 − 𝑇! rounds

<latexit sha1_base64="7umsQQk0pSivS16W/qotj59mqPc=">AAACFnicbVA9TwJBEN3DL8Qv1NKYbCQm2MAdErUk2tipiQgJd5K9ZYANu3fn7p4JuVzln/Av2GpvZ2xtbf0lLkgh6EsmeXlvJjPz/IgzpW3708rMzS8sLmWXcyura+sb+c2tGxXGkkKdhjyUTZ8o4CyAumaaQzOSQITPoeEPzkZ+4x6kYmFwrYcReIL0AtZllGgjtfO7p9jtwR12LwT0SFHcJpXyYXp9mxyWq+lBO1+wS/YY+C9xJqSAJrhs57/cTkhjAYGmnCjVcuxIewmRmlEOac6NFUSEDkgPWoYGRIDykvEbKd43Sgd3Q2kq0His/p5IiFBqKHzTKYjuq1lvJP7ntWLdPfESFkSxhoD+LOrGHOsQjzLBHSaBaj40hFDJzK2Y9okkVJvkprb4Is2ZUJzZCP6Sm0rJOSpVr6qF2skknizaQXuoiBx0jGroHF2iOqLoAT2hZ/RiPVqv1pv1/tOasSYz22gK1sc3CrKdug==</latexit>

B � ⌦(m2/3T 3/4)

<latexit sha1_base64="qruoYtvU/wOHFQjUfPSAH8zfpRU="></latexit>

REW � OPT�O

✓✓
OPT

B
+ 1

◆
m

p
T

◆0 T
Decision timeline Reward/Regret

1. Agrawal, S. and Devanur, N. R. Linear Contextual Bandits with Knapsacks. In NeurIPS, 2016. 7



Adversarial Smoothed LinCBwK

• Remember smoothed context vector definition

• Assume                    are chosen by an adaptive adversary
• 𝑍 cannot be estimated without observing contexts in all rounds
• Doubling trick: Guesstimate 𝑂𝑃𝑇 after each round, start new epoch if new guesstimate 

double of previous guesstimate1

• Competitive ratio bounds

<latexit sha1_base64="2WVqObhhqxOyitAO80wlAGajpDs="></latexit>

xt(a) = ⌫t(a) + gt(a) ⌫t(a) 2 Bm
2 , gt(a) ⇠ N (0,�2Im⇥m)

<latexit sha1_base64="iHrVvx5ooqiZg068HAk/nFNRnEQ=">AAACDXicbVDLSsNAFJ34rPUVHzs3g0Wom5JI0W6EghvBTQX7gCaGyXTSDp1JwsykUEO+wV9wq3t34tZvcOuXOG2zsK0HLhzOuZdzOX7MqFSW9W2srK6tb2wWtorbO7t7++bBYUtGicCkiSMWiY6PJGE0JE1FFSOdWBDEfUba/vBm4rdHREgahQ9qHBOXo35IA4qR0pJnHjspHHmqjM6hk3kpurazxzvPLFkVawq4TOyclECOhmf+OL0IJ5yECjMkZde2YuWmSCiKGcmKTiJJjPAQ9UlX0xBxIt10+n0Gz7TSg0Ek9IQKTtW/FyniUo65rzc5UgO56E3E/7xuooKam9IwThQJ8SwoSBhUEZxUAXtUEKzYWBOEBdW/QjxAAmGlC5tL8XlW1KXYixUsk9ZFxb6sVO+rpXotr6cATsApKAMbXIE6uAUN0AQYPIEX8ArejGfj3fgwPmerK0Z+cwTmYHz9Am76mtI=</latexit>

{vt(a)}Ka=1

Run multiple epochs. New estimate of Z at beginning of 
epoch. Maximum log 𝑇 epochs. 𝐵/2 log 𝑇 budget 
allocated for each epoch.

<latexit sha1_base64="inbtxGlUL2GwF7NZftyL4KNMNEM="></latexit>

REW � OPT

O(d log T )
�O

✓✓
OPT

B
+ 1

◆
m

p
T

◆
Decision timeline

0 T

Explore

Reward/Regret

1. Immorlica et. al. Adversarial Bandits with Knapsacks. In FOCS, 2019 8



Thank you!
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