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Linear Contextual Bandits

Online sequential decision making with personalized information.
K alternative actions (arms).
Context (xxxt1,xxxt2, . . . ,xxxtK).
Reward yta = xxx>taθθθ

∗ + ξta, where θθθ∗ is unknown.

Lots of variants: sparsity, privacy constraints, batch constraints, etc..
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Regret

Problem incident (θθθ∗,F):
θθθ∗: yta = xxx>taθθθ

∗ + ξta

F: (xxxt1,xxxt2, . . . ,xxxtK) ∼ F.

Single period regret Rπt (θθθ∗,F) = E
[
max

a
xxx>taθθθ

∗ − xxxtaπt θθθ
∗
]
,

Cumulative regret Rπ(θθθ∗,F) =
T∑

t=1
Rπt (θθθ∗,F),

For a class of problem (ΘΘΘ∗,FK),
the worst-case regret Rπ(ΘΘΘ∗,F) = sup

(θθθ∗,F)∈(ΘΘΘ∗,F)

Rπ(θθθ∗,F)

the minimum attainable worst case regret R(ΘΘΘ∗,F) = inf
π∈Π

Rπ(ΘΘΘ∗,F).



Overview

To develop algorithm and find upper bounds:

Estimator θθθ  Algorithm πθθθ

Loss(θθθ) � Regret(πθθθ)

Our work:

Estimator θθθπ  Algorithm π

Loss(θθθπ) � Regret(π)



The 2-Armed Problems

In period t, an algorithm is a binary classifier.
The ground truth is linear: (xxxt1,xxxt2) 7→ 1 ⇐⇒ zzz>t θθθ

∗ ≥ 0, where zzzt = xxxt1 − xxxt2.
θθθπt : the best linear approximation, maximizer of

P
(

aπt = 1, zzz>t θθθ > 0
)

+ P
(

aπt = 2, zzz>t θθθ ≤ 0
)
.

Label by UCB True Label Wrong vs. Correct



The 2-Armed Problems

PROPOSITION

For any h ≥ 0,

Rπt (θθθ∗,F) ≥ h
2

P
((

zzz>t θθθ
∗
)(

zzz>t θθθ
π
t

)
< 0
)
− E

[(
h−

∣∣∣zzz>t θθθ∗
∣∣∣
)+

1{(zzz>t θθθ∗)(zzz>t θθθπt )≤0}

]
.

PROPOSITION

For any F ∈ F2 such that zzzt ∼ N (000, III),

Rπt (θθθ∗,F) = Ω

(
‖θθθ∗‖2 ·

∥∥∥∥
θθθ∗

‖θθθ∗‖2
− θθθπt
‖θθθπt ‖2

∥∥∥∥
2

2

)
.



The K-Armed Problems

Problem #1:




xxxt1(1)
⊤θθθ∗(1)

xxxt2(1)
⊤θθθ∗(1)


 =




xxxt1(1)
⊤

xxxt2(1)
⊤







θθθ∗(1)




Problem #2:




xxxt1(2)
⊤θθθ∗(2)

xxxt2(2)
⊤θθθ∗(2)


 =




xxxt1(2)
⊤

xxxt2(2)
⊤







θθθ∗(2)




Problem #3:




xxxt1(3)
⊤θθθ∗(3)

xxxt2(3)
⊤θθθ∗(3)


 =




xxxt1(3)
⊤

xxxt2(3)
⊤







θθθ∗(3)




Three 2-armed problems




xxx⊤
t1θθθ

∗

xxx⊤
t2θθθ

∗

xxx⊤
t3θθθ

∗

xxx⊤
t4θθθ

∗

xxx⊤
t5θθθ

∗

xxx⊤
t6θθθ

∗

xxx⊤
t7θθθ

∗

xxx⊤
t8θθθ

∗




=




xxxt1(1)
⊤ xxxt1(2)

⊤ xxxt1(3)
⊤

xxxt2(1)
⊤ xxxt1(2)

⊤ xxxt1(3)
⊤

xxx⊤
txxxt1(1)

⊤ xxxt2(2)
⊤ xxxt1(3)

⊤

xxxt2(1)
⊤ xxxt2(2)

⊤ xxxt1(3)
⊤

xxxt1(1)
⊤ xxxt2(2)

⊤ xxxt2(3)
⊤

xxxt2(1)
⊤ xxxt1(2)

⊤ xxxt2(3)
⊤

xxxt1(1)
⊤ xxxt2(2)

⊤ xxxt2(3)
⊤

xxxt2(1)
⊤ xxxt2(2)

⊤ xxxt2(3)
⊤







θθθ∗(1)

θθθ∗(2)

θθθ∗(3)




A 23-armed problem

FIGURE: Selecting arms (1, 2, 1) in (a) yields the same regret as selecting arm 3 in (b).
Arm selection combinations for (a) are in one-to-one correspondence with arms for (b).



Applications

Model
Upper Bound
from Literature

Lower Bound
from Literature

Our Lower Bound

Without a margin condition Õ(
√

Td) Ω(dT) Ω(
√

dT log K)

With a margin condition O(d3 log T) Ω(d log T) Ω(d log(T log K
d ))

With a batch constraint
(stochastic context)

O
(√

dT
( T

d2

) 1
2(2M−1)

)
Ω

(√
dT
( T

d2

) 1
2(2M−1)

)
Ω

(√
dT
( T

d2

) 1
2(2M−1)

)

Sparse O(
√

s0T log(dT)) Ω(
√

s0T) Ω(
√

s0T log K log(d/s0))

Jointly differentially private

O(d3/4
√

T/
√
ε)

for adversarial context
Õ(
√

dT + d log(1/δ)
ε )

can be achieved (absent from literature)

Ω(
√

dT log K + d
ε+δ )

Locally differentially private with sparsity
√

dT log d
ε

TABLE: Comparison



Thank you!


