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Questions: 1. Why error goes down?

2. Why the peak?

Recent development: 

“Benign overfitting” 


in simple convex models.

Fit  by ERM. Feature map , random ̂y(x) = ̂f(ŵ⊤φ(x)) φ(x) = σ(Fx) F ∈ ℝp×d

The random features model

F ŵ ̂yx

[Neal, 94; Jacot et al ’18; 

Lee et al. 18, Chizat, Bach ’19]

GP / NTK / Lazy training: 
 of deep networks≈

[Bartlett et al. ’19; Hastie et al. 19’]

[Williams ‘98,‘07; 
Retch, Raimi ‘07]



Exact asymptotics

λ=10−4

λopt
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Number of parameters

n /d = 2

Key result:

Exact asymptotics when  with 

fixed  and  for convex risks,

generic  and data ,  

n, d, p → ∞
n /d p/n

F x ∼ 𝒩(0,Id)
yμ = f0(θ⊤

0 xμ)

[Montanari, Mei 19’; Gerace et al ’20; 
Goldt et al ’20; Hu, Lu, ’20; Dhifallah, Lu ’20]

yμ = sign(θ⊤
0 x) ̂y = sign (ŵ⊤erf (Fx)) x, θ0 ∼ 𝒩(0,Id)  Gaussian i.i.dF

[Gerace et al. ’20] [Geiger et al. ’18]
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Number of parameters
Ensemble of independently trained NNs

1. Why error goes down?

2. Why the peak?



Ensemble of random features

Learning:

In the limit , with , ,   fixedn, p, d → ∞ K α ≡ n /d γ ≡ p/d

ℛ̂n(wk) =
1
n

n

∑
μ=1

ℓ (yμ, w⊤
k σ(Fxμ)) +

λ
2

| |wk | |2
2

̂yk = ̂f(σ(Fkx) ⋅ wk)

Final predictor
̂y = f({σ(Fkx) ⋅ wk}K

k=1)

K = 2

Data model

Predictors

y = f0(x ⋅ θ0)

x, θ0 ∼ 𝒩(0,Id)



Main result

The pre-activations  ν = θ⊤
0 xμ, μk = ŵ⊤

k σ(Fkx)

are jointly r.v. with covariances given by self-consistent equation.  

Theorem (informal):

(Theorem proven in more general setting)
Generalise [Biroli et al ’20; Adlam, Pennington ’20; Lin, Dobriban ’20;]



Suppressing fluctuations

Ridge regression Logistic regression



Bias / variance Trade-off

[Krogh, Vedelsby ’95; Biroli et al ’20]
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Ensembling methods

Logistic regression, λ → 0+
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“Majority vote”



Conclusion

Exact asymptotics for an ensemble 

of random features.

Why the peak (for RFs)? Overfitting of fluctuations of weights.

Thank you!

brloureiro@gmail.com 

Valid for: strongly convex risks, generic weight distribution
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