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Wasserstein Distance

The 2-Wasserstein distance: W(µ, ν) :=
(
infπ∈Π(µ,ν)

∫
‖x − y‖2dπ(x , y)

)1/2
.

Consider discrete empirical measures µ̂n =
∑n

i=1 riδxi , ν̂n =
∑n

i=1 ciδyi , ri = cj = 1
n

.

W2(µ̂n, ν̂n) = min
π∈Π(µ̂n,ν̂n)

〈C , π〉, (1)

where Cij = ‖xi − yj‖2 for xi , yj ∈ Rd , Π(µ̂n, ν̂n) = {π ∈ Rn×n
+ |π1 = r , π>1 = c}.
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Projection Robust Wasserstein Distance (PRW)

Sample complexity of Wasserstein Distance: E|W(µ, ν)−W(µ̂n, ν̂n)| = O(n−1/d).

Denote Gk = {R ⊂ Rd |dim(E) = k} as the Grassmannian of k-dimensional
subspace.

Pk(µ, ν) = sup
E∈Gk

W(ProjEµ,ProjEν)

= max
E∈Gk

min
π∈Π(µ,ν)

(∫
‖ProjE (x − y)‖2dπ(x , y)

)1/2

.

(2)

Sample complexity of PRW: E|P(µ, ν)− P(µ̂n, ν̂n)| = O(n−1/k).

Discrete distributions:

P2
k (µn, νn) := max

U∈St(d,k)
min

π∈Π(µn,νn)
f (π,U) :=

n∑
i,j=1

πij‖U>xi − U>yj‖2, (3)

where St(d , k) := {U ∈ Rd×k | U>U = Ik×k} is the Stiefel manifold.
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Riemannian Block Coordinate Descent Algorithm

The dual problem of entropy regularized PRW:

max
U∈M,α,β

min
π

∑
ij

πij‖U>xi − U>yj‖2 − ηH(π) + α>(π1− r) + β>(π>1− c)

= max
U∈M,α,β

−η
∑
ij

exp

(
−αi + βj + ‖U>xi − U>yj‖2

η

)
−
∑
i

riαi −
∑
j

cjβj .

(4)

Denote the above objective as −g(α, β,U), the RBCD algorithm:

αt+1 := argmin
α

g(α, βt ,U t) (5a)

βt+1 := argmin
β

g(αt+1, β,U t) (5b)

U t+1 := RetrUt (−τgrad Ug(αt+1, βt+1,U t)), (5c)

Convergence results:

Previous best complexity: O
(
(n2d + n2ε−8)ε−4

)
RBCD complexity: O

(
n2dε−3

)
.
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Numerical Results

Fragmented Hypercube: consider a hypercube µ = U([−1, 1]d) and a

pushforward ν = T#µ defined under the map T (x) = x + 2sign(x)� (
∑k∗

k=1 ek)
with W(µ, ν)2 = 4k∗.

Computational time:

Figure: CPU time for calculating PRW. d = 50

M. Huang (shortinst) Presented by Minhui Huang June 16, 2021 5 / 6


