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Gromov-Wasserstein Distance

OT(µ, ν)

inf
π∈Π(µ,ν)

Eπ

[
dX (X ,Y )2

]
GW(µ, ν)

inf
π∈Π(µ,ν)

Eπ⊗π

[
(dX (X ,X ′)− dY(Y ,Y ′))2

]
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Problem

GWε(µ, ν) := inf
π∈Π(µ,ν)

Eπ⊗π

[
(dX (X ,X ′)− dY(Y ,Y ′))2

]
+ εKL(π∥µ⊗ ν),

We provide the closed-form of GWε for the setting:

zero-mean Gaussian measures µ = N (0,Σµ), ν = N (0,Σν)

inner-product structures dX = ⟨·, ·⟩X , dY = ⟨·, ·⟩Y
We denote this case as IGWε.
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Invariant of IGWε

IGWε(µ, ν)︸ ︷︷ ︸
π∗ optimal

= IGWε(f
ortho
♯ µ, gortho

♯ ν)︸ ︷︷ ︸
(f ortho,gortho)♯π∗ optimal

This means we only need to consider Gaussian measures with diagonal
covariance matrices!
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Main Result: Entropic IGW

µ = N (0,Diag({αi}mi=1)), ν = N
(
0,Diag({βi}ni=1)

)
α1 ≥ · · · ≥ αm > 0, β1 ≥ · · · ≥ βn > 0

m ≥ n

Theorem

IGWε (µ, ν) =
m∑
i=1

α2
i +

n∑
i=1

β2
i − 2

n∑
i=1

(αiβi − ε/4)+

+ (ε/2)
n∑

i=1

(log (αiβi )− log(ε/4))+

π∗ = N (0,Σπ∗), Σπ∗ =

[
Σµ K
K⊤ Σν

]
, K = Diag


√

αiβi

(
1− ε

4αiβi

)+


n

i=1


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Intuition of Optimal Transportation

IGWε (µ, ν) =
m∑
i=1

α
2
i +

n∑
i=1

β
2
i − 2

n∑
i=1

(αiβi − ε/4)+ + (ε/2)
n∑

i=1

(log (αiβi ) − log(ε/4))+

π
∗ = N (0,Σπ∗ ), Σπ∗ =

[
Σµ K

K⊤ Σν

]
, K = Diag


√√√√αiβi

(
1 −

ε

4αiβi

)+


n

i=1



3. Check the effect of regularizer which forces π to look like
µ ⊗ ν:

Case αiβi ≤ ε/4 (regularizer is stronger)
π∗ projected onto directions of αi , βi looks exactly
like µ ⊗ ν

Case αiβi > ε/4 (regularizer is weaker)
π∗ projected onto directions of αi , βi looks more like
a solution of a GW problem, but it is still affected by
regularizer.
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Variants

We also provide closed-form solutions for unbalanced IGWε and the
(entropic-regularized) IGW barycenter problem (see the text for details).

...

Comparing scaled Gaussian measures Averaging Gaussian Measures
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Thanks for listening!
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