
Tractable Dendritic RNNs for 
Reconstructing Nonlinear Dynamical Systems

Manuel Brenner *1 2 Florian Hess * 1 2 Jonas M. Mikhaeil 1 2 Leonard Bereska 3 Zahra Monfared 1
Po-Chen Kuo 4 Daniel Durstewitz 1 2

*contributed equally
1 Dept. of Theoretical Neuroscience, Central Institute of Mental Health, Mannheim, Germany

2 Faculty of Physics and Astronomy, Heidelberg University, Germany
3 University of Amsterdam, Netherlands

National Taiwan University, Taiwan.



Lorenz Eqns.
�̇�𝑥1 = 𝑠𝑠 𝑥𝑥2 − 𝑥𝑥1
�̇�𝑥2 = 𝑟𝑟𝑥𝑥1 − 𝑥𝑥2 − 𝑥𝑥1𝑥𝑥3
�̇�𝑥3 = 𝑥𝑥1𝑥𝑥2 − 𝑏𝑏𝑥𝑥3

Agreement in geometrical
and temporal structure

Inference
Generic reconstruction model

𝒛𝒛𝑡𝑡 = 𝑭𝑭𝜽𝜽(𝒛𝒛𝑡𝑡−1, 𝒔𝒔𝑡𝑡 )
𝐱𝐱𝑡𝑡 = 𝑔𝑔 𝐳𝐳𝑡𝑡

Dynamical Systems Reconstructions
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Mathematical tractability
Models often too complex for 
efficient DS analysis

Model assumptions
Models may require structural 
knowledge or are not 
dynamically universal

Noisy time series

Inference

Latent space size
Often high dimensional spaces 
required for successful 
reconstructions

Model

Challenges of Dynamical Systems Reconstructions



𝒛𝒛𝑡𝑡 = 𝑨𝑨𝒛𝒛𝑡𝑡−1 + 𝑾𝑾ϕ 𝒛𝒛𝑡𝑡−1 + 𝐶𝐶𝒔𝒔𝑡𝑡 + 𝒉𝒉 + 𝛜𝛜𝑡𝑡, 𝛜𝛜𝑡𝑡 ∼ 𝒩𝒩 0,𝚺𝚺 ϕ 𝒛𝒛𝑡𝑡−1 = max 0, 𝒛𝒛𝑡𝑡−1

𝒙𝒙𝑡𝑡 = 𝑩𝑩𝒛𝒛𝑡𝑡 + 𝛈𝛈𝑡𝑡 ,𝛈𝛈𝑡𝑡 ∼ 𝒩𝒩 0,𝚪𝚪
ReLU

𝑧𝑧𝑡𝑡−2 𝑧𝑧𝑡𝑡 𝑧𝑧𝑡𝑡+1 𝑧𝑧𝑡𝑡+2

𝑥𝑥𝑡𝑡−2 𝑥𝑥𝑡𝑡−1 𝑥𝑥𝑡𝑡 𝑥𝑥𝑡𝑡+1 𝑥𝑥𝑡𝑡+2

𝑧𝑧𝑡𝑡−1

Latent Process

Observations

Piecewise Linear Recurrent Neural Network



Wilson-Cowan model 
(neural population dynamics)

k-cycles

Analytical computation 
of fixed points and k-cycles

Fixed 
points Tractability

Mathematical Tractability



Wilson-Cowan model 
(neural population dynamics)

k-cycles

Analytical computation 
of fixed points and k-cycles

Transformation into equivalent continuous 
time ODE systems
(Monfared & Durstewitz, ICML 2020)

Fixed 
points Tractability

Mathematical Tractability



Dendritic computation as
linear spline basis expansion

ϕ 𝒛𝒛𝑡𝑡−1 = �
𝑏𝑏=1

𝐵𝐵

α𝑏𝑏 max 0, 𝒛𝒛𝑡𝑡−1 − 𝒉𝒉𝑏𝑏 ,

Dendritic
PLRNN

Standard 
PLRNN

ϕ 𝒛𝒛𝑡𝑡−1 = max 0, 𝒛𝒛𝑡𝑡−1

Dendritic PLRNN
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Successful reconstructions
in much lower dimensions

Dendritic
PLRNN

Standard 
PLRNN

ϕ 𝒛𝒛𝑡𝑡−1 = max 0, 𝒛𝒛𝑡𝑡−1

Dendritic PLRNN

M=5,
PLRNN

M=10,
PLRNN

M=5, B=20,
dendPLRNN



Dimensionality reduction
& preserved tractability Bounded orbits

Theoretical Results

bounded 
trajectory

diverging 
trajectory

∞

time



Backpropagation through time with 
sparse teacher forcing (TF)

Training Methods

Sequential Variational Autoencoder

(fig. by Unai Fischer Abaigar)



Lorenz-63 (atmospheric convection)
Lorenz-96 
weather model

Biophysical bursting neuron model

Simulated Benchmark Systems



Lorenz-63 (atmospheric convection)
Lorenz-96 
weather model

Neural population
dynamics

Biophysical bursting neuron model

Simulated Benchmark Systems



Empirical Data

Experimental ECG DataExperimental EEG Data



Highly competitive performance

Kullback Leibler
divergence in state space

Low KL

Medium KL

Power spectral
correlation

High KL

Low KL

Agreement in temporal 
structure

Geometrical agreement

Comparisons



Reduced Dimensionality Mathematical Tractability

Reduced dimensionality 
through dendritic basis 
expansion

Analytical tractability
of important DS properties
preserved in dendPLRNN

State of the art performance 
on benchmark & 
experimental datasets

Competitive Performance

Conclusions
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Code: https://github.com/DurstewitzLab/dendPLRNN

https://github.com/DurstewitzLab/dendPLRNN
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