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Transaction data
I Vast number of payments and cash transactions executed daily

I This data is useful for business intelligence and financial crime prevention

I Time-aggregated transactions result in a graph with a flow

I How can node representation be learned from the flow?

I Dataset used: 1.5 years of publicly available ethereum transactions
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Gradient Flow Model1

I Hodge Decomposition of flow y ∈ R|E | on a graph G = (V ,E )
I y = ygrad + ydiv s.t. ygrad⊥ ydiv
I y

(ij)
grad = z (j) − z (i) with z (i) ∈ R and (i , j) ∈ E

I Minimize over z :
∑

ij∈E
(
y (ij) − (z(j) − z(i))

)2
I Gradient flow model: f

(ij)
grad = z(j) − z(i)

Two issues:

1. Gradient model cannot learn ydiv.
For ethereum dataset:
‖ ydiv ‖2 = 42M, ‖ ygrad ‖2 = 6M

2. Squared error unsuitable for
multi-scale and heavy-tail transactions

10 6 10 3 100 103 106

transaction amount (ETH)

100

101

102

103

104

1Lek-Heng Lim. “Hodge Laplacians on graphs”. In: Siam Review 62.3 (2020), pp. 685–715.

2 / 7



Gradient Flow Model1

I Hodge Decomposition of flow y ∈ R|E | on a graph G = (V ,E )
I y = ygrad + ydiv s.t. ygrad⊥ ydiv
I y

(ij)
grad = z (j) − z (i) with z (i) ∈ R and (i , j) ∈ E

I Minimize over z :
∑

ij∈E
(
y (ij) − (z(j) − z(i))

)2

I Gradient flow model: f
(ij)
grad = z(j) − z(i)

Two issues:

1. Gradient model cannot learn ydiv.
For ethereum dataset:
‖ ydiv ‖2 = 42M, ‖ ygrad ‖2 = 6M

2. Squared error unsuitable for
multi-scale and heavy-tail transactions

10 6 10 3 100 103 106

transaction amount (ETH)

100

101

102

103

104

1Lek-Heng Lim. “Hodge Laplacians on graphs”. In: Siam Review 62.3 (2020), pp. 685–715.

2 / 7



Gradient Flow Model1

I Hodge Decomposition of flow y ∈ R|E | on a graph G = (V ,E )
I y = ygrad + ydiv s.t. ygrad⊥ ydiv
I y

(ij)
grad = z (j) − z (i) with z (i) ∈ R and (i , j) ∈ E

I Minimize over z :
∑

ij∈E
(
y (ij) − (z(j) − z(i))

)2
I Gradient flow model: f

(ij)
grad = z(j) − z(i)

Two issues:

1. Gradient model cannot learn ydiv.
For ethereum dataset:
‖ ydiv ‖2 = 42M, ‖ ygrad ‖2 = 6M

2. Squared error unsuitable for
multi-scale and heavy-tail transactions

10 6 10 3 100 103 106

transaction amount (ETH)

100

101

102

103

104

1Lek-Heng Lim. “Hodge Laplacians on graphs”. In: Siam Review 62.3 (2020), pp. 685–715.

2 / 7



Gradient Flow Model1

I Hodge Decomposition of flow y ∈ R|E | on a graph G = (V ,E )
I y = ygrad + ydiv s.t. ygrad⊥ ydiv
I y

(ij)
grad = z (j) − z (i) with z (i) ∈ R and (i , j) ∈ E

I Minimize over z :
∑

ij∈E
(
y (ij) − (z(j) − z(i))

)2
I Gradient flow model: f

(ij)
grad = z(j) − z(i)

Two issues:

1. Gradient model cannot learn ydiv.
For ethereum dataset:
‖ ydiv ‖2 = 42M, ‖ ygrad ‖2 = 6M

2. Squared error unsuitable for
multi-scale and heavy-tail transactions

10 6 10 3 100 103 106

transaction amount (ETH)

100

101

102

103

104

1Lek-Heng Lim. “Hodge Laplacians on graphs”. In: Siam Review 62.3 (2020), pp. 685–715.

2 / 7



Gradient Flow Model1

I Hodge Decomposition of flow y ∈ R|E | on a graph G = (V ,E )
I y = ygrad + ydiv s.t. ygrad⊥ ydiv
I y

(ij)
grad = z (j) − z (i) with z (i) ∈ R and (i , j) ∈ E

I Minimize over z :
∑

ij∈E
(
y (ij) − (z(j) − z(i))

)2
I Gradient flow model: f

(ij)
grad = z(j) − z(i)

Two issues:

1. Gradient model cannot learn ydiv.
For ethereum dataset:
‖ ydiv ‖2 = 42M, ‖ ygrad ‖2 = 6M

2. Squared error unsuitable for
multi-scale and heavy-tail transactions

10 6 10 3 100 103 106

transaction amount (ETH)

100

101

102

103

104

1Lek-Heng Lim. “Hodge Laplacians on graphs”. In: Siam Review 62.3 (2020), pp. 685–715.

2 / 7



Addressing expressivity

I Gradient model is limited by scalar potentials
I Use multiple potentials for each node, z(i) ∈ RK

I Use a gate function σ̄ : RK×K 7→ [0, 1]K

I Gated gradient flow model: f (ij) = σ̄(u(i),u(j))T
(
z(j) − z(i)

)

I Theorem: This model can express any flow on a graph, given sufficiently expressive
σ̄(·, ·) and K = 2∆(G )

I We use a simple form for σ̄ with learnable u(i):

[σ̄(u(i),u(j))]k =
1

1 + e−(u
(i)
k +u

(j)
k )
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Addressing training loss function

10−1 100 101 102 103
10−2

10−1

100

101

102

103

error

lo
ss

d
er

iv
at

iv
e

Stationary flow prediction

minimize
∑

ij∈E `(y
(ij), f (ij))

Robust loss

`(y (ij), f (ij)) = log
(

1 + (y (ij)−f (ij))2
ν|y (ij)|τ

)

4 / 7



Addressing training loss function

10−1 100 101 102 103
10−2

10−1

100

101

102

103

error

lo
ss

d
er

iv
at

iv
e

squared error loss

Stationary flow prediction

minimize
∑

ij∈E `(y
(ij), f (ij))

Robust loss

`(y (ij), f (ij)) = log
(

1 + (y (ij)−f (ij))2
ν|y (ij)|τ

)

4 / 7



Addressing training loss function

10−1 100 101 102 103
10−2

10−1

100

101

102

103

error

lo
ss

d
er

iv
at

iv
e

squared error loss
robust loss

Stationary flow prediction

minimize
∑

ij∈E `(y
(ij), f (ij))

Robust loss

`(y (ij), f (ij)) = log
(

1 + (y (ij)−f (ij))2
ν|y (ij)|τ

)
4 / 7



Baseline models

I Gradient model (Robust loss)

I Gradient model, MSE (Squared loss)

I 6 engineered node features + 2 layer MLP (Robust loss)

I 128 node2vec2 node representations + 2 layer MLP (Robust loss)

I Weight prediction model by Kumar et. al.3

2Aditya Grover and Jure Leskovec. “node2vec: Scalable feature learning for networks”. In:
Proceedings of the 22nd ACM SIGKDD international conference on Knowledge discovery and data
mining. 2016, pp. 855–864.

3S. Kumar et al. “Edge Weight Prediction in Weighted Signed Networks”. In: 2016 IEEE 16th
International Conference on Data Mining (ICDM). 2016, pp. 221–230.
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Quantitative results

I Rel. error:
|y (ij) − f (ij)|/|y (ij)|

I Trivial baseline: f (ij) = 0
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Qualitative results
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Thank you for your attention!
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