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Policy Optimization for Markov Decision Process

e Markov decision process (S, A, P, R)

— state space S, action space A
— state transition P: S x S x A = [0,1], P(s'|s,a)
— one-stage reward R: S x A — R, R(s,a)

e Policy, stochastic: m: S x A — [0,1], deterministic: p: S — A
e Optimization problem maxy Jo(mg; po), S0 ~ po(-)

— discounted reward  J,(mg; p0) 1= Ery.po[D i Y*R(sk, ax)]
— total reward  Jiot (703 p0) 1= Erg.p0[Dpeo B(Sks k)]

— average reward  Jay (mo; po) = limr_oc Ery [ﬁ Z}f:o R(sk,ar)]



Policy Gradient VoJe (o5 po)

In theory, [Sutton et al. 99] In practice, [Williams 88, 92]
T
o
Swd:r@po(,)[va log ms(als)Q4° (s, a)] Z Vo log mg(ak|sk)Q: (5K, ak)
ar~Tg(+|s) k=0

Question 1: How are they related

Popular implementations, e.g., A2C/A3, ACER, ACKTR, DDPG, PPQO, TD3, TRPO, and SAC,
are not estimating any gradient [Nota and Thomas 20]

T
> Vologmo(ar|sk)QT (sk, ar)
k=0

Question 2: How to correctly implement policy gradient without making errors?



Our Approach: Sensitivity Analysis

o J(T ; — J(mg;
Vo Ju (o) :5%510 (o506 /00(39 (703 po)

Key observation

Jo(n') = Jo(m) = Z ) gw@ws) Q2 (s0)] - ann (15 @l a)l}

difference between applying 7’ and =«

4 o0 T
dZP0(s) == > eV Esgrmpo() [P (5k = s|so = )]

State occupation counts  § digt°(s) == D re o Esgmpo() [P (5K = ]50)]
| S (s) == limg—so0 Esgnpo () [P7 (5K = 5[50)]



Deriving Policy Gradient

Stochastic

Deterministic

* We omitted dependency on pg for brevity

o Ju(0+60) — 1 (0)
VJe(6) = Jim, 50

_ o om(als -
= Jim, 3 ()3 T (@x6.)
=> di(s) Y Vor(als)Qq (s, a)
=Y di(s)> w(als)Velogm(als)QF (s, a)

Jo(0 + 60) — Ju ()

o o Qs () — Qis.nls))
- %Tozs:d' (5)[ 50 ]

:Zdﬁ"(s) Vou(s)VaQyq (s, a) a,u(s)]
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Extension 1: Policy Gradient in the Temporal Domain

Vot () = 22, dio(s) 22 m(als)V1og m(ak|sk) Qfor (5K @)

{wm =32, d5(s) X, m(als)V log m(ak|sk) QT (si. ar)
Va(r) = X, d7,(s) 2, m(als)V log m(a|s)QF, (k. a)

dZP0(s) == 3 0V Espmpo() [P™ (sk = s|s0 = )]
From spatial to temporal digt”(8) = 2 25_0 Esgmpo() [PT (8K = s]50)]
d7oro(s) := limp_ o ESDNPO(.)[P“(Sk = 5|s0)]

| | (VI (1) = By | 5207V log (i) Q5 (51, an)|
Unbiased estimates -
from the trajectory Viot(T) = Esj apnr [Zk_o Vlog m(ak|sk) Qo (Sk, G)}

(S0, @o» S1, Aq -} | Ve (1) = Ty o0 By [T%l ST Vlog m(als)QT, (s, a)}
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Extension 2: Incorporating Policy Entropy Regularization

Regularized single-stage reward R(s,a) := R(s,a) — 7 logm(als)

Value function V7 (s) = Equr(.|s) (@3 (5,a) — Tlog m(a|s)]
e Regualrized Q7 (s,a) := Q7 (s,a) — 7log n(als)

e Deriving policy gradient

Jo(0 + 00) — Jo(6)

VJe(0) = 5%210 Y7,
B . om(als) [ r
= Jim 32 ()2 Q3 (s.0) — Tlog m(als))
. . 7'(dals) . 7'(als)
a 51915107- - s (ds)za: WY, tog m(als)

- -

=de (s>2v9w<a|s>c§:f<s,a>
—Zd% Zw(a Vg log 7(als) Q% (s, a)



Additiona| Discussion Why current implementation still works?

» Small approximation error wheny = 1

0 ( Y > for some contraction factor «
1—ay

» Maximizer Invariance

* Experience replay changes mgx](ﬂ; po) to m;lX](ﬂ; Po)

* If the maximizer is always attainable, arg max J(m; py) = arg max J(7; py )
T T



Summary

* Sensitivity analysis as a general recipe for deriving policy gradients
* Applicable for different setups (objective, regularized or not, stochastic/deterministic)
* Formal derivation of the unbiased temporal policy gradient

* Small approximation error for y — 1 and maximizer invariance explains empirical success
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