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The Implicit Regularization Effect of SGD

n training samples

T (X1, v, (X, ) € R N
Population Risk

ZL(wW) =

AdaGrad: 11.34+0.46

Adam\(Default): 12.024+0.16
Adams. 9.784+0.25 1

MSProp: 9.60+0.19

“A

HB: 7.74+40.25

SGD generalizes well for Large Model

1 y y d d SGD: 7.65+0.14 - e S
learning high-dim model W & R forlarge d 0 50 100 150 200 250
Epoch

Wilson, Ashia C., Rebecca Roelofs, Mitchell Stern, Nati Srebro, and Benjamin Recht. "The marginal value of adaptive gradient _
methods in machine learning." Advances in neural information processing systems 30 (2017). SGD general 1zes well



High Dimensional Linear Regression

True Model y =x'w* + 4(0,6%)

Data Covariance H := F[xx'] =: diag(4;,45,...), WOLG

Population Risk Z(w) 1= E(y — x'w)?

Excess Risk A(W) ;= L(W) — L(W*) = (W — w¥)

SGD with n samples, (X, y{)---,

T

W, =W, +71,(y—X
output := W _

Caveat: One-Pass SGD d

H(w — w¥)

—— exp decay

1 — tail exp decay

-=-tail poly decay O(1/v/t) >
| ===-tail poly decay O(1/t)
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Key Assumption: Strongly Contractive Fourth Moment

Recall that H = E[xx']. Assume that for every PSD matrix A,
e E[x'Ax-xx'] <a-tr(HA) - H for some constant @ > 1;
e E[x'Ax-xx'| >/ -tr(HA)-H+ H/AH for some constant / > 0.

Bounded kurtosis
Vv, E(v,x)* < a(v, Hv)?

Spherically symmetric distributions,
sub-Gaussian, sub-Exponential...

e.g., [BLLT 2020]

Strongly contractive
fourth moment

e.g., [BM 2013]

® Bach, Francis, and Eric Moulines. "Non-strongly-convex smooth stochastic approximation with convergence rate O (1/n)." Advances in neural information processing systems 26 (2013).
® Bartlett, Peter L., Philip M. Long, Gabor Lugosi, and Alexander Tsigler. "Benign overfitting in linear regression." Proceedings of the National Academy of Sciences 117, no. 48 (2020): 30063-30070.



Tall Geometrically Decaying Stepsizes

T —
wW,=W_,+n-(,—X'W,_)-X, output:=w,

/

Mos t<s [GKKN 2019]
= 20.59,_, t>5t%K=0 dl|lwy — w*||3 d
. AW ) S| —mmMMMM8+—- - logn
Ni_1 otherwise Nol n
Remarks
1. Weakly contractive fourth moment
d n 2. Variance bound scales with d

3. ¢,-norm or condition number implicitly depends on d

Ge, Rong, Sham M. Kakade, Rahul Kidambi, and Praneeth Netrapalli. "The step decay schedule: A near optimal, geometrically decaying learning rate procedure for least squares." Advances
in Neural Information Processing Systems 32 (2019).



A Fine-Grained Upper Bound

Let the stepsize decaying interval be K := (n — s)/log(n — s). For every s > 0, K > 2 and every
< 1/(4atr(H)log(n)), we have

~exponentially decaying
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X = noH) K (wy — w2

e o _ 0:k" K
“A(W,) S e W (X — 7oH)* ™ (W — W*)HH
mk
e 22N
K+ oK T, i i H K" 2 i Ai| .
2 (o + a- [l — WH[f; - log(m)
effective dimension—"
1 1
Here k*, kT are suchthat A, > ... > 1,. > > A1 > o> A > > A > ...
| k WOK k*+1 kT ﬂO(S+K) kT+1
Ambient Dimension d vs. Ly = diag(l,...,1,0,0,...) Hy..,, 1= diag(0,...,0,4p4 15 Ay, - -2

Effective Dimension k™ + 1noK Z A+ r]gK : Z A7, small when (4,);> decays fast

kr<i<k? i>k'



A Nearly Matching Lower Bound

Let the stepsize decaying interval be K := (n — s)/log(n — s). For every s > 0, K > 10 and every
Ny < 1/4, we have

EAW,) 2 [1(1— 7gH)™ 2 (wg — w3+

’ TR
Hk + ;/]Osz* l<kT/1 +7]O ,/ 2 % (12
- \o"+p- HWO — W HH .
effective dimension — K k00
H ok kT hthat A, > > Ao > : > A > > A > : > A >
ere K, K' are suc a > .2 A = > Al 2 e 2 > > > ...
1 k r]OK k*+41 kT 770(5 n K) kT+1

Lower bound nearly matches upper bound

2 IOk* .= d|ag(1,,1,0,0,)
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Ceometrically vs. Polynomially Decaying Stepsize

Let WZXP and W,BOly be the SGD outputs with geometrically and polynomially decaying stepsizes,
respectively. Fix same s = n/2, same w,,, same 715. Then we have

CA(WSP) < (14 SNR - log n) - EA(WP®HY)

where SNR := [|w, — Wn”%l / 6%

For every least square problem with bounded SNR,
w ' is always nearly no worse than w®°"



Numerical Simulation
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Experimental Setting: 6> = 1, d = 256, wyo=0,s =n/2,a=1
Under each sample size, the initial stepsize is fine-tuned for each algorithm

 SGD can generalize in high-dim least squares
 Geometrically decaying stepsizes > polynomially decaying stepsizes



Conclusion

e Risk of SGD in high-dim ~ d

ot | 1

o d_.. determined by (/Ii)izl, No» Ness; @nd <K d when (/ll-)izl
decay fast

® (Geometrical stepsize > polynomially stepsize
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