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Introduction

Motivation

Task:
Density estimation is one of the most imperative topics in unsupervised
learning among machine learning community.

Popular Methods:
Kernel density estimation (KDE): Lack of adaptivity.
Histogram density estimation (HDE): Low computational efficiency.
Tree-based methods: Boundary Discontinuity.

Random Forest Density Estimation (RFDE):
Local adaptivity;
Alleviate boundary discontinuity;
High efficient partition.
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Introduction

Contributions

We propose a tree-based density estimation algorithm called random forest
density estimation (RFDE).

From a learning theory point of view, we prove the fast convergence rates of
RFDE with assumptions that the underlying density functions lie in the
Hölder space.

We are the first to explain the benefits of ensemble for density estimation
from the perspective of the convergence rates.

In experiments, we validate the theoretical results and evaluate our RFDE
through comparisons on both synthetic and real data.
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Main Algorithm

Random Tree Partition

Mid-point random tree partitions suggested by Biau (2012) and Breiman (2004).

Each dimension has the equal probability 1/d to be chosen.

The split is at the midpoint of the chosen dimension.

Figure: Random tree partitions with depth p for the dimension d = 2.

Note: In each partition with depth p, there are 2p cells with equal volume 2−p.
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Main Algorithm

Algorithm

For a certain partition with depth p, we denote Ap(x) as the cell containing
the point x .

Based on the i.i.d observations {xi}ni=1 ∼ P, the random tree density
estimator is defined by

f pD (x) :=
D(Ap(x))

µ(Ap(x))
=

n−11{xi ∈ Ap(x)}
2−p

where D(Ap(x))→ P(X ∈ Ap(x)) as n→ ∞.

RFDE with T base learners is given by

fD,E (x) =
1

T

T

∑
t=1

f pD,t(x).
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Theoretical Results

Main Theoretical Results

Fast convergence rates.

I Rate O(n−
1−4−α

d ln 2+1−4−α ) in C0,α with high probability.

Ensemble estimators achieve the asymptotic smoothness.

I Rate O(n−
1

1+d ln 2 ) in C1,α by choosing Tn & n
1

4+4d ln 2 .

Benefits of ensemble.

I Lower bound for random tree density estimators O(n−
1−4−α

d ln 2+1−4−α ) in C1,α.
I When d ≥ 2, the upper bound for RFDE is strictly smaller than this lower

bound for tree estimators.
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Experiments

Empirical Comparison
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