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Wasserstein Distance

ST

@ The 2-Wasserstein distance: W(u, v) := (infrenuw) [ [Ix — Y||2d7r(x,y))1/2.
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Wasserstein Distance

ST

@ The 2-Wasserstein distance: W(u, v) := (infrenuw) [ [Ix — Y||2d7r(x,y))1/2.

@ Consider discrete empirical measures fi, = 1 ri0y, Dn = Y1 Giby,, fi = ¢ = .

W (fin,0n) = min  (C,m), (1)

7TE€N(fin,0n)

where Cj =[x — ;|| for xi,y; € RY, N(fin, 0n) = {m € RY"|7l =r, 71 = c}.
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Projection Robust Wasserstein Distance (PRW)

@ Sample complexity of Wasserstein Distance: E[W(y, v) — W(fin, 0n)| = O(n~Y/9).
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Projection Robust Wasserstein Distance (PRW)

@ Sample complexity of Wasserstein Distance: E|W(u, v) — W(fin, 0n)| = O(n~/9).
@ Denote Gy = {R C RY|dim(E) = k} as the Grassmannian of k-dimensional

subspace.

Pr(p,v) = sup W(Projegp, Projgv)

E€gGy

—pax_min ([ IProiete = )Pt y))m‘

E€Gy meN(p,v)

()
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@ Sample complexity of PRW: E|P(u, ) — P(fin, Dn)| = O(n~*).
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Projection Robust Wasserstein Distance (PRW)

Sample complexity of Wasserstein Distance: E)W(u, ) — W(fin, Dn)| = O(n~/%).

°
@ Denote Gy = {R C RY|dim(E) = k} as the Grassmannian of k-dimensional
subspace.
Pk(ﬂ» V) = sup W(PVOJEN7 PrOjEV)
EcgGy
1/2 ()
= P - d .

max_min ([ IProie(x = n)lPan(en)

@ Sample complexity of PRW: E|P(u, ) — P(fin, Dn)| = O(n~*).

@ Discrete distributions:

n

P2(pin, vn) = in  f(m, U):= AU xi — UT %, 3
Ky v) = max  min f(r, U) ;m\l x il ®3)

where St(d, k) := {U € R** | UT U = lkx«} is the Stiefel manifold.
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Riemannian Block Coordinate Descent Algorithm

@ The dual problem of entropy regularized PRW:
e mm Zﬂ'UHU xi—UTy|P —nH(@) +a (1 —r)+ 87 (x 1 -¢)

B B e+ B+ U = Uyl
DA e ”Z,_j exp( n Z"O" Zcfﬂf
(4)
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Riemannian Block Coordinate Descent Algorithm

@ The dual problem of entropy regularized PRW:
e mm Zﬂ'UHU xi—UTy|P —nH(@) +a (1 —r)+ 87 (x 1 -¢)

_ ai + B+ [[U"x — Ul y)?
"Zexp( ICEILE?
1y

n

@ Denote the above objective as —g(«, 8, U), the RBCD algorithm:

o™ := argmin g(a, 85, UY) (52)

B .= argmin g(a'™, 3, U") (5b)
B

Uttt = Retry: (—7grad Ug(of“, Bt u), (5¢)
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Riemannian Block Coordinate Descent Algorithm

@ The dual problem of entropy regularized PRW:
e mm Zﬂ'UHU xi—UTy|P —nH(@) +a (1 —r)+ 87 (x 1 -¢)

_ ai + B+ [[U"x — Ul y)?
"Zexp( ICEILE?
1y

n
(4)
@ Denote the above objective as —g(«, 8, U), the RBCD algorithm:
o™ := argmin g(a, 85, UY) (52)
B .= argmin g(a'™, 3, U") (5b)
B
Uttt = Retry: (—7grad Ug(of“, Bt u), (5¢)

@ Convergence results:
o Previous best complexity: O ((n*d + n?e~8)e™*)
e RBCD complexity: O (n2d6’3).
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Numerical Results

@ Fragmented Hypercube: consider a hypercube i = U([—1,1]) and a
pushforward v = Ty defined under the map T(x) = x + 2sign(x) ® (Z’;; ex)
with W(u, v)? = 4k*.

@ Computational time:

—e— RGAS
—e— RBCD

Execution time in seconds

50 100 250 500 1000
Number of points

Figure: CPU time for calculating PRW. d = 50
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