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Hyperparameter Bilevel Program(BLP)

* We consider the following BLP framework:
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e )\ is a vector of hyperparameters

e [ :R" — R is the convex function for the validation error
e [:R" — R is the convex function for the training error

e P,:R" —-R,, :=1,...,J are convex regularizers



Examples of hyperparameter BLPs
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Hyperparameter Decoupling

 The Lower Level (LL) problem

mlnl +Z)\P

 The hyperparameter Varlables )\ can be decoupled from the
regularization term by introducing a new variable r

min [(z') s.t. Pi(a) <wr;,, i=1,...,J.
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« This suggests working with the following BLP:
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s.t. o € argmin{l(z') s.t. Pi(2') <ryi=1,...,J}.
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Single-level DC Reformulation

* The value function of the LL problem
v(r) :=min{l(x) s.t. Pi(x) <r;, i=1,...,J}.

* Thanks to full convexity, v(r) 1s convex.

» Using the value function, we can reformulate BLLP as the following
Difference-of-Convex(DC) program:
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VF-1DCA

e Given a current iterate (¥, r%) for each k, solving the LL problem param-
eterized by r*

% € argmin l(z) s.t. Pi(z) <rF, i=1,...,J,

e Find a corresponding Karush-Kuhn-Tucker (KKT) multiplier v*.

e Construct a linearization of v(r) at r¥,
Vie(z,r) := U(z) = 1(Z") + (", 7 = r¥).

o Update zF*1 := (zF*1 1) by solving the strongly convex subproblem

min ¢ (x,7) = L(:B)Jrellz—zkHz—l—Oék max {0, Vi(z,r), Pi(z) — i},
z,rERJ 2 1=1,...,J

where p > 0, and ay, represents the adaptive penalty parameter, z := (x,7),
2P = (2, rF)



Theoretical Investigations

-

Theorem . Assume that L(x), [(x) and P(x) are semi-algebraic functions. Sup-
pose that {z% := (x®,7%)} and {ay} generated by VF-iDCA are bounded, L(x) is
bounded below and there exists 6 > 0 such that 'rf >0 forallk andi=1,...,J.
Then {z*} converges to a KKT point of DC program.
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Numerical Experiments on Synthetic Data

Table 1. Elastic net problems on synthetic data.

Table 2. Sparse group lasso problems on synthetic data.

Settings Method Time Val. Err. Test Err. Settings ~ Method #A Time Val. Err. Test Err.
Grid 310 £ 044  6.16 £235 6.68 + 1.16 Grid 2 3038+ 1.82 4245 4+ 7.67  44.56 £ 7.33
|Zx| = 100 Random 3.55 £+ 0.58 598 £ 2.24  6.67 £ 1.15 Random 31 28.54 + 1.51 39927 + 7.32 43.00 + 8.83
[Lya| = 20 TPE 541+ 0.75  6.05 £ 230  6.77 + 1.04 p=0600  pp 31 47.07 + 4.01 3569 £ 592 4059 - 6.67
“tjsE'; 250 }(F?]‘;g{ ?gg i 546 jﬁ’ i égg Z;? i ﬁg M=30" a0 31 69.62 £ 47.76  30.16 £ 7.41  39.28 + 6.56
p== VEADCA  0.01 £ 0.10 195 < 081 3.09 + 0.6 VF-iDCA 31 813 +£1.20  0.01+£0.00 38.50 & 6.00
Grid 317 £ 043 651 % 153 6822 1.10 Grid 2 20.84 & 1.04  41.88 £ 7.64  44.90 £ 7.02
Iix| = 100 Random 5929 + 0.60 6.44 + 153 6.77 + 1.14 P = 600 Random 301 18.94 = 1.09 43.92 £ 8.77 47.90 £ 8.55
[Lval] =100  TPE 540 £ 0.84  6.44 =153  6.76 + 1.06 M — 300 IPE 301 76.82 £2.55  39.22 4 6.26  42.93 £ 8.00
[Fiest| = 250 IGJO 242 + 130 471+ 132 488 + 1.30 - 1GJO 301 160.85 + 71.50  20.37 + 4.46  38.52 £ 6.78
p =250 IFDM 1.30 £ 041 478+ 112 461 +1.12 VF-iDCA 301  56.73 + 92.48 19.61 + 8.33 33.55 + 4.71
VF-4DCA  1.37 £ 0.29 3.04 = 0.74 3.58 + 0.60
Grid 2 87.20 £ 5.85  49.56 &+ 10.76  51.85 + 12.90
| = 100 gfidd ;ggg i ;gg ;gg i 1(1)8 22‘21 i 8% b— 1290 Random 301 7375428 53.65+ 1203 5584 & 14.25
tr| — andormn . . . . . . =
\[val| =100  TPE 32.17 £ 740  7.89 £ 1.11  8.60 &+ 0.87 M = 300 TGP% 301 117"07 + 566 45.94 £ 930 51.67 = 12.29
| — 100 1GJO 1619 + 40.05 799+ 118 841 4+ 0.86 IG.J( 301 98.35 &+ 47.47  20.70 £ 4.70  38.90 £ 7.20
VF-iDCA  19.97 £ 517 1.61 = 1.85 5.10 + 1.07

Table 3. Low-rank matrix completion problems on synthetic data.

Competitors:

» Implicit Differentiation: IGJO ( Feng & Simon, 2018) and IFDM Method A Time Val. Err, Test Err.
(Bertrand et al., 2020). Grid 2 2067 +£090  0.71+£021 0.76 £ 0.20

* Grid Search Random 25 32.49 £+ 1.84 0.73 £ 0.21 0.80 £ 0.20

* Random Search TPE 25 35.05 £ 9.37 0.68 £+ 0.20 0.76 £ 0.18

« TPE: Tree-structured Parzen Estimator approach (Bergstra et al., IGJO 25 1268.65 £ 365.99 0.68 £ 0.21  0.72 £+ 0.18
2013) VF-iDCA 25 51.55 £+ 10.43 0.06 = 0.07 0.70 £ 0.16




Application to real data

~#= VF-IDCA =#= Grid Search  ~#*- Random Search  =#= TPE
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Figure 1. Comparison of the algorithms on SVM problem (validation error and test error versus time) for 6 datasets: liver-disorders_scale,
diabetes_scale, breast-cancer_scale, sonar, ala, wla

Competitors:

* Grid Search

* Random Search

 TPE: Tree-structured Parzen Estimator approach (Bergstra et al., 2013)



Thanks for your attention

Code is available at

https://github.com/SUSTech-Optimization/VF-iDCA



