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BACKGROUND oT

Optimal transport

Monge formulation (1781)

Tégiu e c(x, T(x))dv(x)

Kantorovich formulation (1940)

inf / c(x,y)dn(x,y)
meN(v,u) JRIXR?

Tiv = u & v(T~HA) = u(A)
M(v, p): the set of joint distributions of v, p
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BACKGROUND oT

Wasserstein distance

Squared Wasserstein-2 distance between v and p:

W)= min [ ylPdn(x.)
meM(v,u) JRM xRN

Kantorovich dual problem:

%sz(y,u): sup B, [¢(X)] + Ep[i:(Y)]
)ed

)

&= {(¢, %) € L) x L'(1): (x) + () < 3lx — I, Vx, v}
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BACKGROUND oT

Wasserstein distance

Let F(x) = BIE — g(x), F(y) = L2 —u(y)

S W)= Copm,inf  (ELIFOO]+ E,lF (1))

Semi-dual formulation of optimal transport

1.5 . y
SR, 1) =Gy inf B, [FOOI+EF (Y]}
CVX stands for the set of convex functions, f* is the convex

conjugate function of f

A
| v

Cop = (L/2{ELIXNI] + Eu [l Y121} i
O = {(F, ) € L(v) x LY(u); FO) + F/(y) > xy, ¥x, ¥} v Y H
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BACKGROUND 0T

Dual problem over convex functions

Explicit form of f*

f*(y) = sup (v, Vely)) — f(Vgly)) = (y, VF(y))—f(VF(y))
geCVX

Dual form of Wasserstein-2 distancel

1
7W2 s = S i f VV f, Cy
oWalvon) = sup inf Vou(f.g)+ Cu

where

Voulf g)=—Ey [f(X)]-EL[(Y Ve(Y))-(Ve(Y))]

1. Makkuva, A., Taghvaei, A., Oh, S., & Lee, J. "Optimal transport mapping via input convex neural
networks.” ICML 2020
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BACKGROUND ICNN

Input Convex Neural Networks

Ay Ay Ap_2 A

This network defines a convex map x :— f(x;0) = z, and

Zyy1 = Oy (Wng + Apx + bg) .

This map f(x; @) is convex if 1) W4.; 1 are non-negative; 2)
00.L—1 are convex; 3) o1.,_1 are non-decreasing.

Amos, Brandon, Lei Xu, and J. Zico Kolter. "Input convex neural networks.” ICML 2017.
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BACKGROUND Barycenter

Wasserstein Barycenter

Wasserstein barycenter i is the minimizer of SN ; a; W (v, ;) .
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BACKGROUND Barycenter

Wasserstein Barycenter
Only require samples from marginal distributions
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ALGORITHM Solve the barycenter

Cost function

Minimizing summed W-2 distances:

N
1 =
mi inf SB[+ aiVu(fir &
l:nfieleéRINgiell%NNz alllh(2)]17] 2 aiV,u(fi, &)

where

anuf(ﬁg) = _En[f/(h(z))] — EMI.[<Y’.,Vgi(Yi)> - fl(vg,(Yl))]

Z ~N(0,1)
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ALGORITHM Solve the barycenter

Algorithm

o : eI ZJ L [1W(Z
k-
Z~n " X~v T gi=1.n € FICNN =T 0500, 01) — loss
fi=z1.n € FICNN [—  R(,,)
’ * S\ Vi~ pizin
k H Y~ v~ IN

J (65 0g;,61) = Zf (Ve (Yf)) = (¥i. Ve (Y))) - £ (h(Z)

(0g:) = A Z Imax (— W, )|
W/EOgi
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ALGORITHM Recover the barycenter

Two methods to recover the barycenter

marginal juq

. T

‘ b barycenter v

N(0,1) \vg?
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EXPERIMENT RESULTS Low dimension

2d and 3d

marginals hiin Vgt Vel
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EXPERIMENT RESULTS Low dimension

Color palette averaging

Source colors {Z;}

Veautu(Zi)  Velu(l)  Vesiu(Zs)

Left: Source images
Right: Pushforward images

htn
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EXPERIMENT RESULTS

Low dimension
Sharp geometries
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Claici, S., Chien, E., & Solomon, J. "Stochastic wasserstein barycenters.” ICML 2018
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EXPERIMENT RESULTS High dimension

Scalability with Gaussian marginals

—— NWB hin 14 —— NWB h#n |
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Dimension Dimension

CWB: continuous WB without minimax (Korotin et al., 2021)
CDWSB: fast free-support WB (Cuturi & Doucet, 2014)
CRWSB: continuous regularized WB (Li et al., 2020)
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EXPERIMENT RESULTS High dimension

MNIST 0 and 1
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CRWB: continuous regularized WB (Li et al., 2020)
CWB: continuous WB without minimax (Korotin et al., 2021)
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High dimension

EXPERIMENT RESULTS

MNIST and USPS
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EXPERIMENT RESULTS GAN

Barycenter serving as GAN

One marginal: the barycenter 7 = the marginal j1

Similar to Wasserstein GAN but with Wasserstein-2 metric

Multiple marginals:
hZ) ~ 7= VE(h(Z)) ~ i, Z ~N(0,1)

Generate multiple marginal distributions after one training
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EXPERIMENT RESULTS GAN

One marginal: Gaussian mixture
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1. Korotin A, Egiazarian V, Asadulaev A, Safin A, Burnaev E. "Wasserstein-2 generative networks.” ICLR 2021
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GAN

EXPERIMENT RESULTS

One marginal: MNIST
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1. Korotin A, Egiazarian V, Asadulaev A, Safin A, Burnaev E. "Wasserstein-2 generative networks.” ICLR 2021
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EXPERIMENT REsuLTS GAN

Multiple marginals: 0 and 1
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GAN

Multiple marginals: MNIST and USPS

EXPERIMENT RESULTS
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CONCLUSIONS

Takeaway

marginal juq

B Require only samples from Vi
marginal distributions /
Vg
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samples as one wish

‘ ‘ Vg2
" Generate multiple marginals N (0,1) \
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CONCLUSIONS

Thank you!

Contact:
jiaojiaofan@gatech.edu

ArXiv:
https://arxiv.org/abs/2007.04462
Code:

https://github.com/sbyebss/Scalable-Wasserstein-Barycenter
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