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Neural PDE solver ‘chicken-and-egg problem’
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NEURAL PDE TRAINING: A CHICKEN-AND-EGG PROBLEM

Neural PDE solver ‘chicken-and-egg problem’

Neural PDE solvers accelerate solution time but require abundant training data.
Training data comes from slow solvers!

m Need cheap ways to enlarge our datasets
m Solution: Data augmentation! But how?
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PARTIAL DIFFERENTIAL EQUATIONS

PDE formulation

PDE A specifies relationship between solution u : X — R" and its derivatives
{ux, Uxx, ..., Unx } at all points x € X as

A(x,ulm

x):O

m Prolongation: u(™ = (u, uy, Uxx, ..., Unx)

Example

1+ 1 dimensional Heat equation in space and time:

Ax,u®

):Ut—OéUXX:O
X
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m Pointwise transformation:
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m Pointwise transformation:

(x,uly) EX (gx,qul,), for all g and (x, u)

Lie point symmetry

Set of g mappings solutions (x,ul,) to solutions (gx, gul,)

m Note every g = g1(€1)ga(€2) - - - gg(eq), for eq, ..,eq € R

Cauchy-Kovalevskaya theorem

{g1, ..., g4} exhaustive if PDE analytic in its arguments

EN
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EXAMPLE: KORTEWEG-DE VRIES EQUATION

A((x,1), uB®)) = Ut + Uty + Uy = O .

One-parameter symmetries:

Original: u Time translation: g;u  Space translation: g,u

Galilean boost: gzu
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EXAMPLE: KORTEWEG-DE VRIES EQUATION

A((x,1), uB®)) = Ut + Uty + Uy = O .

One-parameter symmetries:

g1(e)(x,t,u) = (x,t+¢,u) time shift,

Original: u
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EXAMPLE: KORTEWEG-DE VRIES EQUATION

A((x,1), u(3)) = Ut + Ulx + Ugyx = O .
One-parameter symmetries:

g1(e)(x,t,u) = (x,t+¢,u) time shift,
g2(e)(X,t,u) = (X + €, t,u) space shift,

Original: u Time translation: g;u  Space translation: g,u Galilean boost: gzu
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EXAMPLE: KORTEWEG-DE VRIES EQUATION

A((x,1), u(3)) = Ut + Ulx + Ugyx = O .
One-parameter symmetries:

g1(e)(x,t,u) = (x,t+¢,u) time shift,
g2(e)(X,t,u) = (X + €, t,u) space shift,
gs(e)(x,t,u) = (x + et,t,u + ¢) Galilean boost,

Original: u Time translation: g;u  Space translation: g,u Galilean boost: gzu
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EXAMPLE: KORTEWEG-DE VRIES EQUATION

A((x,1), u(3)) = Ut + Ulx + Ugyx = O .
One-parameter symmetries:
gi(e)(x, t,u) =
g2(e)(x,t,u) =
gs(e)(x, t,u)
gu(e)(x, t,u) =

Time translation: g;u  Space translation: g,u Galilean boost: gzu
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X, t+e u) time shift,
X+etu) space shift,
X+ et,t,u+¢€) Galilean boost,
e‘x, e3t,e?“u) scaling
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LIE POINT SYMMETRY DATA AUGMENTATION

1. Find all one-parameter symmetries of A: {g+,92,...,gn}

Initial solution u Discretized solution (x, u) Transformed graph (gx, gu) Interpolation u'(x) = u(x — €) Resampling (x, u')
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1. Find all one-parameter symmetries of A: {g+,92,...,gn}
2. Sample ¢ ~ pi(¢;)

Initial solution u Discretized solution (x, u) Transformed graph (gx, gu) Interpolation u'(x) = u(x — €) Resampling (x, u')
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LIE POINT SYMMETRY DATA AUGMENTATION

1. Find all one-parameter symmetries of A: {g+,92,...,gn}
2. Sample ¢ ~ pi(¢;)
3. Compute g = gi(e1) © ga(€2) © -+ - © ga(€a)

Initial solution u Discretized solution (x, u) Transformed graph (gx, gu) Interpolation u'(x) = u(x — €) Resampling (x, u')
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LIE POINT SYMMETRY DATA AUGMENTATION

1. Find all one-parameter symmetries of A: {g+,92,...,gn}
2. Sample ¢ ~ pi(¢;)

3. Compute g = gi(€1) 0 g2(€2) © - - - © ga(€q)

4. Transform samples: (x,ul,) EA (gx, gul,)
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LIE POINT SYMMETRY DATA AUGMENTATION

1. Find all one-parameter symmetries of A: {g+,92,...,gn}

2. Sample ¢ ~ pi(¢;)

3. Compute g = gi(€1) © ga(€2) © - - - © ga(€q)

4. Transform samples: (x,ul,) N (gx, gul,)

5. Reinterpolate to grid: u(x) — u'(x)

2 Initial solution u Discretized solution (x, u) H.Transformedgraph (gx, gu) - ”lr:terpo\at\onu’(x):ulx—s) — Resampling (x, u’)
T
:(/VZUV) )E' 3n/2




DIFFERENT PDES, DIFFERENT SYMMETRIES

m Korteweg-de Vries equation:
A((x,1),uB®) = up + Uty + Ugx = O
m Kuramoto-Shivashinsky equation:
A((%,t),u™) = g + Ul + Uyx + Uyox = O
m Burgers’ equation:

A((x,1), u®) = ug + uuy — vy = 0

EQUATION | g1 9> 93 94 9o
KdVv (X t+eu), (x+etu), (X+ettute), (ex e*t e u)
KS (x,t+eu), (X+etu), (X+et,tu+e)
Burgers' | (xt+eu), (x+etu)  (ctu+e,  (exetu)  (utaviog((1-o(9)er" +o(d)e))
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LONG ROLLOUTS

KdV 200s rollout

KS 50s rollout
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CONCLUSION

m Mathematically-grounded treatment of data augmentation for neural PDE
solvers

m LPSDA comprises the full set of solution-preserving, pointwise, continuous
data transformations for any (analytic) PDEs

m LPSDA improves neural PDE solver sample complexity to over an order of
magnitude

m Solver-agnostic & PDE-agnostic
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