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Optimal Transport with Order Constraints

• Provide context to OT
• Example context in text application

• “red”-”black” (color)
• ”piece”-”pair” (multiplicity)
• “clothing”-”pants” (inventory)

• Standard OT gives top solution; OT 
with OC gives all 4. 

• The human user selects the most 
interpretable solution.



Optimal Transport with Order Constraints

• Consider color transfer

Or …
do you 
prefer a 
Yellow

sky?

Are you 
ok with 

the 
regular OT 
solution? 

Or … a
Blue sky?

I want a 
color 

transfer 
between 

this 
source 

and 
target

User
The sky should be 

appropriately 
colored



Formulation of OT with Order Constraints
• For given sum/row weights a,b, OT minimizes a linear cost D over a transport 

polytope:

• We propose to define order constraints (OC) on top of the transport polytope:

where V indexes outside of k num. of OC positions:

U(a, b) = {⇧ 2 Rm⇥n
+ : ⇧1n = a,⇧T1m = b}
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�
,

s.t ⇧ikjk � · · · � ⇧i1j1 , ⇧i1j1 � ⇧pq for pq 2 V,
<latexit sha1_base64="CO0WVJ6LPiy9uUqbyi/mSD/TgQw="></latexit>

V := [mn] \ {i`j` : ` 2 [k]}
<latexit sha1_base64="YX+Qy6UgR0OxEFQ1BeWPRe0hk8U="></latexit>

mn inequalities.

Prop. 2.1, Cor 2.2 provides sufficient conditions for the OT with OC to be feasible. In general, feasibility depends 
on constraints a,b and OC positions.



Solving the OT with OC Formulation
• Propose an iterative ADMM formulation

!
<latexit sha1_base64="6lQS1ea863KBeyTmZGwyAZhZzDw="></latexit>

Proposition 3.1 (Lim, et. al)
Affine, matrix-vector ops

C1(a, b)
<latexit sha1_base64="3afLrVNeRbvR0qjHNjRM1vzs4Y4="></latexit>

• Line 2 



Solving the OT with OC Formulation
• Alg1, Line an iterative ADMM formulation !

<latexit sha1_base64="6lQS1ea863KBeyTmZGwyAZhZzDw="></latexit> Extension of Pooled-Adjacent 
Violators Algorithm (PAVA), 
(Grotzinger, Witzgall, 84), 

C2
<latexit sha1_base64="gQABRoSLAmDCixUveE44DdnW88A="></latexit>

Proposition 3.2 (Lim, et. al)

Threshold 𝛥

Threshold T

coalescing



Solving the OT with OC Formulation
• For a problem size mn, Algorithm 1, initialized with Z0 = M0 = 0, achieves iteration 

error: 

in at most the following number of operations:

O(kDk1/� ·mn log(mn))
<latexit sha1_base64="GBz/fDBmavo18xMdpdHwcREHYqM="></latexit>

Thm 3.3, Prop 3.4 (Lim, et. al)



Explainability via Branch-and-Bound
• Estimate important variates to define order 

constraints

T (k3, ⌧1, ⌧2)
<latexit sha1_base64="SKfUXHjJvAW2DavCJpDgvu2pySE="></latexit>

Extend k 
OCs by 
variate ij

T̂ (k1, k2, k3, ⌧1, ⌧2)
<latexit sha1_base64="5GsW4RNXw8+WQUGfXSF/kqlVGgM="></latexit>

control 
diversity of 
candidates

⌧1, ⌧2
<latexit sha1_base64="Z5W0XNZOhyX82vZJDlMqVGmmY6g="></latexit>

Prune 
Search
(Prop. 4.1)



Experiment Results

• Sentence Relationship Classification 
(e-SNLI)
• OT with OC provides up to 5 points 

improvement over Greedy search 

BESTF1 is a measure of how well candidate solutions agree 
with human-annotations in e-SNLI dataset

• Color Transfer (SUN, 
WikiArt)
• OT results have problems
• Prior (human-crafted) 

constraints try to correct 
observed problems

• OT w/ OC produces 
solutions that perform 
similarly as prior(human-
crafted)  versions


