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XSGDWH ⇡k,j EDVHG RQ
SUHGLFWLRQ ORVV RI (x1, y1)

time

unseen target data 

Aggregated Prediction 



Synethesizing Experts

. 

. 

.

Bernstein Online Aggregation (BOA)

<latexit sha1_base64="4QF8YWsPLmq8yn/VMVOS/FUGbNg="></latexit>

([SHUW � �� �1

<latexit sha1_base64="4b+PWaKodI8E1q67qWxw6OPTypQ="></latexit>

([SHUW � �� �2

<latexit sha1_base64="onlxHml7JR9UThHL+BxwpBu2AzU="></latexit>

([SHUW � |E|� �|E|

<latexit sha1_base64="9IVEKF8q7beULvh58K3LwgQYC78="></latexit>

|E|X

k=1

⇡k,j�
>
k bxj

<latexit sha1_base64="y8saP8oPDimS+W+KpFQmGeNcpkk="></latexit>

(xj , yj)

<latexit sha1_base64="jnotCZqXuYVlUHCbTnteIs0kW9I="></latexit>

|E|X

k=1

⇡k,j�
>
k xj

<latexit sha1_base64="CRBGY4+xEokXcaRwFXcq02Zm5Mc="></latexit>

(x1, y1)

<latexit sha1_base64="kd6AGSFB38FWePuINGhdupxl7/M="></latexit>

ZHLJKW RI H[SHUW�k
DW WLPH j

<latexit sha1_base64="2uV3f6P9PggnyiP0/4g2u+OrXyU="></latexit>

(x2, y2)
<latexit sha1_base64="VGfOrIFuRn4HMIo9LNHjMEfQzQQ="></latexit>

(x3, y3)

<latexit sha1_base64="Lc5v9kjRzPAL/y2crp1r5ztSnYU="></latexit>

XSGDWH ⇡k,j EDVHG RQ
SUHGLFWLRQ ORVV RI (x2, y2)

time

unseen target data 

Aggregated Prediction 



Distributionally Robust Expert Generation



Distributionally Robust Expert Generation

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

TargetSource



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

TargetSource

<latexit sha1_base64="wcJIzzqRGI4JdXIUKTg7l6wnnxY="></latexit>

P̂T =
1

NT

NT∑

j=1

δ(x̂j ,ŷj)

<latexit sha1_base64="oRZJB2JN5pqCGF0FzoIrTg4g+VM="></latexit>

P̂S =
1

NS

NS∑

i=1

δ(x̂i,ŷi)



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

TargetSource

<latexit sha1_base64="wcJIzzqRGI4JdXIUKTg7l6wnnxY="></latexit>

P̂T =
1

NT

NT∑

j=1

δ(x̂j ,ŷj)

<latexit sha1_base64="oRZJB2JN5pqCGF0FzoIrTg4g+VM="></latexit>

P̂S =
1

NS

NS∑

i=1

δ(x̂i,ŷi)

1) Distributional probing 

2) Robust Estimation 



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="wcJIzzqRGI4JdXIUKTg7l6wnnxY="></latexit>

P̂T =
1

NT

NT∑

j=1

δ(x̂j ,ŷj)

<latexit sha1_base64="oRZJB2JN5pqCGF0FzoIrTg4g+VM="></latexit>

P̂S =
1

NS

NS∑

i=1

δ(x̂i,ŷi)

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="wcJIzzqRGI4JdXIUKTg7l6wnnxY="></latexit>

P̂T =
1

NT

NT∑

j=1

δ(x̂j ,ŷj)

<latexit sha1_base64="oRZJB2JN5pqCGF0FzoIrTg4g+VM="></latexit>

P̂S =
1

NS

NS∑

i=1

δ(x̂i,ŷi)

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="wcJIzzqRGI4JdXIUKTg7l6wnnxY="></latexit>

P̂T =
1

NT

NT∑

j=1

δ(x̂j ,ŷj)

<latexit sha1_base64="oRZJB2JN5pqCGF0FzoIrTg4g+VM="></latexit>

P̂S =
1

NS

NS∑

i=1

δ(x̂i,ŷi)

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

moment  
information set

<latexit sha1_base64="M5bnPFjndAsTNeQMvxU8yhH1Tqo="></latexit>

p = d+ 1

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

moment  
information set

<latexit sha1_base64="M5bnPFjndAsTNeQMvxU8yhH1Tqo="></latexit>

p = d+ 1

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}
<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

moment  
information set

<latexit sha1_base64="M5bnPFjndAsTNeQMvxU8yhH1Tqo="></latexit>

p = d+ 1

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)

<latexit sha1_base64="tMIbc6XG4RQCT4AKO8++kjaE7vw="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}
<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}



Distributionally Robust Expert Generation
<latexit sha1_base64="cyS25bIWPwzcYkU/TMor2t8g3OI="></latexit>

inf
�2Rd

sup
Q2B

EQ[(�
>X � Y )2]

1) Distributional probing 

2) Robust Estimation 

<latexit sha1_base64="5XUwDfy/HHcndACBloelqfdext8="></latexit>

b�T =

 
1

NT

NTP
j=1

bxjbx>
j + ⌘Id

!�1 
1

NT

NTP
j=1

bxjbyj

!

<latexit sha1_base64="2811JarIGZNWV8DxTNaDuMVODIA="></latexit>

b�S

Target

Source

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)

<latexit sha1_base64="tMIbc6XG4RQCT4AKO8++kjaE7vw="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="C7+fNbrra7O7efgKrlRT7t7ULdI="></latexit>B

<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}
<latexit sha1_base64="Ob+veaMr2VjILM2aWoLH1kM0H0k="></latexit>

B = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ U}



<latexit sha1_base64="3q/akQtYe+QwlTRVH9u4DV++FvM="></latexit>1tT2`i :2M2`�iBQM

<latexit sha1_base64="C4TJxCROtSRY9cMMJDnd8KNIJzE="></latexit> {
<latexit sha1_base64="h0QEk8sqcvEz2HB8sH9GQZwcl3I="></latexit> aQHp2

/Bbi`B#miBQM�HHv
`Q#mbi H2�bi b[m�`2b

<latexit sha1_base64="Vtt3wEZHHXtMhLOpeJWj+HR4ioE="></latexit>1tT2`i �;;`2;�iBQM
<latexit sha1_base64="P2Nr2IqF9zSD7tD9XDkBYYlpUWE="></latexit>a2i Q7 2tT2`ib
{�1, . . . ,�|E|}

<latexit sha1_base64="f7Qt7GJJcWm7nKaZCVl0whaHQ9o="></latexit> "2`Mbi2BM
PMHBM2

�;;`2;�iBQM

<latexit sha1_base64="64I5TAFyFn3oQFCFsDhWrb8PxZQ="></latexit>*mKmH�iBp2
HQbb

<latexit sha1_base64="fHRdKp0yR9dBXPWm6+CdtlI7vEs="></latexit>aQm`+2 /�i�
(bxi, byi)NS

i=1
<latexit sha1_base64="wF8CEC+CY1FT+eN+PnheAwxYj68="></latexit> 6`�K2 � /BbiBM+i
/Bbi`B#miBQM�H `2;BQM

<latexit sha1_base64="hHmcUSFEJpDjqKZMGKdMzqylVu8="></latexit>

_2T2�i |E| iBK2b

<latexit sha1_base64="94KzBobe+HTuFu0d+2E7UvI6C8A="></latexit>h�`;2i /�i�
(bxj , byj)NT

j=1

<latexit sha1_base64="JGVDdeCXeNpnq7JClYCuq2/Cxe0="></latexit>

lMb22M b2[m2MiB�H i�`;2i /�i� (xj , yj)Jj=1

Summary of Framework



<latexit sha1_base64="3q/akQtYe+QwlTRVH9u4DV++FvM="></latexit>1tT2`i :2M2`�iBQM

<latexit sha1_base64="C4TJxCROtSRY9cMMJDnd8KNIJzE="></latexit> {
<latexit sha1_base64="h0QEk8sqcvEz2HB8sH9GQZwcl3I="></latexit> aQHp2

/Bbi`B#miBQM�HHv
`Q#mbi H2�bi b[m�`2b

<latexit sha1_base64="Vtt3wEZHHXtMhLOpeJWj+HR4ioE="></latexit>1tT2`i �;;`2;�iBQM
<latexit sha1_base64="P2Nr2IqF9zSD7tD9XDkBYYlpUWE="></latexit>a2i Q7 2tT2`ib
{�1, . . . ,�|E|}

<latexit sha1_base64="f7Qt7GJJcWm7nKaZCVl0whaHQ9o="></latexit> "2`Mbi2BM
PMHBM2

�;;`2;�iBQM

<latexit sha1_base64="64I5TAFyFn3oQFCFsDhWrb8PxZQ="></latexit>*mKmH�iBp2
HQbb

<latexit sha1_base64="fHRdKp0yR9dBXPWm6+CdtlI7vEs="></latexit>aQm`+2 /�i�
(bxi, byi)NS

i=1
<latexit sha1_base64="wF8CEC+CY1FT+eN+PnheAwxYj68="></latexit> 6`�K2 � /BbiBM+i
/Bbi`B#miBQM�H `2;BQM

<latexit sha1_base64="hHmcUSFEJpDjqKZMGKdMzqylVu8="></latexit>

_2T2�i |E| iBK2b

<latexit sha1_base64="94KzBobe+HTuFu0d+2E7UvI6C8A="></latexit>h�`;2i /�i�
(bxj , byj)NT

j=1

<latexit sha1_base64="JGVDdeCXeNpnq7JClYCuq2/Cxe0="></latexit>

lMb22M b2[m2MiB�H i�`;2i /�i� (xj , yj)Jj=1

Summary of Framework



<latexit sha1_base64="3q/akQtYe+QwlTRVH9u4DV++FvM="></latexit>1tT2`i :2M2`�iBQM

<latexit sha1_base64="C4TJxCROtSRY9cMMJDnd8KNIJzE="></latexit> {
<latexit sha1_base64="h0QEk8sqcvEz2HB8sH9GQZwcl3I="></latexit> aQHp2

/Bbi`B#miBQM�HHv
`Q#mbi H2�bi b[m�`2b

<latexit sha1_base64="Vtt3wEZHHXtMhLOpeJWj+HR4ioE="></latexit>1tT2`i �;;`2;�iBQM
<latexit sha1_base64="P2Nr2IqF9zSD7tD9XDkBYYlpUWE="></latexit>a2i Q7 2tT2`ib
{�1, . . . ,�|E|}

<latexit sha1_base64="f7Qt7GJJcWm7nKaZCVl0whaHQ9o="></latexit> "2`Mbi2BM
PMHBM2

�;;`2;�iBQM

<latexit sha1_base64="64I5TAFyFn3oQFCFsDhWrb8PxZQ="></latexit>*mKmH�iBp2
HQbb

<latexit sha1_base64="fHRdKp0yR9dBXPWm6+CdtlI7vEs="></latexit>aQm`+2 /�i�
(bxi, byi)NS

i=1
<latexit sha1_base64="wF8CEC+CY1FT+eN+PnheAwxYj68="></latexit> 6`�K2 � /BbiBM+i
/Bbi`B#miBQM�H `2;BQM

<latexit sha1_base64="hHmcUSFEJpDjqKZMGKdMzqylVu8="></latexit>

_2T2�i |E| iBK2b

<latexit sha1_base64="94KzBobe+HTuFu0d+2E7UvI6C8A="></latexit>h�`;2i /�i�
(bxj , byj)NT

j=1

<latexit sha1_base64="JGVDdeCXeNpnq7JClYCuq2/Cxe0="></latexit>

lMb22M b2[m2MiB�H i�`;2i /�i� (xj , yj)Jj=1

Summary of Framework



<latexit sha1_base64="3q/akQtYe+QwlTRVH9u4DV++FvM="></latexit>1tT2`i :2M2`�iBQM

<latexit sha1_base64="C4TJxCROtSRY9cMMJDnd8KNIJzE="></latexit> {
<latexit sha1_base64="h0QEk8sqcvEz2HB8sH9GQZwcl3I="></latexit> aQHp2

/Bbi`B#miBQM�HHv
`Q#mbi H2�bi b[m�`2b

<latexit sha1_base64="Vtt3wEZHHXtMhLOpeJWj+HR4ioE="></latexit>1tT2`i �;;`2;�iBQM
<latexit sha1_base64="P2Nr2IqF9zSD7tD9XDkBYYlpUWE="></latexit>a2i Q7 2tT2`ib
{�1, . . . ,�|E|}

<latexit sha1_base64="f7Qt7GJJcWm7nKaZCVl0whaHQ9o="></latexit> "2`Mbi2BM
PMHBM2

�;;`2;�iBQM

<latexit sha1_base64="64I5TAFyFn3oQFCFsDhWrb8PxZQ="></latexit>*mKmH�iBp2
HQbb

<latexit sha1_base64="fHRdKp0yR9dBXPWm6+CdtlI7vEs="></latexit>aQm`+2 /�i�
(bxi, byi)NS

i=1
<latexit sha1_base64="wF8CEC+CY1FT+eN+PnheAwxYj68="></latexit> 6`�K2 � /BbiBM+i
/Bbi`B#miBQM�H `2;BQM

<latexit sha1_base64="hHmcUSFEJpDjqKZMGKdMzqylVu8="></latexit>

_2T2�i |E| iBK2b

<latexit sha1_base64="94KzBobe+HTuFu0d+2E7UvI6C8A="></latexit>h�`;2i /�i�
(bxj , byj)NT

j=1
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Summary of Framework

1) “Interpolate, then Robustify” (IR) 

2) “Surround, then Intersect” (SI)



1) “Interpolate, then Robustify” (IR) Strategy

TargetSource
<latexit sha1_base64="Bt8Wh0lkFgoegYIk6nTXuufhMvY="></latexit>

(bxj , byj)NT
j=1

<latexit sha1_base64="BnP42eYdSQVTRTNoh9Uka4I7aAw="></latexit>

(bxi, byi)NS
i=1



1) “Interpolate, then Robustify” (IR) Strategy

TargetSource

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="tMIbc6XG4RQCT4AKO8++kjaE7vw="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="4A9mCd7MiThCo49u7J49QKdwiJ8="></latexit>

bµS =
1

NS

NSX

i=1

✓
bxi

byi

◆
<latexit sha1_base64="OmGUkHQARYhTj59H4ZMhQUrupDA="></latexit>

bµT =
1

NT

NJX

j=1

✓
bxj

byj

◆

<latexit sha1_base64="QnmCpZPiafOu5NknTeiEgEATCGA="></latexit>

b⌃S =
1

NS

NSX

i=1

✓
bxi

byi

◆✓
bxi

byi

◆>
� bµSbµ>

S

<latexit sha1_base64="cFWPFBHgEfYz+1Ebaaua/15gETE="></latexit>

b⌃T =
1

NT

NTX

j=1

✓
bxj

byj

◆✓
bxj

byj

◆>
� bµTbµ>

T



1) “Interpolate, then Robustify” (IR) Strategy

TargetSource

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="tMIbc6XG4RQCT4AKO8++kjaE7vw="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="dhuwyqbNa5+/lcU8QC7eOitXnGg="></latexit>

(bµ�, b⌃�)

<latexit sha1_base64="C0GHzr+WxAyVUq0S2QSHK049YyI="></latexit>

 �EDU\FHQWHU � (bµ�, b⌃�) VROYHV
<latexit sha1_base64="LGPY5SdDp58nYtyvo/moUwzvcsU="></latexit>

(bµ�, b⌃�) = argmin
µ2Rp,⌃2Sp+

� ((µ,⌃)k(bµS, b⌃S)) + (1� �) ((µ,⌃)k(bµT, b⌃T))



1) “Interpolate, then Robustify” (IR) Strategy

TargetSource

<latexit sha1_base64="f2nrbNwK1ZN9nPIoAoiTjqyQb7w="></latexit>

(bµS, b⌃S)

<latexit sha1_base64="dhuwyqbNa5+/lcU8QC7eOitXnGg="></latexit>

(bµ�, b⌃�)

<latexit sha1_base64="easWJteYZ5BJQ6zqrPxpT5AgkTY="></latexit>

U�,⇢ = {(µ,⌃) 2 Rp ⇥ Sp+ :  ((µ,⌃)k(bµ�, b⌃�))  ⇢}

Moment information set

<latexit sha1_base64="easWJteYZ5BJQ6zqrPxpT5AgkTY="></latexit>

U�,⇢ = {(µ,⌃) 2 Rp ⇥ Sp+ :  ((µ,⌃)k(bµ�, b⌃�))  ⇢}
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µ2Rp,⌃2Sp+

� ((µ,⌃)k(bµS, b⌃S)) + (1� �) ((µ,⌃)k(bµT, b⌃T))



1) “Interpolate, then Robustify” (IR) Strategy
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<latexit sha1_base64="n8NOBGRr8XtNuWLotgHRC5y+46g="></latexit>⇢

1) “Interpolate, then Robustify” (IR) Strategy

TargetSource

<latexit sha1_base64="I7/kbTacbIuo60anjhM+ROHT4sE="></latexit>

�
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0
<latexit sha1_base64="krrSvzEiOvJGL9/KnZqRrzBGm7g="></latexit>

1

<latexit sha1_base64="tMIbc6XG4RQCT4AKO8++kjaE7vw="></latexit>

(bµT, b⌃T)
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<latexit sha1_base64="LGPY5SdDp58nYtyvo/moUwzvcsU="></latexit>

(bµ�, b⌃�) = argmin
µ2Rp,⌃2Sp+

� ((µ,⌃)k(bµS, b⌃S)) + (1� �) ((µ,⌃)k(bµT, b⌃T))

<latexit sha1_base64="easWJteYZ5BJQ6zqrPxpT5AgkTY="></latexit>

U�,⇢ = {(µ,⌃) 2 Rp ⇥ Sp+ :  ((µ,⌃)k(bµ�, b⌃�))  ⇢}

Moment information set



1) “Interpolate, then Robustify” (IR) Strategy

Moment information set:

i) Kullback-Leibler (KL)-type Divergence
<latexit sha1_base64="Pz5UIxGZm0nGma6V7i0St9fTqiE="></latexit>

D((µ,⌃)k(bµ, b⌃)) = (bµ� µ)>b⌃�1(bµ� µ) + Tr[⌃b⌃�1]� log det(⌃b⌃�1)� p

<latexit sha1_base64="Zv1GuRrTNMpfBNxYuDJTeNFJRig="></latexit>

Bλ,ρ = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ Uλ,ρ}

KL barycenter:
<latexit sha1_base64="fBmYn5R1ZJ78Vv7W9e4h51lKwJs="></latexit>

Σ̂λ = (λΣ̂−1
S + (1− λ)Σ̂−1

T )−1
<latexit sha1_base64="31aHhosuJe/msnvLh18QtJ6tx9A="></latexit>

µ̂λ = Σ̂λ(λΣ̂
−1
S µ̂S + (1− λ)Σ̂−1

T µ̂T)

Distribution set:

Robust Estimation:

Global optimality via 
 adaptive gradient 
 descent algorithm

convex, continuously differentiable, and 
 locally smooth

<latexit sha1_base64="X0RMEhprpJ66IYLfiNTtQDJGr/U="></latexit>

min
β∈Rd

{
sup

Q∈Bλ,ρ

EQ[(β
"X − Y )2]

}

<latexit sha1_base64="9yv0f7iI0DdVDQ+Ax8ofn6jM4ec="></latexit>

U�,⇢ = {(µ,⌃) 2 Rp ⇥ Sp+ : D((µ,⌃)k(bµ�, b⌃�))  ⇢}



1) “Interpolate, then Robustify” (IR) Strategy

ii) Wasserstein-type Divergence
<latexit sha1_base64="vCXVeDNcQsWLWeZCWF/mjzvnhOM="></latexit>

W((µ,⌃)k(bµ, b⌃)) = kµ� bµk22 +Tr[⌃+ b⌃� 2(b⌃ 1
2⌃b⌃ 1

2 )
1
2 ]

<latexit sha1_base64="C5h+KOLxm9zUQKj0zH48tLURTy8="></latexit>

µ̂λ = λµ̂S + (1− λ)µ̂T

Wasserstein interpolation:
<latexit sha1_base64="qdZH+UeCHL7yAGLea3UUZpaOGOE="></latexit>

Σ̂λ = (λIp + (1− λ)L)Σ̂S(λIp + (1− λ)L)
<latexit sha1_base64="vycT8hLurNZ1Wxi/sULwXnVrefM="></latexit>

L = Σ̂
1
2
T(Σ̂

1
2
TΣ̂SΣ̂

1
2
T)

− 1
2 Σ̂

1
2
TMoment information set:

<latexit sha1_base64="D47AOg3rvmM+xPHwKc08wl+dUNo="></latexit>

U�,⇢ = {(µ,⌃) 2 Rp ⇥ Sp+ : W((µ,⌃)k(bµ�, b⌃�))  ⇢}

<latexit sha1_base64="Zv1GuRrTNMpfBNxYuDJTeNFJRig="></latexit>

Bλ,ρ = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ Uλ,ρ}
Distribution set:

Robust Estimation:
<latexit sha1_base64="ypCWA0qh0rcjvFR4irrg+8vn26k="></latexit>

min
�2Rd

����(b⌃� + bµ�bµ>
� )

1
2


�
�1

�����
2

+
p
⇢

����


�
�1

�����
2

SOCP<latexit sha1_base64="8KlOE3DIdD44zHRZx0htEjZLJjU="></latexit>

min
β∈Rd

sup
Q∈Bλ,ρ

EQ[(β
"X − Y )2] ≡



2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

TargetSource



<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

2) “Surround, then Intersect” (SI) Strategy
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o

Moment information set:

TargetSource

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o



<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

2) “Surround, then Intersect” (SI) Strategy
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<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
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(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

TargetSource

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T



<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

2) “Surround, then Intersect” (SI) Strategy
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U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

TargetSource

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T



Source

2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

Target

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:



Source

2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
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<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

Target

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:



Source

2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

Target

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:



Source

2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

Target

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:



2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:



2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S

<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)
<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)
<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)
<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

<latexit sha1_base64="ikbb9H+xlQhra08vuXtckMDn9MU="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW�  ((µ,⌃)k(bµS, b⌃S))  ⇢S, ((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

Moment information set:

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:

,



2) “Surround, then Intersect” (SI) Strategy

<latexit sha1_base64="AxwYsl2YrgclatFBcZtNWKigRhM="></latexit>⇢T
<latexit sha1_base64="tLCUJFru/uLIS7a6f4TDSrgTS9c="></latexit>⇢S
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<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>
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<latexit sha1_base64="JrRhDHOTXUshoynGJ+RAbQw7BBA="></latexit>

(bµS, b⌃S)
<latexit sha1_base64="fjr7aTDizVuak+w2DEje0fkjaSo="></latexit>

(bµT, b⌃T)

Moment information set:

<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:

Robust Estimation:
<latexit sha1_base64="BalNDCbzM83oVMo2ZlYbx6Kd86Y="></latexit>

�? = (M?
XX)�1M?

XY

<latexit sha1_base64="pRgCV88gxDTAQqF/Xelu9b70wEo="></latexit>

inf
�2Rd

sup
Q2B⇢S,⇢T

EQ[(�
>X � Y )2]solves ,

where
<latexit sha1_base64="VxbSQsGFo7V0+8ebeIu+pMLdZdI="></latexit>

(M?
XX ,M?

XY ) LV D VROXWLRQ RI D FRQYH[ VHPLGHILQLWH SURJUDP�

i) Kullback-Leibler (KL)-type Divergence

<latexit sha1_base64="cgBBNBRAkfSguFO8NOyoeabF4cI="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW� D((µ,⌃)k(bµS, b⌃S))  ⇢S,D((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o



2) “Surround, then Intersect” (SI) Strategy
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<latexit sha1_base64="AB6bTw6zVUY7A1Z0PY1IIVR2uEI="></latexit>

BρS,ρT = {Q ∈ M(Rp) : Q ∼ (µ,Σ), (µ,Σ) ∈ UρS,ρT}

Distribution set:
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<latexit sha1_base64="BalNDCbzM83oVMo2ZlYbx6Kd86Y="></latexit>

�? = (M?
XX)�1M?

XY

<latexit sha1_base64="pRgCV88gxDTAQqF/Xelu9b70wEo="></latexit>

inf
�2Rd

sup
Q2B⇢S,⇢T

EQ[(�
>X � Y )2]solves ,

where

ii) Wasserstein-type Divergence

<latexit sha1_base64="gKuFQQkxOvp2NhjWmvpDUYUV7/s="></latexit>

U⇢S,⇢T ,
n
(µ,⌃) 2 Rp ⇥ Sp+ VXFK WKDW� W((µ,⌃)k(bµS, b⌃S))  ⇢S,W((µ,⌃)k(bµT, b⌃T))  ⇢T,⌃+ µµ> ⌫ "Ip

o

<latexit sha1_base64="6f3qvRuLa3pqGIA1G9/G1ev60O8="></latexit>

(M?
XX ,M?

XY ) LV D VROXWLRQ RI D OLQHDU VHPLGHILQLWH SURJUDP�



Numerical Experiments
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Numerical Experiments - Uber&Lyft



Numerical Experiments



Numerical Experiments
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Numerical Experiments



Numerical Experiments



Concluding Remarks

• KL-type divergence based methods are less numerically stable 

• Asymmetry of the KL-type divergence 

•  Extrapolating schemes 

• Favourable properties of different divergences 

• Theoretical guarantees for the out-of-sample performance
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Thanks a lot for your attention! 


