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The NTK Is the outer product of Jacobians:
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The NTK Is the outer product of Jacobians:
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The NTK Is the outer product of Jacobians:
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Definition

Neural network f ((9 y L ) C R®  Parameters 0 - RY  Batchsize N

The NTK Is the outer product of Jacobians:

Of(0,x1) Of(0,22)"

Oo(x1,2) = =75 50
NOXNO D e e

NOXxP PXNO

Applications in approximate inference, deep learning theory, NAS, MAML, etc.
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Neural network f ((9 y L ) C R®  Parameters 0 - RY  Batchsize N

The NTK Is the outer product of Jacobians:
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Very costly contraction: ]_\I2 02P time!
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Neural network f ((9 y L ) C R®  Parameters 0 - RY  Batchsize N

10002 for ImageNet —__

_—Tens of millions

Very costly contraction: ]_\I2 02P time!



Definition

Neural network f ((9 y L ) C R®  Parameters 0 - RY  Batchsize N

This work: reducing the contraction cost.
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Recap of Automatic Differentiation (AD)

Two fundamental AD building blocks:

0f (0, )

» Jacobian-vector product JVP ¢g . :0; € RY — Y , € RC
. of (0,z)"
+ vector-Jacobian product VIJP ;4. : f. € R® 8—97 f, e R
Neural Network Output size Parameters Batch size

f(0,2) € RY O P cRY N



Recap of Automatic Differentiation (AD)

Every other AD operation Is implemented with them:

» Gradient grad(f) (0,z) = VIP¢g , (1)

* Reverse-mode Jacobian  jacrev(f) (0,z) = vmap(VJIP,, ) (/o)
- Forward-mode Jacobian ~ jacfwd(f) (0,z) = vmap(JVP,, ) (/p)
» Hessian hessian(f) (0,x) = jacfwd(jacrev(f) (6,x)) (0, x)

Neural Network Output size Parameters Batch size

f(0,z) e RY O P cRY N
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Recap of Automatic Differentiation (AD)

 Time complexities of the forward pass (FP), JVP and VJP:

Forward Pass Jacobian-vector Product Vector-Jdacobian Product

(FP) (JVP) (VJP)

N [FP

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP




Recap of Automatic Differentiation (AD)

 Time complexities of the reverse-mode Jacobian:

of(0,z)"  of(0,x)"

I() — [VJP(f,H,a:‘) (61) )t VJP(f>9>37> (EOH

00 | 00
S
P ¢ O O VJPS
Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP



Recap of Automatic Differentiation (AD)

Given Jacobian definitions, we can compute its cost via JVP/VJP costs.

Forward Pass Jacobian-vector Product Vector-Jdacobian Product Jacobian

(FP) (JVP) (VJP) (reverse-mode)

N [FP]

NO [FP]

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP
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Baseline: Jacobian contraction

Recall that we want to compute

Of(0,x1) Of(0,22)"

Op(x1,22) =
A,’_l 00 00
N— — —  —
NOXNO NOXP PxNO
Neural Network Output size Parameters Batch size Forward pass
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Baseline: Jacobian contraction

Baseline algoritnm: compute two Jacobians and contract them.

Of(0,x1) Of(0,22)"
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T T
Reverse-mode Jacobian + contraction
Neural Network Output size Parameters Batch size Forward pass
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Baseline: Jacobian contraction

Baseline algoritnm: compute two Jacobians and contract them.

Of(0,x1) Of(0,22)"

@9 L1, L9) =
AJ o0 50
| S N S—
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T T
Reverse-mode Jacobian + NQOQP
Neural Network Output size Parameters Batch size Forward pass
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Baseline: Jacobian contraction

Baseline algoritnm: compute two Jacobians and contract them.

Of(0,x1) Of(0,22)"

@9 (:E 1,42 ) —
N 00 00
NOXNO Y M
NOXP PxNO
T T
NO [FP] 4+ NO [FP] + N°O°P
Neural Network Output size Parameters Batch size Forward pass
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Baseline: Jacobian contraction

Method | Jacobian Contraction

NO [FP] + N“O°P

Time

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to J columns of the identity matrix /.

Neural Network Output size Parameters Batch size Forward pass

f(0,x) € R O P cRY N FP




ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x9) = Og(x1,z2)Il0 row-by-row.
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x2) = Og(x1,22)l0 row-by-row.
For a single input column U';

@9($17 xQ)U

Neural Network Output size Parameters Batch size Forward pass
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x9) = Og(x1,z2)Il0 row-by-row.

For a single input column U';

Of (0,x1) Of (0,22)"
06 00

@9($1,$2)U — U

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP




ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x9) = Og(x1,z2)Il0 row-by-row.

For a single input column U
Of (6,21) 0f (B,22)"  Of (6,21)

1) —

00 00 00

Og(T1,T2)v = VJP (16 2,) (V)

Neural Network Output size Parameters Batch size Forward pass
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x9) = Og(x1,z2)Il0 row-by-row.

For a single input column U
Of (6,21) 0f (B,22)"  Of (6,21)

1) —

00 00 00

VIP (f.0.05) (V) = IVP(5.9.01) [VIP(f.0.05) ()

Og(T1,T2)v =

Neural Network Output size Parameters Batch size Forward pass
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate Og(x1,x9) = Og(x1,z2)Il0 row-by-row.

For a single input column U
Of (6,21) 0f (B,22)"  Of (6,21)

1) —

00 00 00

FP

VIP (f.0.05) (V) = IVP(5.9.01) [VIP(f.0,00) (V)

Og(T1,T2)v =
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ldea 1:

Similarly to Jacobians, compute the NTK via NTK-vector products
applied to O columns of the identity matrix /o. For N = 1 :

Evaluate @9 (515‘1, CCQ) — @9 (5131, 5132)]() FOW-by-FOW. (repeat Otimes)

O [FP)

For a single input column U
Of (6,21) 0f (B,22)"  Of (6,21)

1) —

00 00 00

VIP (f.0.05) (V) = IVP(5.9.01) [VIP(f.0,00) (V)

@9<$17 'ZEQ)U —

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP




ldea 1:

Batched setting: needs to be done for every pair of 1 and I9!

N-O [FP

1
@9($1,I2)U — MM ) — M

00 00 00 VJP(fﬁ?mZ) (U> — JVP(f,Q,xD [VJP(fﬁ,mz) (U>

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP




Method | Jacobian Contraction

Time | NO [FP] + N°O°P

Neural Network Output size Parameters Batch size Forward pass

f(0,x) € R O P cRY N FP




|dea 2: Structured derivatives

Exploit the structure in primitive derivatives for computing the NTK.

Neural Network Output size Parameters Batch size Forward pass

f(0,z) e RY O fecR” N FP




|dea 2: Structured derivatives

Consider the computation graph of the function f:

yK:f(é’,m) YK =0

Forward Pass [FP J s
7, . 1 Y4
3 Y* G
_,_\z 93
1 AhS

y = f0.2)| Y® =0

Neural Net o
eural Network f (0, x) € R Parameters 0 = vec [90, ooy QL] , P = ZZL—() P!

7> Intermediate primitive outputs yl, . ,yK, Y = 25:1 Yk

Batch size [N Output size O




|dea 2: Structured derivatives

Apply the chain rule to the NTK expression:

y =flz)| Y& =0

of1 0faT = 0f1 0faT

k Yk @6’ ($ 1y 2> - 00 B [ —
Forward Pass [FP Y 00 - 00" 0’
31 Y? ki
—— yo| Y*
5 @,

y“ = f0,2) YK =0

Neural Net o
eural Network f (0, x) € R Parameters 0 = vec [90, ooy QL] , P = ZZL—() P!

7> Intermediate primitive outputs yl, . ,yK, Y = 25:1 Yk

Batch size [N Output size O




|dea 2: Structured derivatives

Apply the chain rule to the NTK expression:

y =flz)| Y& =0

of1 0faT = 0f1 0faT

avYF" “ Op(21,72) = 00 00 0ol 0ol
Forward Pass |[FP Y /=0 )
— 2 : k l k l —
3 B 1 00 2 0
02

y“ = f0,2) YK =0

Neural Network f (6, x) € R® Parameters 0 = vec [90, s QL] : P = ZZL:() P!

. . - B K
7> Intermediate primitive outputs yl, . ,yK, Y = zk:]. Yk

Batch size [N Output size O




|dea 2: Structured derivatives

Apply the chain rule to the NTK expression:

y =flz)| Y& =0

of1 0faT = 0f1 0faT

- 1 Y" @ 0011, 02) = 5599 = 2 o9l o1
Forward Pass [FP| Y _— )
® v s ( ofs 8y’f1) ( 9 ayz;z) )
NS _9: K1,k Iy, 90 Oyy? 00
\; © v <~ on ko . o
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y“ = f0,2) YK =0
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. . - B K
7> Intermediate primitive outputs yl, . ,yK, Y = Ek:l Yk

Batch size [N Output size O




|dea 2: Structured derivatives

Apply the chain rule to the NTK expression:

yK:f(é’,m) YK =0

Forward Pass [FP| Y

y \‘ ',‘:9 .é’g“::
2 1

Sy Y B Z 100" 06 ;
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. . - B K
7> Intermediate primitive outputs yl, . ,yK, Y = zk:]. Yk
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|dea 2: Structured derivatives

NTK Is a sum of matrix-dacobian-dacobian-matrix products.

yr=f0,2)| Y =0

k
i 1Y
Forward Pass [FP| Y
6’5 4 . : . :
- N "matrix-Jacobian-Jacobian-matrix product" (MJJMP)
3lLY
o
, Yl vl Y B Z O f | ayl 1 H Yo 2" 9 f2
|y — o ; l o

Neural Network f (6, x) € R® Parameters 0 = vec [90, s QL] : P = ZZL:() P!

. . - B K
1 Intermediate primitive outputs yl, .. ,yK, Y = Zk:l Yk

Batch size [N Output size O




|dea 2: Structured derivatives

ldea: for every pair of primitives Y1, Y2, implement efficient MJJMPs:

y 0T =0 1 Oya T
1 2 T
91‘ c1 , €2 — Cq % % Co
1 e o o V v
Forward Pass [FP| Y OxY; OXYs —/—’O —
3 N "matrix-Jacobian-Jacobian-matrix product" (MJJMP)
31 Y
, Yl 'Y B Z a f | ayl 1 8 s 2 8 f2
| Y — k1 z z -
D

y“ = f0,2) YK =0

Neural Network f (6, x) € R® Parameters 0 = vec [90, s QL] : P = ZZL:() P!

. . - B K
7> Intermediate primitive outputs yl, . ,yK, Y = Zk:l Yk

Batch size [N Output size O




|dea 2: Structured derivatives

ldea: for every palr of primitives Y1, Y2, implement efticient MJJMPs:

fh
- - . 0y1 0y T
1 2 1l A A AN 2
OxY:1 OXYos Vs
Ox0O

Similar to existing AD tools: for every primitive Y, implement efficient

0
JVP(%Q) ; Qt - RP — a—ggt - RY VJP(y’Q) Yo © RY — — Y C RP

Neural Network f (6, x) € R®  Forward Pass[FP] & Parameters 0 = vec [90, s QL] : P = ZZL:() P!

K

Batch size [N Output size O 7 Intermediate primitive outputs Yy, ... Yy, Y = > L1 Y ¥




Methods summary

Method | Jacobian Contraction Structured derivatives

Time | NO [FP] + N°O°P

k L
Neural Network f (6, x) € RY  Forward Pass[FP] Parameters 0 = vec [907 . QL] , P = Z 1—0 P!

sfa
< Y

Batch size [N Output size O —11  Intermediate primitive outputs yl, oY, Y = Z —1 Y
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ImageNet Transformers/Mixers/Hybrids
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2-line code sample

pip 1nstall neural_tangents

1mport neural_tangents as nt
# Given any f: params, x -> f(params, Xx)

ntk_fn = nt.empirical_ntk_fn(f, implementation=1) # 1, 2, or 3
ntk = ntk_fn(x1, x2, params)

qithub.com/goodagle/neural-tangents
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