
Variational Inference with 
Locally Enhanced Bounds 
for Hierarchical Models

Tomas Geffner and Justin Domke, UMass Amherst
Locally Enhanced Bounds for Hierarchical Models

✓1

z1
1

y11 y12

z1
2

y21 y22

✓2

z2
1

y11 y12

z2
2

y21 y22
✓

z1

y11 y12

z2

y21 y22

Global Importance Weighting

z1
1

y11 y12

z1
2

y11 y22

✓

z2
1

y11 y22

z2
2

y11 y22Local Importance Weighting

Figure 1. Tighter bounds using importance weighting. A direct (global) application of importance weighting generates independent set of
copies of all variables in the model to build a tighter bound. A local application of importance weighting, on the other hand, generates
copies at the local level and applies importance weighting separately for each group of local variables to build the locally-enhanced bound.
Gray nodes represent observed variables, which are fixed (not re-sampled with every generated copy).

fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.

We present an extensive empirical evaluation of our ap-
proach using two tightening methods: importance weighting
(Burda et al., 2016) and uncorrected Hamiltonian anneal-
ing (Geffner & Domke, 2021b; Zhang et al., 2021). The
former is based on importance sampling, while the latter
uses Hamiltonian Monte Carlo (Neal et al., 2011; Betan-
court, 2017) transition kernels to build an enhanced varia-
tional distribution. We observe empirically that the proposed
approach yields significantly better inference results than
relevant baselines, such as plain variational inference and
traditional global applications of tightening methods.

2. Preliminaries

2.1. Hierarchical Models

While hierarchical models may take a wide range of forms
(Gelman & Hill, 2006), in this work we focus on a two-
level formulation, using ✓ to denote the global variables,
and zi and yi to denote the local variables and obser-
vations of group i. By letting z = (z1, . . . , zM ) and
y = (y1, . . . , yM ), the corresponding probabilistic model is
given by

p(✓, z, y) = p(✓)
MY

i=1

p(zi, yi|✓) (1)

where the exact form of p(zi, yi|✓) depends on the appli-
cation. Often, yi is conditionally independent of ✓ given

zi, and so p(zi, yi|✓) = p(yi|zi)p(zi|✓). In addition, yi
often consists on Ni observations yi1, . . . , yiNi that are
conditionally independent given zi, and so p(yi|zi) =QNi

j=1
p(yij |zi). However neither of these simplifications is

required.

2.2. Variational Inference

Variational Inference is a popular method used to approx-
imate posterior distributions. Given some model p(z, y),
where y is observed data and z latent variables, the goal of
variational inference is to find a simpler distribution q(z)
to approximate the target p(z|y) (Jordan et al., 1999; Wain-
wright et al., 2008; Blei et al., 2017). VI does this by finding
the parameters of q(z) that maximize the evidence lower
bound (ELBO), a lower bound on the log-marginal likeli-
hood log p(y), given by

LVI(q(z)kp(z, y)) = E
q(z)

log
p(z, y)

q(z)
. (2)

It can be shown that this is equivalent to minimizing the
KL-divergence from q(z) to the true posterior p(z|y).

2.3. Tighter Bounds for Variational Inference

While VI has been successfully applied in a wide range of
tasks (Blei et al., 2017; Zhang et al., 2017), its performance
its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).
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Equivalent to minimizing

ELBO = Ez⇠q(z) log
p(z, x)

q(z)
 log p(x)
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IW � ELBO = E log
1

K

KX

k=1

p(zk, x)

q(zk)
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Monte Carlo VI
Draw multiple samples, get a better bound (Burda et al. 2016).

Or, can use Annealed Importance Sampling (AIS) to 
generate                   and then define:

IW � ELBO = E log
1

K

KX

k=1

p(zk, x)

q(zk)
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(Wu et al. 2020, Thin et al. 2021, Zhang et al. 2021, Geffner and Domke 
2021)
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Monte Carlo VI
Advantages: 

- Bound gets tighter as number as K increases. 

Problems with big models: 

- Monte Carlo struggles in high dimensions (less tightening). 

- Incompatible with subsampling (expensive). 

This paper: Can we solve these problems?



Heirarchical Models
p(✓, z, y) = p(✓)

MY

i=1

p(zi|✓)p(yi|zi, ✓)
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Figure 1. Tighter bounds using importance weighting. A direct (global) application of importance weighting generates independent set of
copies of all variables in the model to build a tighter bound. A local application of importance weighting, on the other hand, generates
copies at the local level and applies importance weighting separately for each group of local variables to build the locally-enhanced bound.
Gray nodes represent observed variables, which are fixed (not re-sampled with every generated copy).

fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.

We present an extensive empirical evaluation of our ap-
proach using two tightening methods: importance weighting
(Burda et al., 2016) and uncorrected Hamiltonian anneal-
ing (Geffner & Domke, 2021b; Zhang et al., 2021). The
former is based on importance sampling, while the latter
uses Hamiltonian Monte Carlo (Neal et al., 2011; Betan-
court, 2017) transition kernels to build an enhanced varia-
tional distribution. We observe empirically that the proposed
approach yields significantly better inference results than
relevant baselines, such as plain variational inference and
traditional global applications of tightening methods.

2. Preliminaries

2.1. Hierarchical Models

While hierarchical models may take a wide range of forms
(Gelman & Hill, 2006), in this work we focus on a two-
level formulation, using ✓ to denote the global variables,
and zi and yi to denote the local variables and obser-
vations of group i. By letting z = (z1, . . . , zM ) and
y = (y1, . . . , yM ), the corresponding probabilistic model is
given by

p(✓, z, y) = p(✓)
MY

i=1

p(zi, yi|✓) (1)

where the exact form of p(zi, yi|✓) depends on the appli-
cation. Often, yi is conditionally independent of ✓ given

zi, and so p(zi, yi|✓) = p(yi|zi)p(zi|✓). In addition, yi
often consists on Ni observations yi1, . . . , yiNi that are
conditionally independent given zi, and so p(yi|zi) =QNi

j=1
p(yij |zi). However neither of these simplifications is

required.

2.2. Variational Inference

Variational Inference is a popular method used to approx-
imate posterior distributions. Given some model p(z, y),
where y is observed data and z latent variables, the goal of
variational inference is to find a simpler distribution q(z)
to approximate the target p(z|y) (Jordan et al., 1999; Wain-
wright et al., 2008; Blei et al., 2017). VI does this by finding
the parameters of q(z) that maximize the evidence lower
bound (ELBO), a lower bound on the log-marginal likeli-
hood log p(y), given by

LVI(q(z)kp(z, y)) = E
q(z)

log
p(z, y)

q(z)
. (2)

It can be shown that this is equivalent to minimizing the
KL-divergence from q(z) to the true posterior p(z|y).

2.3. Tighter Bounds for Variational Inference

While VI has been successfully applied in a wide range of
tasks (Blei et al., 2017; Zhang et al., 2017), its performance
its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).
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ELBO = E log
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fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.

We present an extensive empirical evaluation of our ap-
proach using two tightening methods: importance weighting
(Burda et al., 2016) and uncorrected Hamiltonian anneal-
ing (Geffner & Domke, 2021b; Zhang et al., 2021). The
former is based on importance sampling, while the latter
uses Hamiltonian Monte Carlo (Neal et al., 2011; Betan-
court, 2017) transition kernels to build an enhanced varia-
tional distribution. We observe empirically that the proposed
approach yields significantly better inference results than
relevant baselines, such as plain variational inference and
traditional global applications of tightening methods.

2. Preliminaries

2.1. Hierarchical Models

While hierarchical models may take a wide range of forms
(Gelman & Hill, 2006), in this work we focus on a two-
level formulation, using ✓ to denote the global variables,
and zi and yi to denote the local variables and obser-
vations of group i. By letting z = (z1, . . . , zM ) and
y = (y1, . . . , yM ), the corresponding probabilistic model is
given by

p(✓, z, y) = p(✓)
MY

i=1

p(zi, yi|✓) (1)

where the exact form of p(zi, yi|✓) depends on the appli-
cation. Often, yi is conditionally independent of ✓ given

zi, and so p(zi, yi|✓) = p(yi|zi)p(zi|✓). In addition, yi
often consists on Ni observations yi1, . . . , yiNi that are
conditionally independent given zi, and so p(yi|zi) =QNi

j=1
p(yij |zi). However neither of these simplifications is

required.

2.2. Variational Inference

Variational Inference is a popular method used to approx-
imate posterior distributions. Given some model p(z, y),
where y is observed data and z latent variables, the goal of
variational inference is to find a simpler distribution q(z)
to approximate the target p(z|y) (Jordan et al., 1999; Wain-
wright et al., 2008; Blei et al., 2017). VI does this by finding
the parameters of q(z) that maximize the evidence lower
bound (ELBO), a lower bound on the log-marginal likeli-
hood log p(y), given by

LVI(q(z)kp(z, y)) = E
q(z)

log
p(z, y)

q(z)
. (2)

It can be shown that this is equivalent to minimizing the
KL-divergence from q(z) to the true posterior p(z|y).

2.3. Tighter Bounds for Variational Inference

While VI has been successfully applied in a wide range of
tasks (Blei et al., 2017; Zhang et al., 2017), its performance
its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).

Subsampling:      ✓ 
Enhanced bound: ❌
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fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.

We present an extensive empirical evaluation of our ap-
proach using two tightening methods: importance weighting
(Burda et al., 2016) and uncorrected Hamiltonian anneal-
ing (Geffner & Domke, 2021b; Zhang et al., 2021). The
former is based on importance sampling, while the latter
uses Hamiltonian Monte Carlo (Neal et al., 2011; Betan-
court, 2017) transition kernels to build an enhanced varia-
tional distribution. We observe empirically that the proposed
approach yields significantly better inference results than
relevant baselines, such as plain variational inference and
traditional global applications of tightening methods.

2. Preliminaries

2.1. Hierarchical Models

While hierarchical models may take a wide range of forms
(Gelman & Hill, 2006), in this work we focus on a two-
level formulation, using ✓ to denote the global variables,
and zi and yi to denote the local variables and obser-
vations of group i. By letting z = (z1, . . . , zM ) and
y = (y1, . . . , yM ), the corresponding probabilistic model is
given by

p(✓, z, y) = p(✓)
MY

i=1

p(zi, yi|✓) (1)

where the exact form of p(zi, yi|✓) depends on the appli-
cation. Often, yi is conditionally independent of ✓ given

zi, and so p(zi, yi|✓) = p(yi|zi)p(zi|✓). In addition, yi
often consists on Ni observations yi1, . . . , yiNi that are
conditionally independent given zi, and so p(yi|zi) =QNi

j=1
p(yij |zi). However neither of these simplifications is

required.

2.2. Variational Inference

Variational Inference is a popular method used to approx-
imate posterior distributions. Given some model p(z, y),
where y is observed data and z latent variables, the goal of
variational inference is to find a simpler distribution q(z)
to approximate the target p(z|y) (Jordan et al., 1999; Wain-
wright et al., 2008; Blei et al., 2017). VI does this by finding
the parameters of q(z) that maximize the evidence lower
bound (ELBO), a lower bound on the log-marginal likeli-
hood log p(y), given by

LVI(q(z)kp(z, y)) = E
q(z)

log
p(z, y)

q(z)
. (2)

It can be shown that this is equivalent to minimizing the
KL-divergence from q(z) to the true posterior p(z|y).

2.3. Tighter Bounds for Variational Inference

While VI has been successfully applied in a wide range of
tasks (Blei et al., 2017; Zhang et al., 2017), its performance
its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).
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fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.
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(Burda et al., 2016) and uncorrected Hamiltonian anneal-
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former is based on importance sampling, while the latter
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While VI has been successfully applied in a wide range of
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its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).
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fit of tightening methods in terms of improved bounds and
more accurate posterior approximations (Domke & Sheldon,
2019). We show the intuition behind our method in Figure 1.

We present an extensive empirical evaluation of our ap-
proach using two tightening methods: importance weighting
(Burda et al., 2016) and uncorrected Hamiltonian anneal-
ing (Geffner & Domke, 2021b; Zhang et al., 2021). The
former is based on importance sampling, while the latter
uses Hamiltonian Monte Carlo (Neal et al., 2011; Betan-
court, 2017) transition kernels to build an enhanced varia-
tional distribution. We observe empirically that the proposed
approach yields significantly better inference results than
relevant baselines, such as plain variational inference and
traditional global applications of tightening methods.
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and zi and yi to denote the local variables and obser-
vations of group i. By letting z = (z1, . . . , zM ) and
y = (y1, . . . , yM ), the corresponding probabilistic model is
given by

p(✓, z, y) = p(✓)
MY

i=1

p(zi, yi|✓) (1)

where the exact form of p(zi, yi|✓) depends on the appli-
cation. Often, yi is conditionally independent of ✓ given

zi, and so p(zi, yi|✓) = p(yi|zi)p(zi|✓). In addition, yi
often consists on Ni observations yi1, . . . , yiNi that are
conditionally independent given zi, and so p(yi|zi) =QNi

j=1
p(yij |zi). However neither of these simplifications is

required.
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Variational Inference is a popular method used to approx-
imate posterior distributions. Given some model p(z, y),
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hood log p(y), given by
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It can be shown that this is equivalent to minimizing the
KL-divergence from q(z) to the true posterior p(z|y).

2.3. Tighter Bounds for Variational Inference

While VI has been successfully applied in a wide range of
tasks (Blei et al., 2017; Zhang et al., 2017), its performance
its sometimes limited by the use of simple approximating
families for q(z), such as Gaussians. A popular approach to
address this drawback involves using tighter lower bounds
on the log-marginal likelihood (Burda et al., 2016; Zhang
et al., 2021), which lead to better posterior approximations
(Domke & Sheldon, 2018; 2019).
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