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Applications in approximate inference, deep learning theory, NAS, MAML, etc.
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This work: reducing the contraction cost.
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Two fundamental AD building blocks:

• Jacobian-vector product

• vector-Jacobian product
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• Gradient


• Reverse-mode Jacobian


• Forward-mode Jacobian


• Hessian


• ...

Recap of Automatic Differentiation (AD)
Every other AD operation is implemented with them:
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• Time complexities of the forward pass (FP), JVP and VJP:
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Op Forward Pass  
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Jacobian-vector Product 
(JVP)
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(VJP)

Jacobian 
(reverse-mode)

Time

Recap of Automatic Differentiation (AD)
Given Jacobian definitions, we can compute its cost via JVP/VJP costs.
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Baseline algorithm: compute two Jacobians and contract them.

Reverse-mode Jacobian + contraction
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Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      .
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<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products
Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      . For 

<latexit sha1_base64="+SfUp5wST34X5OCXt2xyDm1p7pM="></latexit>

IO
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

Evaluate                                                  row-by-row.        
<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products
Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      . For 

<latexit sha1_base64="+SfUp5wST34X5OCXt2xyDm1p7pM="></latexit>

IO
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

Evaluate                                                  row-by-row.        
<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products
Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      . For 

<latexit sha1_base64="+SfUp5wST34X5OCXt2xyDm1p7pM="></latexit>

IO
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

Evaluate                                                  row-by-row.        
<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products
Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      . For 

<latexit sha1_base64="+SfUp5wST34X5OCXt2xyDm1p7pM="></latexit>

IO
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

Evaluate                                                  row-by-row.        
<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="CXyxH9GyiJWr71EJ9dULBYrYQyU="></latexit>

O [FP]

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products
Similarly to Jacobians, compute the NTK via NTK-vector products 
applied to      columns of the identity matrix      . For 

<latexit sha1_base64="+SfUp5wST34X5OCXt2xyDm1p7pM="></latexit>

IO
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

Evaluate                                                  row-by-row.        
<latexit sha1_base64="ihwsrMqY3ZVjDe+EKplMJaph3Rs="></latexit>

⇥✓(x1, x2) = ⇥✓(x1, x2)IO

For a single input column    :    
<latexit sha1_base64="f+5XX9Rxd5K0Tfl2hicE0P8DoiA="></latexit>v

<latexit sha1_base64="CXyxH9GyiJWr71EJ9dULBYrYQyU="></latexit>

O [FP]

(repeat      times)
<latexit sha1_base64="/Cp5z3rxROnlE1hQXhxo8/PtKnk="></latexit>

O

<latexit sha1_base64="Isvz9R0Ozx3Ameb0h/eQ7Tgo63c="></latexit>

N = 1 :

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products

Batched setting: needs to be done for every pair of       and      ! 

<latexit sha1_base64="L3G9o8pyhq22w4D71ySny8+VOQM="></latexit>

⇥✓(x1, x2)v =
@f (✓, x1)

@✓

@f (✓, x2)

@✓

T

v =
@f (✓, x1)

@✓
VJP(f,✓,x2) (v) = JVP(f,✓,x1)

⇥
VJP(f,✓,x2) (v)

⇤

<latexit sha1_base64="ZFA7n10lTBlVwKd6goOTFDlcoNI="></latexit>x1
<latexit sha1_base64="DPmFxmGi7tPvKV+wm6XPYHbhIBY="></latexit>x2

<latexit sha1_base64="4ZwZWPysY7umO5tOR2dK5B2zZmc="></latexit>

N
2
O [FP]

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 1: NTK-vector products

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

Method Jacobian Contraction NTK-vector products Structured derivatives

Time
<latexit sha1_base64="4ZwZWPysY7umO5tOR2dK5B2zZmc="></latexit>

N
2
O [FP]

<latexit sha1_base64="cV42k8Bfg9ojSiOdSFOk3TnguyQ="></latexit>

NO [FP] +N
2
O

2
P

<latexit sha1_base64="Tmf/x7ropNfyip4v6sttda3Kifo="></latexit>

NO [FP] +MJJMP



Stop the war

Stand with UkraineIdea 2: Structured derivatives
Exploit the structure in primitive derivatives for computing the NTK.

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

Neural Network
<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Batch sizeOutput size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

Parameters
<latexit sha1_base64="7dEoNvP5pO7rQYWBR1iL1VO9POo="></latexit>

✓ 2 RP

Forward pass
<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 2: Structured derivatives

<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

Consider the computation graph of the function    :
<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

<latexit sha1_base64="5s6Nhnfc/SOqjSphR0H2Mmgn5GA="></latexit>

f

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 2: Structured derivatives

<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass 

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

Apply the chain rule to the NTK expression:
<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]



Stop the war

Stand with UkraineIdea 2: Structured derivatives

<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass 

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

Apply the chain rule to the NTK expression:
<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

Apply the chain rule to the NTK expression:
<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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Stand with UkraineIdea 2: Structured derivatives

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass 

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

Apply the chain rule to the NTK expression:
<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
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T

=
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T
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=
X
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!T
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=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass 

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

NTK is a sum of matrix-Jacobian-Jacobian-matrix products.

"matrix-Jacobian-Jacobian-matrix product" (MJJMP)

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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<latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

Forward Pass 

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="BG2mQqydMMCY5IsHSyhHTlbsj2I="></latexit>

⇥✓(x1, x2) =
@f1
@✓

@f2
@✓

T

=
LX

l=0

@f1
@✓l

@f2
@✓l

T

=

=
X

l,k1,k2

 
@f1

@yk1
1

@yk1
1

@✓l

! 
@f2

@yk2
2

@yk2
2

@✓l

!T

=

=
X

l,k1,k2

@f1

@yk1
1

@yk1
1

@✓l
@yk2

2

@✓l

T
@f2

@yk2
2

T

Idea: for every pair of primitives             , implement efficient MJJMPs:

"matrix-Jacobian-Jacobian-matrix product" (MJJMP)

<latexit sha1_base64="0q6Zrmx7Mks+WaHRVVq70LJCuHk="></latexit>y1, y2
<latexit sha1_base64="susHuKXlOGSySeEZF/WL7CII0Bo="></latexit>0

@ c1|{z}
O⇥Y1

, c2|{z}
O⇥Y2

1

A 7! c1
@y1
@✓

@y2
@✓

T

c2
T

| {z }
O⇥O

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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Idea: for every pair of primitives             , implement efficient MJJMPs:<latexit sha1_base64="0q6Zrmx7Mks+WaHRVVq70LJCuHk="></latexit>y1, y2

<latexit sha1_base64="susHuKXlOGSySeEZF/WL7CII0Bo="></latexit>0

@ c1|{z}
O⇥Y1

, c2|{z}
O⇥Y2

1

A 7! c1
@y1
@✓

@y2
@✓

T

c2
T

| {z }
O⇥O

Similar to existing AD tools: for every primitive    , implement efficient 
<latexit sha1_base64="0q6Zrmx7Mks+WaHRVVq70LJCuHk="></latexit>y1, y2

<latexit sha1_base64="qcjB5UXh3Pbf9RStWZyeEU61JkE="></latexit>

JVP(y,✓) : ✓t 2 RP 7! @y

@✓
✓t 2 RY

<latexit sha1_base64="K+cvWqqjhundrrHDQOiXwJdt2jo="></latexit>

VJP(y,✓) : yc 2 RY 7! @y

@✓

T

yc 2 RP

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]
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Method Jacobian Contraction NTK-vector products Structured derivatives

Time

Methods summary

<latexit sha1_base64="4ZwZWPysY7umO5tOR2dK5B2zZmc="></latexit>

N
2
O [FP]

<latexit sha1_base64="cV42k8Bfg9ojSiOdSFOk3TnguyQ="></latexit>

NO [FP] +N
2
O

2
P

<latexit sha1_base64="ZAmZSCR/BTn8vYrM8MlPr9SvROc="></latexit>

f (✓, x) 2 RO

<latexit sha1_base64="C4FBloRdvpibtLiReI7dxuQeZww="></latexit>

✓ = vec
⇥
✓0, . . . , ✓L

⇤
, P =

PL
l=0 P

l

<latexit sha1_base64="fKtYd/ULjXAeg+rqmFrYFb+6Sxc="></latexit>

y1, . . . , yK, Y =
PK

k=1 Y
K

Forward Pass <latexit sha1_base64="AKtZnxEzhDGVGSyGt6gSLqBSg60="></latexit>. . .

<latexit sha1_base64="o/UpWIUO6HSRbcqlnkQF030Kc90="></latexit>

y1

<latexit sha1_base64="MKcOnG3Q9/hyA/QnGBSg0cOwPwk="></latexit>

y2

<latexit sha1_base64="4yr/Ai7kRtCGccLYSagAFdv/0Js="></latexit>

y3

<latexit sha1_base64="pRjjAYufB5k/jPwDvCyfIfx0A+4="></latexit>

y4

<latexit sha1_base64="x9yPjYWuV6xFQUbC4HTa1VKyz+4="></latexit>

yk

<latexit sha1_base64="ASeFHdAL/YC/QMk5OaNpjybofI4="></latexit>

yK = f(✓, x)

<latexit sha1_base64="aRbShIfjfaOOaY5reRj7bP7e7gM="></latexit>

✓1

<latexit sha1_base64="0FqLpraY0loD3legANMeCEgfDAk="></latexit>

✓2

<latexit sha1_base64="dWkWhlY43CkdqKjrUvcBm9ixB60="></latexit>

✓3

<latexit sha1_base64="f3oaSkZXXL81JJG8/NbjXsyHxYY="></latexit>

✓l

<latexit sha1_base64="YYS2mxh6NwvN0I38VLuNmoTYHCY="></latexit>

✓L

<latexit sha1_base64="9boj/8rYdwMACNFb+oBuJyMpeGw="></latexit>

Y1

<latexit sha1_base64="MExO1VfSScAH1LZDV3NIllCfAgI="></latexit>

Y2

<latexit sha1_base64="1ZJVPdyAXAKt78L5fuG2/kG4/wY="></latexit>

Y4
<latexit sha1_base64="kteRaPkpHtNKK9vAWEUGBf/TMdI="></latexit>

Y3

<latexit sha1_base64="/CfdHhSPzovq2oS/2I5VQUcqXkU="></latexit>

Yk

<latexit sha1_base64="XWeLJRlFp9sdvqEhgaL+oA9jBh8="></latexit>

Y
K = O

<latexit sha1_base64="Krle/4K9jD0knN1D7g/DBQ/MhQk="></latexit>

N

Parameters

Intermediate primitive outputs

Neural Network

Batch size Output size
<latexit sha1_base64="3yI/SCSK30XSB5014BSIZVc6pCg="></latexit>

O

<latexit sha1_base64="hpnWkaE1WxBKZCpLa5z4Sr4jekk="></latexit>

k

<latexit sha1_base64="dScTVi58Qgtfvca0EPuF9/hMVg4="></latexit>

[FP]

<latexit sha1_base64="Tmf/x7ropNfyip4v6sttda3Kifo="></latexit>

NO [FP] +MJJMP
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1.  NTK definition and notation


2.  Recap of Automatic Differentiation (AD)


3.  Baseline NTK computation complexity


4.  Two new algorithms for computing the NTK


5.  Benchmarks
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Method Time Memory Use when
Jacobian contraction N O [FP] + N2O2P N2O2 + NO

⇥
Yk + Pl

⇤
+ NY + P P < Y, small O

NTK-vector products N2O [FP] N2O2 + NO
⇥
Yk + Pl

⇤
+ NY + P FP < OP, large O, small N

Structured derivatives N O [FP] + N2O2 min [Y, P] + N [J � OP] N2O2 + NOYk + NJkl + NY + P FP > OP, large O, large N

Table 1: Generic NTK computation cost. NTK-vector products trade-off contractions for more
FP. Structured derivatives make the contraction cheaper, and usually also reduce memory.

Method Time Memory Use when
Jacobian contraction N O

⇥
LDFW2 + OW

⇤
+ N2O2

⇥
LFW2 + OW

⇤
N2O2 + NO

⇥
DW + FW2 + OW

⇤
+ N [LDW] +

⇥
LFW2 + OW2

⇤
D > OW

NTK-vector products N2O
⇥
LDFW2 + OW

⇤
N2O2 + NO

⇥
DW + FW2 + OW

⇤
+ N [LDW] +

⇥
LFW2 + OW2

⇤
N = 1

Structured derivatives N O
⇥
LDFW2 + OW

⇤
+ N2O2

⇥
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⇤
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Table 2: CNN NTK computation cost. Structured derivatives reduce time complexity, and have
lower memory cost if D < OW, which is a common setting.

Method Time Memory Use when
Jacobian contraction N2O2LW2 N2O2 + NOW2 + NLW + LW2 Don’t
NTK-vector products N2OLW2 + N2O2 W N2O2 + NOW2 + NLW + LW2 O > W or N = 1
Structured derivatives N OLW2 + N2O2LW N2O2 + NOW + NLW + LW2 O < W or L = 1

Table 3: FCN NTK computation cost. NTK-vector products allow a reduction of the time complex-
ity, while Structured derivatives reduce both time and memory complexity. For brevity O = O(LW)
is assumed in this table.

FLOPs (per NTK entry) Wall-clock time (TPUv3)

Figure 1: FLOPs (left) and wall-clock time (right) of computing the NTK for a 10-layer ReLU
FCN. As predicted by Table 3, our methods almost always outperform Jacobian contraction, allow-
ing orders of magnitude speed-ups and memory improvements (missing points are out-of-memory).

Figure 2: Wall-clock time cost of computing an NTK for several ResNet sizes on a pair of
ImageNet inputs. Structured derivatives allow the NTK to be computed faster and for larger models
(see bottom row – missing are out-of-memory). NTK-vector products, as predicted by Table 1, are
advantageous for large O (bottom row), but also scale worse with FP than other methods, which is
especially noticeable in CNNs.
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⇥
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Table 1: Generic NTK computation cost..NTK-vector products trade-off contractions for more
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lower memory cost if D < OW, which is a common setting.
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Table 3: FCN NTK computation cost. NTK-vector products allow a reduction of the time complex-
ity, while Structured derivatives reduce both time and memory complexity. For brevity O = O(LW)
is assumed in this table.

FLOPs (per NTK entry) Wall-clock time (TPUv3)

Figure 1: FLOPs (left) and wall-clock time (right) of computing the NTK for a 10-layer ReLU
FCN. As predicted by Table 3, our methods almost always outperform Jacobian contraction, allow-
ing orders of magnitude speed-ups and memory improvements (missing points are out-of-memory).

Figure 2: Wall-clock time cost of computing an NTK for several ResNet sizes on a pair of
ImageNet inputs. Structured derivatives allow the NTK to be computed faster and for larger models
(see bottom row – missing are out-of-memory). NTK-vector products, as predicted by Table 1, are
advantageous for large O (bottom row), but also scale worse with FP than other methods, which is
especially noticeable in CNNs.
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Figure 4: Wall-clock time per input pair of computing NTK on various ImageNet models like
Vision Tansformers and hybrids [2, 3], WideResNets [4] and MLP-Mixers [5].
Structured derivatives generally allow fastest computaiton, but are also able to process more models
due to lower memory requirements (lower left; missing points indicate out-of-memory error). For
the case of single output logit O = 1 (top row), NTK-vector products are generally detrimental
due to costly forward pass FP relative to the size of parameters P (i.e. a lot of weight sharing; see
Table 1). However, since NTK-vector products scale well with output size, for O = 1000 (bottom
row), they perform comparably or better than other methods.
Finally, we remark that Jacobian not only runs out of memory faster, but can also take more time to
compute. We conjecture that due to a larger memory footprint, XLA can sometimes perform opti-
mizations that trade off speed for memory, and therefore compute the Jacobian in a less optimal way
than if it had more memory available. Alternatively, XLA could also be performing simplifications
of the NTK expression in these cases, such that those would not be possible in Jacobian computation
alone.
See Fig. 2 for ResNets, and §K for details.
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<latexit sha1_base64="RF8t8qJG4/80r5NTWlg8foa7eQQ=">AAACKXicbVC7SgNBFJ2NrxhfUUstFhPBKuwG0TRCUAvLCOYBSQizk7vJkNkHM3clYdnGrxGs9E/s1NZ/sHbyKEzigQuHc+6L44SCK7SsTyO1srq2vpHezGxt7+zuZfcPaiqIJIMqC0QgGw5VILgPVeQooBFKoJ4joO4MbsZ+/RGk4oH/gKMQ2h7t+dzljKKWOtnjfNyabIkRqEhaCEN03Pg2Sa5K+U42ZxWsCcxlYs9IjsxQ6WR/Wt2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P7ifmqVa6phtIXT6aE/XvREw9pUaeozs9in216I3Ffz3H8RZOo1tqx9wPIwSfTS+7kTAxMMcZmV0ugaEYaUKZ5Pp5k/WppAx1knOrh9PfdVD2YizLpFYs2BeF8/tirnw9iyxNjsgJOSM2uSRlckcqpEoYeSLP5JW8GS/Gu/FhfE1bU8Zs5pDMwfj+BU/MqEE=</latexit>

D = 8
<latexit sha1_base64="RF8t8qJG4/80r5NTWlg8foa7eQQ=">AAACKXicbVC7SgNBFJ2NrxhfUUstFhPBKuwG0TRCUAvLCOYBSQizk7vJkNkHM3clYdnGrxGs9E/s1NZ/sHbyKEzigQuHc+6L44SCK7SsTyO1srq2vpHezGxt7+zuZfcPaiqIJIMqC0QgGw5VILgPVeQooBFKoJ4joO4MbsZ+/RGk4oH/gKMQ2h7t+dzljKKWOtnjfNyabIkRqEhaCEN03Pg2Sa5K+U42ZxWsCcxlYs9IjsxQ6WR/Wt2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P7ifmqVa6phtIXT6aE/XvREw9pUaeozs9in216I3Ffz3H8RZOo1tqx9wPIwSfTS+7kTAxMMcZmV0ugaEYaUKZ5Pp5k/WppAx1knOrh9PfdVD2YizLpFYs2BeF8/tirnw9iyxNjsgJOSM2uSRlckcqpEoYeSLP5JW8GS/Gu/FhfE1bU8Zs5pDMwfj+BU/MqEE=</latexit>

D = 8
<latexit sha1_base64="RF8t8qJG4/80r5NTWlg8foa7eQQ=">AAACKXicbVC7SgNBFJ2NrxhfUUstFhPBKuwG0TRCUAvLCOYBSQizk7vJkNkHM3clYdnGrxGs9E/s1NZ/sHbyKEzigQuHc+6L44SCK7SsTyO1srq2vpHezGxt7+zuZfcPaiqIJIMqC0QgGw5VILgPVeQooBFKoJ4joO4MbsZ+/RGk4oH/gKMQ2h7t+dzljKKWOtnjfNyabIkRqEhaCEN03Pg2Sa5K+U42ZxWsCcxlYs9IjsxQ6WR/Wt2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P7ifmqVa6phtIXT6aE/XvREw9pUaeozs9in216I3Ffz3H8RZOo1tqx9wPIwSfTS+7kTAxMMcZmV0ugaEYaUKZ5Pp5k/WppAx1knOrh9PfdVD2YizLpFYs2BeF8/tirnw9iyxNjsgJOSM2uSRlckcqpEoYeSLP5JW8GS/Gu/FhfE1bU8Zs5pDMwfj+BU/MqEE=</latexit>

D = 8
<latexit sha1_base64="RF8t8qJG4/80r5NTWlg8foa7eQQ=">AAACKXicbVC7SgNBFJ2NrxhfUUstFhPBKuwG0TRCUAvLCOYBSQizk7vJkNkHM3clYdnGrxGs9E/s1NZ/sHbyKEzigQuHc+6L44SCK7SsTyO1srq2vpHezGxt7+zuZfcPaiqIJIMqC0QgGw5VILgPVeQooBFKoJ4joO4MbsZ+/RGk4oH/gKMQ2h7t+dzljKKWOtnjfNyabIkRqEhaCEN03Pg2Sa5K+U42ZxWsCcxlYs9IjsxQ6WR/Wt2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P7ifmqVa6phtIXT6aE/XvREw9pUaeozs9in216I3Ffz3H8RZOo1tqx9wPIwSfTS+7kTAxMMcZmV0ugaEYaUKZ5Pp5k/WppAx1knOrh9PfdVD2YizLpFYs2BeF8/tirnw9iyxNjsgJOSM2uSRlckcqpEoYeSLP5JW8GS/Gu/FhfE1bU8Zs5pDMwfj+BU/MqEE=</latexit>

D = 8
<latexit sha1_base64="RF8t8qJG4/80r5NTWlg8foa7eQQ=">AAACKXicbVC7SgNBFJ2NrxhfUUstFhPBKuwG0TRCUAvLCOYBSQizk7vJkNkHM3clYdnGrxGs9E/s1NZ/sHbyKEzigQuHc+6L44SCK7SsTyO1srq2vpHezGxt7+zuZfcPaiqIJIMqC0QgGw5VILgPVeQooBFKoJ4joO4MbsZ+/RGk4oH/gKMQ2h7t+dzljKKWOtnjfNyabIkRqEhaCEN03Pg2Sa5K+U42ZxWsCcxlYs9IjsxQ6WR/Wt2ARR74yARVqmlbIbZjKpEzAUmmFSkIKRvQHjQ19akHqh1P7ifmqVa6phtIXT6aE/XvREw9pUaeozs9in216I3Ffz3H8RZOo1tqx9wPIwSfTS+7kTAxMMcZmV0ugaEYaUKZ5Pp5k/WppAx1knOrh9PfdVD2YizLpFYs2BeF8/tirnw9iyxNjsgJOSM2uSRlckcqpEoYeSLP5JW8GS/Gu/FhfE1bU8Zs5pDMwfj+BU/MqEE=</latexit>

D = 8

<latexit sha1_base64="0MSMPKCE/B1HrLnfTe2yAwqdA6I=">AAACO3icbVC7SgNBFJ2N7/hKtLRZjYJV2I2iNkIwIJYRjAaSEGZn7+qQ2Qczd0PCsrVfY6uVH2JtJ7b2TjZbaPTAhcO57+NEgiu0rDejMDe/sLi0vFJcXVvf2CyVt25VGEsGLRaKULYdqkDwAFrIUUA7kkB9R8CdM2hM8ndDkIqHwQ2OI+j59D7gHmcUtdQv7e4n3WxK0qAu4IWIIe0ijNDxkss0PT/a75cqVtXKYP4ldk4qJEezXzYKXTdksQ8BMkGV6thWhL2ESuRMQFrsxgoiygb0HjqaBtQH1UuyK1LzQCuu6YVSR4Bmpv7sSKiv1Nh3dKVP8UHN5ibivznH8WdWo3fWS3gQxQgBm272YmFiaE6cMl0ugaEYa0KZ5Pp4kz1QSRlqP39Ncoc8Uvkbo+kf2jV71qO/5LZWtU+qx9e1Sv0i92+Z7JA9ckhsckrq5Io0SYsw8kieyDN5MV6Nd+PD+JyWFoy8Z5v8gvH1DZ5zrnQ=</latexit>

F = 3
<latexit sha1_base64="0MSMPKCE/B1HrLnfTe2yAwqdA6I=">AAACO3icbVC7SgNBFJ2N7/hKtLRZjYJV2I2iNkIwIJYRjAaSEGZn7+qQ2Qczd0PCsrVfY6uVH2JtJ7b2TjZbaPTAhcO57+NEgiu0rDejMDe/sLi0vFJcXVvf2CyVt25VGEsGLRaKULYdqkDwAFrIUUA7kkB9R8CdM2hM8ndDkIqHwQ2OI+j59D7gHmcUtdQv7e4n3WxK0qAu4IWIIe0ijNDxkss0PT/a75cqVtXKYP4ldk4qJEezXzYKXTdksQ8BMkGV6thWhL2ESuRMQFrsxgoiygb0HjqaBtQH1UuyK1LzQCuu6YVSR4Bmpv7sSKiv1Nh3dKVP8UHN5ibivznH8WdWo3fWS3gQxQgBm272YmFiaE6cMl0ugaEYa0KZ5Pp4kz1QSRlqP39Ncoc8Uvkbo+kf2jV71qO/5LZWtU+qx9e1Sv0i92+Z7JA9ckhsckrq5Io0SYsw8kieyDN5MV6Nd+PD+JyWFoy8Z5v8gvH1DZ5zrnQ=</latexit>

F = 3

<latexit sha1_base64="RcYanoYAyzpLkAmVlPZjtSxVcAA="></latexit>

Batch N
Depth L
Pixels D
Filter F
Width W
Output O

Figure 5: Notation used in main text, §I (FCN, top) and §J (CNN, bottom). For FCN, D = F = 1.
For CNN, D = 8, F = 3, and the penultimate layer is global average pooling.
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Stop the war

Stand with Ukraine2-line code sample

github.com/google/neural-tangents

pip install neural_tangents

import neural_tangents as nt

# Given any f: params, x -> f(params, x)

ntk_fn = nt.empirical_ntk_fn(f, implementation=1) # 1, 2, or 3

ntk = ntk_fn(x1, x2, params)

1

http://github.com/google/neural-tangents
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