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Entropy regularized MDPs

Value function: continuous state and action space

𝑉 𝜋𝜏 (𝜌) = 𝔼𝜋𝑠0∼𝜌
∞
∑
𝑡=0

𝛾 𝑡 [𝑟(𝑠𝑡 , 𝑎𝑡) − 𝜏 ln 𝑑𝜋
𝑑𝜇 (𝑎𝑡 |𝑠𝑡) ]

𝜏 ∶ reward-based entropy regularization strength
𝜇: finite reference measure on action space 𝐴

Goal: compute maximizer 𝜋∗𝜏 ∶ 𝑆 → 𝒫𝜇(𝐴)
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Consequences of entropy regularization

Optimal value and policy of softmax form

𝑉 ∗𝜏 (𝑠) = 𝜏 ln∫𝐴 exp (𝑄
∗𝜏 (𝑠, 𝑎)
𝜏 ) 𝜇(𝑑𝑎)

𝜋∗𝜏 (𝑑𝑎|𝑠) = exp (𝑄
∗𝜏 (𝑠, 𝑎) − 𝑉 ∗𝜏 (𝑠))

𝜏 ) 𝜇(𝑑𝑎),
where

𝑄∗𝜏 (𝑠, 𝑎) = 𝑟(𝑠, 𝑎) + 𝛾 ∫𝑆 𝑉
∗𝜏 (𝑠′)𝑃(𝑑𝑠′|𝑠, 𝑎)
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Neural network softmax policy
Same functional form as optimal policy

𝜋𝜈(𝑑𝑎|𝑠) ∼ exp (∫ℝ𝑑
𝑓 (𝑠, 𝑎, 𝜃)𝜈(𝑑𝜃)) 𝜇(𝑑𝑎)

𝑓 : e.g., one-hidden layer neural network
𝜈 ∶ distribution on parameter space ℝ𝑑

Mean-field → infinite width NN and universal approximator

∫ℝ𝑑
𝑓 (𝑠, 𝑎, 𝜃)𝜈(𝑑𝜃) = lim𝑁→∞

1
𝑁

𝑁
∑
𝑛=1

𝑐(𝑛)𝑘 𝜎(⟨𝑤 (𝑛)
𝑘 , (𝑠, 𝑎))
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Convergence of softmax policy gradient

Tabular: 𝜋𝜃(𝑠|𝑎) = softmax(𝜃(𝑠, 𝑎))
⊚ 𝑂(𝑒−𝑐𝑡)-convergence of entropy-regularized PG [Mei et al., 2020]

Continuous state and action: softmax mean-field 𝜋𝜈
⊚ if PG flow 𝜈𝑡 converges to 𝜈∗ with full support, then 𝜋𝜈∗ = 𝜋∗𝜏

[Agazzi and Lu, 2021]

But does it converge?
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Entropy regularized objective

Introduce entropy in parameter measure

𝐽 𝜏 ,𝜎 (𝜈) = 𝑉 𝜋𝜈𝜏 (𝜌) − 𝜎2
2 KL(𝜈|𝑒−𝑈 )

𝜎 ∶ parameter-based entropy regularization strength
𝑈 : strong convex potential ∇2𝑈 ≻ 𝜅

Goal: compute maximizer 𝜈∗ = 𝜈∗𝜎 and quantify bias
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Policy gradient: the Lions derivative

What does the gradient look like?

∇𝛿𝐽
𝜏 ,𝜎
𝛿𝜈 (𝜈, 𝜃) = ∇𝛿𝑉

𝜋𝜈𝜏 (𝜌)
𝛿𝜈 (𝜈, 𝜃) − 𝜎2

2 (∇𝑈 (𝜃) + ∇ ln 𝜈(𝜃)) ,

where

∇𝛿𝑉
𝜋𝜈𝜏 (𝜌)
𝛿𝜈 (𝜈, 𝜃) = 1

1−𝛾𝔼𝑑𝜋𝜌 cov𝜋𝜈 (𝑄
𝜋𝜈𝜏 − 𝜏 ln 𝑑𝜋𝜈

𝑑𝜇 , ∇𝑓 (𝜃))

𝑑𝜋𝜌 (𝑑𝑠): occupancy measure
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Policy gradient flow

Non-linear Fokker-Planck equation:

𝜕𝑡𝜈𝑡 = −∇ ⋅ ((∇𝛿𝑉
𝜋𝜈𝜏 (𝜌)
𝛿𝜈 (𝜈) − 𝜎2

2 ∇𝑈) 𝜈𝑡) + 𝜎2
2 Δ𝜈𝑡

McKean-Vlasov SDE representation: 𝜈 = Law(𝜃)

d𝜃𝑡 = (∇𝛿𝑉
𝜋𝜈𝜏 (𝜌)
𝛿𝜈 (𝜈𝑡 , 𝜃𝑡) − 𝜎2

2 ∇𝑈 (𝜃𝑡)) d𝑡 + 𝜎d𝑊𝑡

𝜎 controls dissipation and convexity strength
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Policy gradient flow approximation

Particle approximation: noisy gradient ascent

𝜃(𝑛)𝑘+1 = 𝜃(𝑛)𝑘 + 𝜂 (∇𝛿𝑉
𝜋𝜈𝜏 (𝜌)
𝛿𝜈 (𝜈(𝑁 )

𝑘 , 𝜃(𝑛)𝑘 ) − 𝜎2
2 ∇𝑈 (𝜃(𝑛)𝑘 )) + √𝜂𝜎𝜁 (𝑛)𝑘+1,

𝜈(𝑁 )
𝑡 = 1

𝑁 ∑𝑁
𝑛=1 𝛿𝜃 (𝑛)𝑡

: empirical measure
𝜂: learning rate

𝜁 (𝑛)𝑘
i.i.d.∼ 𝑁(0, 𝐼𝑑×𝑑): noise
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Policy improvement

Entropy regularized value increases in time

𝑑
𝑑𝑡 𝐽

𝜏 ,𝜎 (𝜈𝑡) = ∫ℝ𝑑
|∇𝛿𝐽

𝜏 ,𝜎
𝛿𝜈 (𝜈𝑡)|

2
𝜈𝑡(𝑑𝜃) ≥ 0

Argument: integration by parts
Key difficulty: entropy non-differentiable
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Theorem: convergence of policy gradient

Assuming regularization strong enough, we prove

⊚ there exists a unique global maximizer 𝜈∗ of 𝐽 𝜏 ,𝜎 ,
⊚ 𝜈∗ is unique solution of

∇ ⋅ ((∇𝛿𝐽
𝜏 ,0

𝛿𝜈 (𝜈∗) − 𝜎2
2 ∇𝑈) 𝜈∗) + 𝜎2

2 Δ𝜈∗ = 0 ,

⊚ exponential Wasserstein convergence

𝑊2(𝜈𝑡 , 𝜈∗) ≤ 𝑒−𝛽𝑡𝑊2(𝜈0, 𝜈∗) .
We also quantify the bias introduced by 𝜏 , 𝜎 -regularization
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