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When All We Need is a Piece of the Pie:
A Generic Framework for Optimizing Two-way Partial AUC
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Background
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» Traditional classification methods adopt error-rate-guided ERM.
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Background

* Such ERM paradigm is problematic for imbalanced/long-tailed
datasets

Long-tailed data Spam Detection Disease Diagnosis

III
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S~ SPAM FILTER |

* Itis easy to get a high accuracy score by simply predicting

X
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all the samples as the majority class!
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Background

If you can not measure it,
you can not improve it

~Lord Kelvin

Seek out a suitable metric for imbalanced datasets
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Receiver Operating Characteristic e
Curve (ROC)
* ROC curve: True Positive Rate ( ) vs. False Positive Rate

(FPR).

Decision with a fixed threshold

TPR=P[f(z) > tly = 1]

TPR |:>

FPR="P[f(z) > t|ly = 0

label: y € {0,1}
classifier: f(a), threshold: ¢

prediction: § = 1 [f(x) > ]

0.0 0.5 1.0
FPR
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Area Under the ROC Curve (AUC)

* AUC is the area under the ROC curve (over all possible thresholds)
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Involves a non-trivial integral
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Area Under the ROC Curve (AUC)

* A much simpler reformulation:

AUC = P [f(z) > f(a')ly = 1,4/ = —1]

* A measure of how well the two class conditional p.d.fs are separated
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Sensitivity (%)
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J. A. Hanley and B. J. McNeil. The meaning and use of the area under a receiver operating characteristic
(roc) curve. Radiology, 143(1):29-36, 1982.
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AUC i1s too informative

Global integration

1.0 1
AUC = / TPR (FPR™'()) db
0
0.5 TPR
* Considers all possible TPR and FPR
O'Oo.o 0.5 1.0

* Real-world problems have performance
FPR constraints (e.g., TPR>0.5, FPR <0.1)

Consider Local analog of AUC
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One Way Partial AUC (OPAUC)

* AUC involves all possible TPRs and FPRs
* Many real-world applications have specific requirement on FPR
* Solution: Measure the partial area of ROC

One way Partial AUC (OPAUC)
[Dobb and Pepe 2003]

AUC

Only consider « < FPR < 3

Low TPR
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Two Way Partial AUC (TPAUC)

* A reasonable case should simultaneously enjoy a low FPR and a high
TPR

« TPAUC measures the AUC within such a local area

Two way Partial AUC (TPAUC)
[Yang et.al. 2019]

OPAUC

FPR < 33 TPR>1 -«

Low TPR

l

0.0 0.5 1.0
FPR

TPAUC = /'3 TPR (FPR™(0))df — (1 —a) - (B — )
§

0.0 ¢ =FPR(TPR™'(1 - a))
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How to optimize local AUCs

« OPAUC
¢ Cuttlng Plal’le SOIVGI‘S [Narasimhan et.al. 2013; Narasimhan et.al. 2017; Tomoharu et.al. 2020]
¢ PI'O]eCted SUb-gl‘adlel’lt DeSCeIlt [Narasimhan et.al. 2013; Narasimhan et.al. 2017; Yamaguchi et.al. 2020]
 Evolutionary Algorithms iran et.as 200 Not support the end-to-
. . end training!
* Sampling Algorithms isaictat 20200, b1

* Requires a sampling process
e TPAUC * Do not have theoretical guarantee

. ?

Optimize TPAUC

in an end-to-end fashion
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Can We estimate TPAUC from OPAUC ?

1 g _
OPAUC p— TPR (FPR 1 (9)) d@ 1.00 FPR lower bound: p_0=0.60
/6 — Q Jqu S6
O]
w© 0.75
% 5 s7
approximate ¢ with a fixed o = TPR lower bound: 4_0-0.60
8 .
D- 1 1 1
g 'S8 ! s9 : ROC Curves
Z 0.25 ; — ROCH1
A3 = — ROC2
TPA

Direct optimization is necessary !

AUCT > TPAUC2: 55+5/< 56+
@ ¢ is a function of the scoring function f OPAUC2 > OPAUC1: S5+57+58+S9 > S7+59+56
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Reformulation of TPAUC

AUC3(fo,S) =E[L[f(x) > f(2'), f(z) < tia, f(2") = tgly = 1,y" = —1]]

score quantile of the positive class score quantile of the negative class
2.0 2.0
1.5 1.5
1.0 1.0
0.5 0.5
o' I}
0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
ti—q =argmin [§ EeR: E[1[f(z%) <4]| = tg =argmin [0 eR: E[1[f(z7) >6]] =7
JER deER

* Requires empirical estimation of the expectation
* Requires empirical estimation of the quantiles
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Empirical Estimation of TPAUC

ADC (f0,8) = ——5 S S 1If(e) > f(@))1 [f(@) < fa, fa) > Baly = 1,y = 1]

— i=1 j=1 A\

empirical empirical
expectation quantile
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Empirical Estimation of TPAUC

AUC? (£, S 1_§:Z€°1( (()) f(‘”?j)))

&
ngn_

all negative instances.
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Stepl Surrogate Loss Minimization

» Replace £p 1 with a continuous surrogate ¢

i=1 j=1

(OF) m@in?@iﬁ (S, fo) = E i : (fe (ma)) —/ (w(_ﬁ)))

* RE 5 (S, fo) is still not differentiable!

® * Calculating IB?;), T ;yrequires sorting the scores of
positive and negative instances.
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Step2 Bi-level optimization

The original optimization problem is equivalent to the following problem: Outer-level problem

| 1 s, . ' optimization based on
! Y8 non_ Z Zvé vy - (fo, @], xy) | the chosen instances
L e e e e e = & e
n4
b = (1 — +
o vje[o,iljirﬁi;r <no ; (v (1= o (27))) The ball constraints
n_ makes the optimization
vy €0,1], 575, vy <n? =1
h
e / S +\ - Inner-level problem
(fo, @7 ;) = (fo (2]) — fo (z))

a sparse sample selection
process
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Step2 Bi-level optimization

* Transform the ¢; ball constraints to ¢, penalty terms (note thatv,v_ are
non-negative):

vy = argmax Z (v - (1= fo (x7)))
5 €0,1],3°7 8 vif <ng i=
v = argmax Z (’U - fo (33;))

v, €[0,1],>°, J<n j= );

vy = argmax y . (v; - (1= fo (z])) = AT -v")

v €[0,1]

v —argmaxzj (v - fo(zy) = A7 -vy)
v, €[0,1]
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Step2 Bi-level optimization

* Replace the sparsity-inducing ¢, penalty with a smooth surrogate ¢,

n+ mn_

(OP) mm B Z z . vs L (fe, 2T, x;)
?’L_'_?’L i=1 j=1
nt+
s.t vy = argmaxz (fuz+ : (1 — fo (m:“)) —> (fu:r))
Sample Weights v €[0,1] =1 Penalty Function
Choose what to n._ Choose the weighting
learn in the outer level _ _ _ strategy
problem U— = alglnax ( . Jo ( ] ) — P (Uj ))
ij_E[O,l] j=1

q The connection between weight and the penalty is the key
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Step3 Dual Correspondence

nt

vy = argmaxz (vf : (1 — fo (mf)) — Py (U:r))
’U:_E[O,l] i—1

n_

v_ = argmaxz (UJ_ - fo ($J_) — Py (Ug_))
'vj_E[O,l] j=1

With a Closed-form Solution

of =ty (1= fo () v =1y (fo(z;))
weighting function

Under what condition can we realize such a simplification ?
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Step 3 Dual Correspondence

Definition 1 Calibrated Smooth Penalty Function

A penalty function ¢~ () : Ry — R satisfies the following reqularities:
(A) ¥~ has continuous third-order derivatives.
(B) ¥~ is strictly increasing in the sense that o5 (z) > 0.
(C) P~ is strictly convex in the sense that @7 (x) > 0.

(D) -~ has positive third-order derivatives in the sense that 7 (x) > 0.

Definition 2 Calibrated Weighting Function
A weighting function~ () : [0,1] — Rng, where Rng C [0, 1], satisfies the following reqularities:

(A) ¥~ has continuous second-order derivatives.
(B) Y is strictly increasing in the sense that Y. (z) > 0.
(C) ¥y is strictly concave in the sense that V2 (z) < 0.
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Step 3 Dual Correspondence

Proposition 1

Given a strictly convex function @~ , and define 1 (t) as

Y~ (t) = argmax v -t — @, (v)
ve[0,1]

Then we can draw the following conclusions:
(a) If ¥~ is a calibrated smooth penalty function, we have )~ (t) = ¢’ (t). penalty to weight
(b) If v is a calibrated weighting function such that v = 1., (t), we have

(V) = fw,?l(v)dfu—l— const.
weight to penalty

¢ This provides a simple way to establish a surrogate
: optimization problem of TPAUC
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Step 3 Dual Correspondence

* Given the penalty functions ¥~ ,
=4y (1= fo (27)) 05 =0y (fo (7)) 0" 05 € [0,1]

If ¥ has a closed-form expression

Cancel the inner optimization

* Weighted empirical risk: problem

n+ mn_

Rﬁ (S, fo) =

(1= fo (=) ¥y (fo (z7)) L (fo, 2,2 )

1=1 7=1
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Instantiations of the Generic Framework

Example 1 (Polynomial Surrogate Model).
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concave vs. convex weighting function

Proposition 2 (Informal).

Convex weighting

1.0
S2
* Concave functions ¥ are always easier to induces an
0.5 upper bound of the original objective function
surrogate 54 5¢ true
S, risk R¢ (Svfe) > Ra,ﬁ (SJ f@) risk
0.0
0.0 0.5 1 S,/S, » A sufficient condition for achieving the upper bound:
Concave weighting should sup [pp — &) >0,
1.0 S, be large pE(0,1),q=— 125
B (I_Emtxf €T, [Ufr : vf] ) e The empirical
0.5 = _\1/2" distribution
' (Ea:"' S < (1 —viv-) ]) has significant mass
_ SN over instances with
S1 af (Ew+ &~ €1y (613)) moderate difficulty
1/q°

0.0 fqzl_a@'(_

0.0 0.5 1 Botert oezp (13?,3-))




ICML

In ’rerno’nonc:l Conf eeeeee
On Machin

Theoretical Analysis:
concave vs. convex weighting function

Validation on simulated Dataset

f(xzt) ~ N (0.5,0.08)

f(z™) ~ N (0.3,0.08) Y 0.0
Generate 100 points for each class (_U Egs |Og(p )
- > -0.5 0g(e)
plot for 50 such trails q
Pp > &g -1.0-

0 10 20 30 40 50
Trial
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Theoretical Analysis:
Excess risk bound

Theorem 2 (Informal).

The following inequality holds with high probability:

T4 n._ is biased

. . VC Ve /2 The empirical risk
Riifc (f0,S) < RY (fo >+o(( ) (X9 ) e empirical ri

where O is the big-O complexity notation hiding the logarithm factors,

AUC (fea ) =1- AUCQ (fea‘s) )
and VC 1s the VC dimension of the hypothesis class:

T(F) = {sign(fo(-) —9) : fo € F,d € R}
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Empirical Results

Table 2. Details on the datasets.

Dataset Pos. Class ID Pos. Class Name # Pos. Examples  # Neg. Examples
CIFAR-10-LT-1 2 birds 1,508 8,907
CIFAR-10-LT-2 1 automobiles 2,517 7,808
CIFAR-10-LT-3 3 cats 904 9,511
CIFAR-100-LT-1 6,7,14,18,24 insects 1,928 13,218
CIFAR-100-LT-2 0,51,53,57,83 fruits and vegetables 885 14, 261
CIFAR-100-LT-3 15,19,21, 32,38 large omnivores and herbivores 1,172 13,974
Tiny-ImageNet-200-LT-1 24,25, 26, 27,28, 29 dogs 2,100 67,900
Tiny-ImageNet-200-LT-2 11,20, 21, 22 birds 1,400 68, 600
Tiny-ImageNet-200-LT-3 70,81, 94, 107,111,116, 121,133, 145, 153,164,166  vehicles 4,200 65, 800

* We construct long-tail binary datasets '* We adopt the following variant of

with different subsets: the TPAUC metric:
v' Binary CIFAR-10-LT Dataset e 1 _
. S e (2h) - 1 (=)
v Binary CIFAR-100-LT Dataset TPAUC(a, f) =1-) ) g

i=1 j=1 nin

v’ Binary Tiny-ImageNet-200-LT Dataset
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Empirical Results

Table 1. Performance Comparisons over different metrics and datasets, where (z, ) stands for TPAUC(z, y) in short.
| ‘ ‘ Subsetl ‘ Subset2 | Subset3

* We consider TPAUC with
0.3 dataset | pe o methods 303 (0404) (0505 | (0303) (0404 (0505 | 0303) (0404 (0505

a=0.3,0
CE-RW 9.09 30.86 47.99 72.83 83.33 88.71 23.47 44.44 59.69
o = 0.4, /8 — 0.4 Focal 0.84 30.89 50.83 7572 85.10 90.06 21.47 45.88 59.09

Competitors | CBCE 320 2730 4395 | 6948 8080 8687 | 1294 3406 5109

‘ CBFocal | 904 3173 4813 | 77.99 8675 9113 2132 4303 5911

a=0.53=0.>5 CIFAR-10-LT SQAUC | 1805 4074 5794 | 8009 8778 0187 3152 5000 6442

Poly 2143 4441 5910 | 8066 8807 9215 3654 5448 6719

Ours Exp 2086 4178 5838 | 8122 8788 9193 3247 5386  61.32

¢ Table 1 ShOWS the performance CE-RW | 3143 5260 6621 7970 8806 9264 3.09 2132 4075
; ; Focal 3651 6171 7325 | 8308 9035 9376 | 809 2888 4989
comparison agalnst other methods Competitors | CBCE 1753 3879 5519 | 6791 7932 8582 1.84 1846  37.04
. . . CIEAR-100.LT CBFocal | 4185 6241 7313 | 8275 8957 9289 | 7.0 2912 4484
deahng with imbalanced data. o SQAUC | 6324 7662 8468 | 9102 9369 9473 4160 6036 7086
| Poly 68.02 7901 8517 | 9LI13 9378 9569  47.07 6589  75.08

Ours-TPAUC | Exp 6324 7794 8462 | 9069 9374 9541 4454 6458  73.02

CERW | 8090 8776 9154 | 9330 9615  97.53 9037 9434 9675

Focal 8118 8806 9172 | 9323 9608 9750 9135 9487  96.63

e The empirical results demonstrate CBCE | 8064 8758 9117 | 9377 9652 9777 9166 9519 9679
CBFocal | 8044 8795 9191 | 0346 9643 9764 9106 9482 9662

.. . 0
the super10r1ty of our pl‘OpOSGd Tiny-TmageNet-200-LT SGAUC | 8016 8799 9167 | 93.10 9607 9732 | 9215 9516  96.75

. Poly 8044 8821 9198 | 93.00 9561 9747 9202 9525 9684
TPAUC algOl‘lthm- Ours-TPAUC | Exp 8261 8903 9262 | 9382 9612 9738 9125 9478 9657

Competitors
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Validation of the upper bound

* We show the training curve of different

losses, where we consistently observe 0.6
that :
RY (S, fo) > RE 5 (S, fa) > RYJ (S, fo) Re-F
App. Surr. Loss > Surr. Loss > emp. TPAUC ® 04 TI&E
- R>
f_U 0-1
>
 This validate the proposed proposition
: 0.21
about concave weights.
0 10 20 30 40 50

Epoch
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Convex vs. Concave Weighting

10{ | — 10{ — - 10{ —
51 S s{  —Efl e 51 ol
‘© ‘© ‘© |
£ 3 - £ 3 - £ 3 '|
S S )
& ' & T &
< 0.1 oF - < 0.1 - < 01 -
0.05 — 0.05/ {4+ 0.05 —[ -
] m m
0.01 - - 0.01- a 0.01 ok
5 10 15 20 15 20 25 30 35 40 45 35 40 45 50 55 60
TPAUC TPAUC TPAUC
a=0.3,8=0.3. a=04,8=04. a=0.5,8=0.5

* We analyze the effect of 7 on CIFAR-10-Subset-1 with poly model

* The results shows that the concave function ((1 —4)~! < 1) significantly outperforms convex

functions ((1 —~)~ ! > 1)
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Conclusion

How to optimize TPAUC (AUC with FPR upper bound and a TPR lower bound)
Problem in an end-to-end manner?

A Bi-level reformulation of ERM framework for TPAUC
Method A relaxation scheme for sample selection of the inner-level problem
A generic surrogate objective function based on the dual correspondence

A sufficient condition for achieving the upper bound of the objective
The()ry Concave weighting functions are easier to achieve the upper bound
An O((VC/ny + VC/n_)*?) excess risk bound for the approximated ERM
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