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• Study the effect of graph convolution on linear separability of a GMM


• Analyze the generalization potential of the linear classifier obtained by 
minimizing the cross-entropy loss


• Extensive experiments in various settings to illustrate our results

Contributions



What can graph convolution do?

Original Data

• Consider distributions with 2D features


• We cannot separate this data linearly


• Can graph convolution help?



What can graph convolution do?

Original Data After graph convolution

Graph Convolution



What can graph convolution do?

Original Data After graph convolution

Graph Convolution

Graph convolution makes the data linearly separable



Model
• Two-component Gaussian Mixture Model (GMM) coupled with a 

Stochastic Block Model (SBM)


• Two classes  
 data points with features 


•  

C0, C1
n (Xi)n

i=1 ∈ ℝd

A ∼ SBM(p, q)

ℙ(Aij = 1) = {p if i, j are in the same class
q otherwise

•  if  
 if 

Xi ∼ 𝒩(μ, σ2I) i ∈ C0
Xi ∼ 𝒩(ν, σ2I) i ∈ C1



Graph improves linear separability

• Without the graph, no hyperplane can separate a binary GMM if means 
are  apart, i.e.,


 


• With graph convolution, this threshold changes to


 

𝒪(σ)
∥μ − ν∥2 = 𝒪(σ)

∥μ − ν∥ = 𝒪 ( σ

𝔼D )
Expected degree of a node



Bounds on training loss
• We use binary cross entropy loss to learn the classifier


• Without graph convolution, the loss is lower bounded by


 


• When the convolved data is separable, the loss is upper bounded by


,


where 

Loss ≥ (2 log 2)Φ (−
∥μ − ν∥

2σ )
Loss(A, X) ≤ C exp (−d∥μ − ν∥Γ(p, q))

Γ(p, q) =
p − q
p + q



Generalization
• If the graph is not sparse, then for any new dataset  with different , the 

loss is bounded above


 


• Loss increases with inter-class edge probability (noisy graph)

A, X n, p, q

Loss(A, X) ≤ C exp (−d∥μ − ν∥Γ(p, q))



• Is graph convolution helpful in the following settings:


• Multiple classes — how does the distance between means matter here?


• If the data is non-linearly separable — what does the optimal classifier 
look like?


• What about generalization in the above scenarios?


• Analysis of deeper GCNs

What’s next?


