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Introduction — Graph Neural Networks

Our focus: Graph neural networks (GNNs) & Semi-supervised node classification.
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Introduction — Graph Neural Networks

Our focus: Graph neural networks (GNNs) & Semi-supervised node classification.

Input: A graph G with node features X, the adjacency matrix A, labels of some nodes.

Output: The predicted labels of the rest of nodes.

O

Tencent
Al Lab

OOOOOOOOOOOOOOOOOOO



ICML

International Conference
On Machine Learning

: Tencent -sj
Introduction — Graph Neural Networks O Al Lab

Our focus: Graph neural networks (GNNs) & Semi-supervised node classification.

Input: A graph G with node features X, the adjacency matrix A, labels of some nodes.
Output: The predicted labels of the rest of nodes.

Hidden layer Hidden layer
/ . { . \
) o

*—e *—e

o [2) ° =)
o ()
Input © o © e Output
o} o y
Q » ° o
.\ — 4 RelLU | S— RelLU
Q o o fa} g
) o ™ 3 = — /| —p ® et S e ¢
o]
o ¢ ® o ® o o ¢
e o ® o
\ .
o @)
) o

® o ¢ o

(e} ¢ o] ®
o o

(The figure was collected from https://tkipf.github.io/graph-convolutional-networks/)
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‘The labels of linked nodes in a graph are the |

Problem: The assumption does not
hold for heterophilic graphs!

'Some GNNs (e.g., GCN, SGC, APPNP) work as low-pass
filters (The spectral range of Laplacianis [0,2). |
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‘Some GNNs (e.g., GCN, SGC, APPNP) work as low-pass
(filters (The spectral range of Laplacianis [0,2). |
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Problem: The assumption does not
hold for heterophilic graphs!

‘Some GNNs (e.g., GCN, SGC, APPNP) work as low-pass
(filters (The spectral range of Laplacianis [0,2). |
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Most GNNSs fail on heterophilic graphs!
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‘The labels of linked nodes in a graph are the |

Problem: The assumption does not
hold for heterophilic graphs!

‘Some GNNs (e.g., GCN, SGC, APPNP) work as low-pass
filters (The spectral range of Laplacianis [0,2). |

) 4

Most GNNSs fail on heterophilic graphs!

Homophilic graph Heterophilic graph

Low-pass filter High-pass filter
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Idea: We could design new message passing
ischemes & GNN architectures based on p-Laplacian: |

. p>2,0< A< 2P
L 1<p<2,0< A< 227 /Ny, |
o p:1,0§>\§ \/Nmin_ 'f
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Local varlatlon G =(V,€) :Agraph

f:V — R : Afunction defined on V
g : £ — R : Afunction defined on &

(Vf)([i, 7]) measures the variation of / on edge [i: J | W : The adjacency matrix

D : The degree matrix
oo (Wi Wi ..
(VN 7]) == D, (7) D (2)

Graph gradlent

'Graph divergence

(dng)( measures the net outflow of 9 on node ::

(divg)(i \/W’J ([, 41) — 9([4,14]))
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Local varlatlon G=(V,E) :Agraph

f:V — R : Afunction defined on V
g : £ — R : Afunction defined on &
W : The adjacency matrix
D : The degree matrix

Graph gralet

(Vf)([@ J1) measures the variation of ./ on edge % Jl;

(V) 5]) \/ - \/ “J

; raphdlvergence

Graph p-Laplacian
Ap Sy = Sy is an operator defined by: f

(leg)( ') measures the net outflow of 9 on node ::

(divg)(i Z oL (9.3 — (0. 1)

Apf i= (VI ?VS)
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Local varlatlon G=(V,E) :Agraph

f:V — R : Afunction defined on V
g : £ — R : Afunction defined on &
W : The adjacency matrix
D : The degree matrix

Graph gradlent

(Vf)([@ J1) measures the variation of ./ on edge % Jl;

(V) 5]) \/ - \/ “J |

; raphdlvergence

Graph p-Laplacian
Ap Sy = Sy is an operator defined by: f

(leg)( ') measures the net outflow of 9 on node ::

(divg)(i Z oL (9.3 — (0. 1)

pf ——d1V(||Vpr 2Vf)

Sp(f) measures the overall variation of f on graph G:

p

YwamW YY S f () =[5 ()
JsJ (2L
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Local var|at|on G=(V,E) :Agraph

f:V — R : Afunction defined on V
g : £ — R : Afunction defined on &
W : The adjacency matrix
D : The degree matrix

Graph gradlent

(Vf)([@ J1) measures the variation of ./ on edge % Jl;

(VA 5]) \/ - \/ > 'f

Graph dlvergenc

Graph p-Laplacian
Ap Sy = Sy is an operator defined by: f

(leg)( ') measures the net outflow of 9 on node ::

(divg)(i Z oL (9.3 — (0. 1)

Af i= (VS *V)

WhenP? =2 Aoy =1 - D~ 1/2WD 1/2

The connection between S:(/) and 25 :

Sp(f) measures the overall variation of f on graph G: 0S,(f)
W, wi. | of

YYH (V) (DI = YY B, f0) =\ 5. )

’L]_]]_ ’L].j]_

— pApf(i)

1
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Two assumptions: G =(V,&):Agraph
1. Low variation of F f YV — R : Ac channel signal function
: N Nxc - T '
over Y w.rt P X € R ne node feature matrix
) . 2
2. The noise magnitude Lp(F) = Hu Sp(F) + p E Fi. — X, F ¢ RVX¢ : The node embedding matrix
in X is small. 1=1 It : The hyperparameter
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Methodology— p-Laplacian regularization framework O peneent =y

Two assumptions: G =(V,&):Agraph
1. Low variation of F f 'V — R : Ac channel signal function
N - .
over G w.r.t P; X ¢ RIV*c : The node feature matrix
’ — i 2
2. The noise magnitude Lp(F) = Hu Sp(F) + p E Fi. — X, F ¢ RVX¢ : The node embedding matrix
in X is small. 1=1 It : The hyperparameter
'ﬁe‘ e 1

¢+ Closed-form solution:
, F* = p(Ag + pIy) ' X

1 * [teration algorithm (is guaranteed to converge):
F(k—l—l) _ aD—l/ZWD—l/QF(k) _|_6X

a=—— 3=t

L4+ w + [,

1 |
(Ao + pIn) ™ 2 personalized PageRank matrix [1].}
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Methodology— p-Laplacian regularization framework O peneent =y

Two assumptions: G =(V,&):Agraph
1. Low variation of F f 'V — R : Ac channel signal function
over G w.r.t P; N X ¢ RIV*c : The node feature matrix
’ N 2
2. The noise magnitude Lp(F) := Hu Sp(F) + 1 Z |Fi. — X, F c RVx¢ : The node embedding matrix
in X is small. 1=1 It : The hyperparameter
¢ Closed-form solution: 'f ', * Not aware of any closed-form solution. |
F* = (A + ply) ' X
|+ Iteration algorithm:
lteration algorithm (is guaranteed to converge): | :"? N M (k)
| (k g1) gf/z 1/210(k) > | P = Z S F)) 5(k)Xi
‘ +1) __ — — i 1,: Q; 1 ,: 1,1 X
K =aD WD F + 06X j=1 \/D’i»’iDJJ
4 : '* p—2
o = , — ,
1+ 5 1 —|— 3 ] | M(k) — W, . Wiaj F(k) L Wiaj F(k)
_ =W 3 "
;‘:: (2] J Di,i (2 Dj,j 7
—1 " T
p(Ag + pln) ™ 2 personalized PageRank matrix [1].. N (k)
CEYIby M;; | 2p gk _ 2
Hhi T —~ Di; p | T p Y
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{When p > 1 |
i+ Iteration algorithm: |

pl+1) _

1,
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p-LapIacian Message Passing ; , 1
Fplth — D=1/ 2MED-12RE) 4 gk)X , '+ lteration algorithm:

p_2 1 Fg’k—i_l)

W W, |
’J DZ’LF D]]F
M(k) - 2p

o) =1/ Z . I 2—“0@(?

j=1 Di,q P | P f-
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p-LapIacian Message Passing f , >t ]
| P — oRD-12ME D 1/2pk) ﬁ(k)X " '+ Iteration algorithm:

p—2 i Fg’kz—l—l)

W, W,
. D; F; D, —=F"
M(k) I 21

o) =1/ |3 O N

=1 z,z P ’ P

p-Laplacian message passing is guaranteed to converge with proper chosen # by Theorem 2.
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p-Laplacian Message Passing | 1

Fplth — D=1/ 2MED-12RE) 4 gk)X | ,j lteration algorithm:

W W p—2 I' F §k+ 1)
)] D’L y D] y

N o g

o) =1/ |3 O N

j=1 Di.i p | p

p-Laplacian message passing is guaranteed to converge with proper chosen # by Theorem 2.

”GNN Architecture f

Z = softmax(F )9 ?)

X € RNXC T
F® = ReLU(XOW) FeRNC.T
F+D = o(OD-1/2MBD-1/2p0) 4 ROk~ 1, K -1| ©. 07T

ne node feature matrix
ne node embedding matrix
ne 1st, 2nd layer NN parameters

KT

ne number of iterations
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9+ X = 2, (U)gs(A)®,(U) X |
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p Laplacian based graph convoluton |
9o X = P,(U)go(A)2,(U) X '

approximation

K—-1

K—1
go * X = Z Hkq)p(U)AkCI)p(U)TX — Z QkA’;X ‘
= =0



Spectral Analysis— p-Laplacian based graph convolution O I\ftg%”t

p Laplacian based graph convoluton |
9o X = P,(U)go(A)2,(U) X '

$
i
!
)

approximation

K—-1

K—1
go * X = Z Hkq)p(U)AkCI)p(U)TX — Z HkA];X ‘
= k=0

iTheorem 3 ;

.p Laplacian message passing is a polynomial filter defined on
'the spectral domaln of p-Laplacian!

go * X = Z HkAk X = p-Laplacian message passing |
k=0
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It adaptlvely acts as Iow -pass & Iow hlgh -pass fllters on node z |n terms of |ts graph gradlents va ( )|| o

Proposition 1. Given a connected graph G = (V,E, W) | |
with node embeddings ¥ and the p-Laplacian A, . Low-pass filter . Low-high-pass filter

with its p-eigenvectors {u®},_o1. . N_1 and the

p-eigenvalues {\;}i1—01,... N—1- Let g,(A\i—1) = |
i 3 Dy My D_l/ for i € [N] be the fil-
ters deﬁned on the spectral domain of A, where ‘
M;; = Wi lIVf([i,iD)IIP~2 (Vf)([i,]]) is the graph Frequency ] Frequency
gradient of the edge between node iand j and ||V f(7)|| is
the norm of graph gradient at i. N; denotes the number
of edges connected to i, Ny, = min{N,},cn]), and
/ 1 2 / 1 2
k:argmaxj({|u§-l)|/\/Dl,l}je[N];lzo,___,N_l), then 1 S p < 2 HVf ‘ < 2 2 /(p ) HVf 2 /(p )
1. When p = 2, g,(\i—1) works as low-high-pass filters.

2. Whenp > 2, if |[Vf(i)|| < 20=D/P=2), g (X 1)
works as low-high-pass filters on nodezand 9p(Xi=1) D = 2 T AlwayS

works as low-pass filters on i when ||Vf(i)| >
9(p—1)/(p—2).

3 When 1 < p < 2 0 < V@) < D> 2 IV £()| < 9(p—1)/(p—2) IVF£(3)] < 9(p—1)/(p—2)

2(24/N)Y/®=2), g (X;_1) works as low-pass filters
on node i and g,(\;—1) works as low-high-pass filters

oniwhen |Vf()| > 2 (2\/Nk)1/(p_2). Specifically,
when p = 1, N, can be replaced by N,,;,.

Amplitude
Amplitude
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Table 2: Statistics of datasets.

Dataset #Class #Feature #Node #Edge Training Validation Testing H(G)

Cora 7 1433 2708 5278  2.5% 2.5% 95% 0.825
CiteSeer 6 3703 3327 4552  2.5% 2.5% 95% 0.717
PubMed 3 500 19717 44324  2.5% 2.5% 95% 0.792

Computers 10 767 13381 245778 2.5% 2.5% 95% 0.802

Photo 8 745 7487 119043 2.5% 2.5% 95% 0.849

CS 15 6805 18333 81894 2.5% 2.5% 95% 0.832

Physics 5 8415 34493 247962 2.5% 2.5% 95% 0915
Chameleon 5 2325 2277 31371  60% 20% 20% 0.247
Squirrel 5 2089 5201 198353 60% 20% 20% 0.216
Actor 5 932 7600 26659 60% 20% 20% 0.221
Wisconsin 5 251 499 1703  60% 20% 20% 0.150
Texas 5 1703 183 279 60% 20% 20% 0.097

5

Cornell 1703 183 277 60% 20% 20% 0.386

‘Baselines: |
'« MLP
'« GCN
I+ SGC
L« GAT
'+ JKNet
'« APPNP |
- GPRGNN |
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Table 2: Statistics of datasets.

Dataset #Class #Feature #Node #Edge Training Validation Testing H(G)
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Table 1: Heterophilious results. Averaged accuracy (%) for 100 runs. Best results outlined in bold
and the results within 95% confidence interval of the best results are outlined in underlined bold.

Method Chameleon  Squirrel Actor Wisconsin Texas Cornell

MLP 48.0241 79 33.80+105 39.68+143 93.564+3 14 79.50+1062 80.30+11 38
GCN 34.5449 78 25.284155 31.284904 61.93+300 56.54417.020 51.36+4 509

Cora 7 1433 2708 2.5% 2.5% 05% 0.825
CiteSeer 6 3703 3327 4552 2.5% 2.5% 95% 0.717
PubMed 3 500 19717 44324 2.5% 2.5% 95% 0.792
Computers 10 767 13381 245778 2.5% 2.5% 95% 0.802

Photo 8 745 7487 119043 2.5% 2.5% 95% 0.849

CS 15 6805 18333 81894 2.5% 2.5% 05% 0.832
Physics 5 8415 34493 247962 2.5% 2.5% 95% 0.915
Chameleon 5 2325 2277 31371 60% 20% 20% 0.247
Squirrel 5 2089 5201 198353 60% 20% 20% 0.216

Actor 5 032 7600 26659 60% 20% 20% 0.221
Wisconsin 5 251 499 1703 60% 20% 20% 0.150

Texas 5 1703 183 279 60% 20% 20% 0.097
Cornell 5 1703 183 277 60% 20% 20% 0.386

iBaselines:

'« MLP
'+ GCN
I+ SGC
L« GAT
'+ JKNet
'+ APPNP
- GPRGNN

SGC
GAT
JKNet
APPNP

34.76 44 55
45.1642 10
33.284+3 59
36.18+9 g1

GPRGNN 43.6742.27

25.4941 63
31.4140.98
25.8241 58
26.8541 48
31.27+1 .76

30.9843 g0
34.1141 28
29.7742 61
31.2645 59
36.63+£1.22

66.9445 55
65.64+6.29
61.084+3 71
64.5943 49
88.54+4.94

59.9949.05

56.41413.01
59.654+12.62

82.904+5.08
80.74416.76

44.3945 88
43.94 47 33
55.34 44 43
66.4749.34
78.9548 59

l.OGNN
1.5GNN
2.0GNN
>*GNN

48.86+1.95
48.74 ., ¢
48.77 . ) 57
48.80 ., 7

33.75., -, 40.6211 95 95.3740.06 84.0617.41
33.3341.45 40.35,, .. 95.24,, ., 84.4617.79

33.60+1.47

40.074+1.17 91.1542.76 87.9646.27

82.16+5 62
78.47+6.87
72.0448. 29

33.79,, ,- 39.804131 87.084260 83.0li6s0 70.311s.s4

Table 3: Results on homophilic benchmark datasets. Averaged accuracy (%) for 100 runs. Best
results are outlined in bold and the results within 95% confidence interval of the best results are
outlined in underlined bold. OOM denotes out of memory.

Method Cora CiteSeer PubMed Computers Photo CS Physics

MLP
GCN
SGC
GAT
JKNet

APPNP 79.58.40.59

43.47 13 89
76.23+0.79
77.1941.47
75.6241.01
77.1940.08

GPRGNN 76.1041 30

46.9542.15
62.4340.81

64.1041.36

61.284+1.09
63.3240.95
63.024+1.10
61.60+1.69

78.9540.49
83.7240.27
79.26+0.69
83.6040.22
82.5440.43

84.8040.22

83.16+0.84

66.1142.70
84.17+0.59
84.3240.59
82.7241.29
79.9445 47
83.3241.11
82.7841.87

76.444 2 83
90.46+¢ 48
89.814+0.57
90.4840.57
88.2941.64
90.4240.53
89.81+0.66

86.24+1.43
90.33+0.36
91.06+0.05
89.9640.27
89.69+0.66
91.5440.24

92-58:1:0.83
94.4640.08
OOM
93.9640.21
93.924+0.32
94.93.1 .06
94.72 4

L.OGNN
1.SGNN
2.OGNN
2.5GNN

77.59+0.69
78.86+0.75
78.93+0.60
78.87+0.57

63.1940.08

83.21+0.30

63.80 -, 83.6510.17
63.65,, os 84.1940.22
63.2810.07 84.45, 1 83.8510.87 89.8210614 91.9410.40

84.46+0.89

84.39+0.85

90.69 . 46
85.0310.90 90.9110.50 92.12_, 4,
90.401+0.63 92.2810.47

91.46+0.50

94.72 , 5
94.90_ , (4
94.93+0.14
94.87 1 1,
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# of nodes
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Accuracy (%)

Computers
soo uniform LOGNN (Acc: 85.24%) L5GNN (Acc: 85.3%) 25GNN (Acc: 83.68%) GAT (Acc: 82.73%)
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r r

Fig. 1: Averaged accuracy on graphs with noisy edges.

- & —MLP

— % —=GCN
SGC
GAT
JKNet
APPNP
GPRGNN

—— 1.0-GNN

—#—1.5-GNN

—4&— 2.0-GNN

—<—2.5-GNN

Accuracy (%)

100

90

(o]
o

70

60

50

40

-0.75 -05 -0.25 O

Tencent =% TCMVL

A | L a b International Conference

On Machine Learning

cSBM sparse split
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Fig. 2: Averaged accuracy on cSBM datasets.
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