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Online Convex Optimization (OCO)

Online convex optimization [Zinkevich, ICML, 2003]
1: fort=1to T do

4: end for
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Online Convex Optimization (OCO)

Online convex optimization [Zinkevich, ICML, 2003]

1: fort=1to T do
2:  Learner picks a decision x; € X

Adversary picks a convex function f; : X — R
3:  Learner suffers a loss f;(x;) and updates z;
4: end for

Cumulative loss (CL): ZT fie(xt)
=1
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Adversary picks a convex function f; : X — R
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o Learner picks z; before knowing f;
@ Learner is impossible to minimize CL directly

Yietal. | |ICML2021 | Introduction 1/15



Online Convex Optimization (OCO)

Online convex optimization [Zinkevich, ICML, 2003]

1: fort=1to T do
2:  Learner picks a decision x; € X

Adversary picks a convex function f; : X — R
3:  Learner suffers a loss f;(x;) and updates z;
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Cumulative loss (CL): ZT fie(xt)
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o Learner picks z; before knowing f;
@ Learner is impossible to minimize CL directly

Learner’s objective: choose {z;} s.t. regret grows sublinearly
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Online Convex Optimization (OCO)

Online convex optimization [Zinkevich, ICML, 2003]

1: fort=1to T do
2:  Learner picks a decision x; € X

Adversary picks a convex function f; : X — R
3:  Learner suffers a loss f;(x;) and updates z;
4: end for

Learner’s objective: choose {z;} s.t. regret grows sublinearly

Reg({zeh {we}) = 3, flw) — S filw)
~——— ~—————

CL of an online learner CL of a comparator sequence
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Online convex optimization [Zinkevich, ICML, 2003]

1: fort=1to T do
2:  Learner picks a decision x; € X

Adversary picks a convex function f; : X — R
3:  Learner suffers a loss f;(x;) and updates z;
4: end for

Learner’s objective: choose {z;} s.t. regret grows sublinearly

Reg({zeh {we}) = 3, flw) — S filw)
~——— ~—————

CL of an online learner CL of a comparator sequence

T
o Static regret: {y:} = {2*}, where 2* = argmin_ thl fi(x)
o Dynamic regret: {y;} = {x}}, where z} = argmin,, c fi(2)
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Optimal Regret Bound

Online gradient descent (OGD) [Zinkevich, ICML, 2003]

1: fort=1to T do
2. Learner picks a decision x; € X

Adversary chooses a convex function f; : X - R
3:  Learner suffers a loss fi(z¢)

4: end for
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Optimal Regret Bound

Online gradient descent (OGD) [Zinkevich, ICML, 2003]

1: fort=1to T do
2. Learner picks a decision x; € X

Adversary chooses a convex function f; : X - R
3:  Learner suffers a loss fi(x;) and updates

Tey1 = Px(zr — oV fi(z))
4: end for

o Projection operator: Px(r) = arg valin |z —yll
ye
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Online gradient descent (OGD) [Zinkevich, ICML, 2003]
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3:  Learner suffers a loss fi(x;) and updates

Tey1 = Px(zr — oV fi(z))
4: end for

o Projection operator: Px(r) = arg valin |z —yll
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o Optimal static regret bound: O(v/T)
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Optimal Regret Bound

Online gradient descent (OGD) [Zinkevich, ICML, 2003]

1: fort =1to 7T do
2. Learner picks a decision z; € X

Adversary chooses a convex function f; : X — R
3:  Learner suffers a loss fi(x:) and updates

T+l = PX(xt - OéVft(xt))
4: end for

o Optimal static regret bound: O(V/T)

Ader [Zhang et al., NeurlPS, 2018]
@ Run OGD multiple times in parallel, each with a different stepsize

@ Choose the best one using an expert-tracking algorithm
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Optimal Regret Bound

Online gradient descent (OGD) [Zinkevich, ICML, 2003]

1: fort =1to 7T do
2. Learner picks a decision z; € X

Adversary chooses a convex function f; : X — R
3:  Learner suffers a loss fi(x:) and updates

T+l = PX(xt - OéVft(xt))
4: end for

o Optimal static regret bound: O(V/T)

Ader [Zhang et al., NeurlPS, 2018]
Run OGD multiple times in parallel, each with a different stepsize

©

©

Choose the best one using an expert-tracking algorithm
Optimal regret bound: O(\/T(1 + Pr))

T-1
Path-length of comparator sequence: Pr = Zt_l lye+1 — yell

©
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OCO with Long Term Constraints

Online gradient descent: @i+1 = Px(z¢ — aV fi(2r))

Projection operator: Px(z) = arg r;in |z —yll
ye

Bottleneck is the computational cost of Py ()
@ X is a simple set, e.g., a box or a ball
o X ={z: g(z) <0, € X}
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OCO with Long Term Constraints

Bottleneck is the computational cost of Px ()
@ X is a simple set, e.g., a box or a ball
o X ={z: g(z) <0, X}
X={x: g(z)<0, , zeX }

——
“Soft” constraint  Hard” constraint

@ “Soft” constraint could be violated sometimes, but must be
satisfied in the long run

o “Hard” constraint must be satisfied in each round
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OCO with Long Term Constraints

Bottleneck is the computational cost of Px ()
@ X is a simple set, e.g., a box or a ball
o X ={z: g(z) <0, X}
X={z: g(x) <0, , reX }

——
“Soft” constraint  Hard” constraint

@ “Soft” constraint could be violated sometimes, but must be
satisfied in the long run

o “Hard” constraint must be satisfied in each round

OCO with long term constraints [Mahdavi et al., JMLR, 2012]

Learner’s objective is to choose {z;} s.t. both regret and
constraint violation grow sublinearly

o Constraint violation: |[[>7_, g(z¢)]. ||, where []4 = PRi(')
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Stricter Metric: Cumulative Constraint Violation

Constraint violation: ||[>°7_,g(x¢)]¢||

o Drawback: constraint violations at some rounds can be
compensated by strictly feasible decisions at other rounds
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Stricter Metric: Cumulative Constraint Violation

Constraint violation: ||[>/_;g(x¢)] .||

o Drawback: constraint violations at some rounds can be
compensated by strictly feasible decisions at other rounds

Cumulative constraint violation [Yuan & Lamperski, NeurlPS, 2018]:

15371 [9(@e)]4
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State-of-the-Art
Constraint Cumulative
Reference Loss functions Static regret Regret i l tion constraint
olatio violation
Mahdavi . 3/4 .
etal. (2012) Convex OWT) Not given o(T'%) Not given
Convex O(Tmaxiet=chy
Jenatton Not given O(T*=/?) Not given
etal. (2016) | Sirongly convex o(T*)
Yuan & Convex O(Tmax{c,l—c}) O(Tl,c/g)
Lamperski Not given
(2018) Strongly convex O(log(T)) O(/1og(T)T)
Yu & Neely . 1/4 .
(2020) Convex OWT) Not given o(T*) Not given
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Motivation

Constraint Cumulative
Reference Loss functions Static regret Regret L constraint
violation L
violation
Mahdavi . 3/4 .
etal. (2012) Convex O(VT) Not given o(T'%) Not given
Convex O(Tmax{ed=chy
Jenatton Not given O(Tl’”ﬂ) Not given
etal. (2016) | Strongly convex o(T®)
Yuan & Convex O(Tmxtel=c}y oT—/2)
Lamperski Not given
(2018) Strongly convex O(log(T)) O(/1log(T)T)
Yu(%lz\loe)ely Convex OWT) Not given o Not given
Questions

(i) Can cumulative constraint violation be reduced?
(i) Can optimal regret and sublinear cumulative constraint violation
be achieved?

5/15
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Basic Approach

Algorithm 1 [Yu &Neely, IMLR, 2020]

Input: o > 0and v > 0.
Initialize: ¢o = 0,,, and z; € X.
fort =2,... do
Observe 0 f;—1(z¢—1)-
Update
qi—1 = max{—yg(xi-1), @—2 + v9(z1-1)},
Gi—1 = q—1 +v9(x1-1),

¢ = argmin{ (0 fi—1(z¢-1), x)
zeX

+alGe-1,79(@) + o =z |}
end for
Output: {x,}.

o Regret({z:}, {z*}) = O(VT)
o |[Z/: g4l = OT4)
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Initialize: ¢o = 0,,, and z; € X.
fort =2,... do
Observe 0 f;—1(z¢—1)-
Update

qi—1 = max{—yg(z¢-1), g—2 + v9(xt-1)},
Gi—1 = qt—1 + v9(x1-1),

¢ = argmin{ (0 fi—1(z¢-1), x)
zeX

+alGe-1,79(@) + o =z |}
end for
Output: {x,}.

Input: {o;; > 0} and {y, > 0}.
Initialize: ¢y = 0,,, and z; € X.
fort=2,... do
Observe 0 f;—1(x—1).
Update
Q-1 = G2 + [vig(xe-1)]+,
Gi—1 = @1 + [rg(zi—1)l+,

xy = argmin{ay (0 fi—1(2¢-1), )
zeX

+ a(G-1, mlo@)] ) + llz — 2 P}

end for
Output: {z;}.

o Regret({z:}, {z*}) = O(VT)
o |[Z/: g4l = OT4)
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Properties of Basic Approach: Convex

Theorem 1
Let ay = ao/t¢ and v = 70/\/cw, where ag > 0, ¢ € (0, 1), and
70 € (0,1/(+/2G)] are constants. Then,

Reg({ee}, {1}) = O(aoT'~* + T%(1 + Pr) ),
Z; I[g(zo)]+ ] = O(VagT1=9)/?).

Yietal. | |ICML2021 | Algorithms 7/15



Properties of Basic Approach: Convex

Theorem 1

Let ay = ao/t¢ and v = 70/\/cw, where ag > 0, ¢ € (0, 1), and
70 € (0,1/(+/2G)] are constants. Then,

Reg({z:}, {y:}) = O(agT ¢ + T¢(1 + Pr) /o),
S Mol = O(/agTi=972).
(i) Choosing o = 1 yields
Reg({a:}, {z*}) = O(Tm>{e1=ch)

S Mgl = O@U-972) < o(r'~<12),
State-of-the-art result [Yuan & Lamperski, NeurIPS, 2018]
Reg({ze}, {2°}) = O(Tmx{e1-3),

ST g+l = 0@,

Yietal. | |ICML2021 | Algorithms 7/15



Properties of Basic Approach: Convex

Theorem 1

Let ay = o /t¢ and «y = 70/\/0w, where og > 0, ¢ € (0, 1), and
70 € (0,1/(+/2G)] are constants. Then,

Reg({z:}, {ye}) = O(aoT' ™ + T(1 + Pr)/ay),
S gl = O(/aT(-9/2).
(i) Choosing ap =1 and ¢ = 0.5 yields
Reg({z:}, {z*}) = O(VT), Optimal static regret bound
Zthl I[g(ze)]+ || = O(TY*). Cumulative constraint violation
State-of-the-art result [Yu & Neely, JMLR, 2020]
Reg({z:}, {z"}) = O(VT),
I, 9@+l = OT*). Constraint violation
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Properties of Basic Approach: Convex

Theorem 1
Let oy = ap/t° and v = vy /\/, where ag > 0, ¢ € (0,1), and
70 € (0,1/(v/2G)] are constants. Then,

Reg({2c}, {w}) = O(aoT*™ + T*(1 + Pr)/ao),
S gl = O(/aT(-9/2).
(ii) If P is known, choosing g = v/1 + Pr and ¢ = 0.5 yields
Reg({x¢}, {1}) = O(\/T(1 + Pr)), Optimal regret bound
> llg@lell = O@Y4(1 + Pr)/4) < O(VT).
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Properties of Basic Approach: Strongly Convex

Recall: Theorem 1

Let oy = ap/V/t and v = Y0/+/@t, where oy > 0 and
70 € (0,1/(/2G)] are constants. Then,

Reg({z:}, (o)) = O(VD), 3, llg(ao)lsll = O(T'/4).

Theorem 2

Suppose each f;(-) is strongly convex. Let ay = 1/(ut) and
v = Yo0/+/, where vy € (0,1/(+/2G)] are constants. Then,

Reg({ae}, {*}) = O(log(T)), 3. lllg(en)]ll = Ollog(T)).

State-of-the-art result [Yuan & Lamperski, NeurlPS, 2018]
Each f;(-) is strongly convex:

Reg({z¢}, {z"}) = O(log(T)), Z; llg(ze)]+ ]l = O(/ T'log(T)).
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Improved Approach: Motivation

Recall: Theorem 1
If Pr is known in advance, choosing a; = /(1 + Pr)/t yields

Reg({z¢}, {n:}) = O(y/T(1 + Pr)),

S lgenlsll = OV + Pryi/)
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Improved Approach: Motivation

Recall: Theorem 1
If Pr is known in advance, choosing a; = /(1 + Pr)/t yields
Reg({z+}, {y:}) = O({/T(1 + Pr)),
T
> gl = o@Y4(1 + Pr)t/).

T-1
@ Question: Pp = Zt_l lye+1 — ye|| is normally unknown
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Improved Approach: Motivation

Recall: Theorem 1
If Pr is known in advance, choosing oy = /(1 + Pr)/t yields

Reg({z:}, {y:}) = O(T(1 + Pr)),

S lgenlsll = OV + Pryi/)

T-1
@ Question: Pp = Zt_l lye+1 — ye|| is normally unknown

Solution
o Design N = log,(v/T) different stepsizes a;; = 2/~ /\/t:

Jig < N, s.t. aj, ¢ is close to the optimal stepsize /(1 + Pr)/t
@ Run Algorithm 1 N times in parallel, each with stepsize o; ;

@ Choose the optimal one using an expert-tracking algorithm

Yietal. | |ICML2021 | Algorithms 9/15



Improved Approach
Algorithm 2

Input: N € N, 8 >0, {a; s > 0} and {~; ; > 0}.
Initialize: ¢; 0 = 0, 751 € X, w1 =
[N], and 2y = Zivzl Wi 1241
fort=2,... do

Observe O fi—1(x1—1).

Update

Git—1 = Gijt—2 + [Vi9(@ie—1)]+,
Git—1 = Qig—1 + [ipg(@ie—1)]+, Algorithm 1

x4y = argmin{oy (O f;—1(2-1), 1)
zeX

+ aiilGie 1, [iag(@)] ) + 2 — i |?},
li,t—l = <3fr,—1(96t—1)7ffi7z—1 - It—1>7
R
SN wiy_je Pl Expert-tracking

N
Tt = g Wi t gt~
i=1

end for
Output: {z;}.

_N+1
i(i+1)N? Vi €

Wit =
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Properties of Improved Approach

Theorem 3 (Optimal Regret)

Let N =logy(VI+T), B =1/VT, aiy =271 /\/t, and
v = 0/+/az, where 7y € (0,1/(v/2G)] is a constant. Then,

Reg({z:}, {y:}) = O(M), Optimal regret bound
ST g+l = OWT).
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Online Linear Programming

o XCRP, fi(x) = (0,x) and g(z) = Az — b

@ The settings on p, X, 6;, A, and b are similar to

500 T T T T T T T 450 T T T T T T T T T
— Algorithm 1
E c N
o 2200 | S 400 Algorithm 2
2400 T
% 350 [|- - - - Yuan & Lamperski (2018)
o -500 2600 2800 2900 '5000] s - Jenatton et al. (2016)
8 = * Mahdavi et al. (2012)
4 T
o -1000 ©
= 7%
= c
5]
S -1500 g 20
€ o
=1 —— Algorithm 1 > 150 /
O 2000 { —— Algorithm 2 T 1
g 100
R 2000 2500 3000 3500 4000 4500  5000)
2500 Yuan & Lamperski (2018) 5 ..
enatton et al. (2016) O 50 -
Mahdavi et al. (2012) e e e e — ==
-3000 - S
500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
Rounds Rounds
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Online Quadratic Programming Y

¥ scuxoner g

sl

o X CRP, fi(x) = ||z — 6| + 20{0;, z) and g(z) = Az — b

2000 450 T T T T T

—— Algorithm 1
400 [ |- - - - yuan & Lamperski (2018)
-~ Jenatton et al. (2016)
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-2000

4600 4700 4800 4900 5000
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—— Algorithm 1
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Cumulative Constraint Violation
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. S
Conclusions firy

Bt
Constraint Cumulative
Reference Loss functions Static regret Regret iolation constraint
v violation
Mahdavi Convex OT) Not given o(T3/*) Not given
etal. (2012)
. Convex O(Tmax{c,l—c})
Jenatton Not given O(T'=</?) Not given
etal. 2016) | Sirongly convex o(T°)
Yuan & Convex O(Tmax{(:,l—(:}) O(T17C/2)
Lamperski Not given
(2018) Strongly convex O(log(T)) O(/log(T)T)
Yu & Neely . 1/4 .
(2020) Convex O(T) Not given o(TY%) Not given
Convex O(Tmax{c,l—c}) O(\/T(l-&-PT)) O(T(lﬂz)/z)
Algorithm 1
Strongly convex O(log(T)) Not given O(log(T))
Algorithm 2 Convex o(r»adet=<hy | O(\/T(1+ Pr)) OWT)

Future work
@ Reduce regret under strong convexity and/or smoothness condition

@ Reduce cumulative constraint violation under the Slater condition
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