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Motivation
The computational cost of the Wasserstein distance. 

Wasserstein distance

Word Mover’s Distance [Kusner 15]

𝑊𝑑 𝜇𝑖 , 𝜇𝑗 = inf
𝛾∈Π(𝜇𝑖,𝜇𝑗)

න
Ω×Ω

𝑑 𝑥,𝑦 𝛾 𝑑𝑥, 𝑑𝑦

◼ Linear Programming : cubic time.

◼ Sinkhorn Algorithm : quadratic time.
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Motivation
Tree-Wasserstein Distance

The Wasserstein distance on a tree metric.

◼ The closed-form solution, which can be computed in linear time.

Quadtree [Indyk 03], clustering based method [Le 19]

◼ Unsupervised methods
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Motivation
Supervised Tree-Wasserstein Distance

We propose the Supervised Tree-Wasserstein (STW) Distance.

◼ Task-specific distance.

◼ Fast computation for the Wasserstein distance.

 Tree-Wasserstein distance

 GPU suitable. (e.g., batch processing)

The distance between documents depends on the task.

◼ Topic, Author etc.

◼ Supervised WMD [Huang 16]

 High computational cost.
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Proposed Method
Soft Tree-Wasserstein Distance

Tree-Wasserstein Distance

→

𝑣∈𝑽

𝑤𝑣 

𝑥∈𝑽

𝑃sub 𝑥 𝑣 (𝜇𝑖 𝑥 − 𝜇𝑗(𝑥))

𝑊𝑑𝑇 𝜇𝑖 , 𝜇𝑗 =

𝑣∈𝑽

𝑤𝑣 𝜇𝑖 Γ 𝑣 − 𝜇𝑗 Γ 𝑣

=

𝑣∈𝑽

𝑤𝑣 

𝑥∈Γ(𝑣)

𝜇𝑖 𝑥 − 𝜇𝑗 𝑥

• 𝑃sub 𝑥 𝑣 : the probability that node 𝑥 is contained in the subtree rooted at 𝑣 .

• Γ(𝑣) : the set of nodes contained in the subtree rooted at 𝑣.

Soft Tree-Wasserstein Distance
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Proposed Method
How to formulate 𝑃sub 𝑥 𝑣 ?

Theorem 1 : conditions of an adjacency matrix

Let 𝐃par ∈ 0, 1 𝑉 × 𝑉 be an adjacency matrix of the directed graph 𝐺.

If 𝐃par satisfies the followings: 

• 𝐃par is a strictly upper triangular matrix.

• 𝐃par
⊤ 𝟏 = 0, 1, … , 1 ⊤ .

Then𝐺 is a directed tree.

Probability that 𝑣𝑖 is a parent of 𝑣𝑗.

◼ 𝐃par 𝑖,𝑗
∈ [0, 1]

Probability that 𝑣𝑖 is contained in the subtree rooted at 𝑣𝑗.

◼ σ𝑘=1
∞ 𝐃par

𝑘
𝑖,𝑗
= 𝐈 − 𝐃par

−1

𝑖,𝑗
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Soft Tree-Wasserstein Distance

◼ Differentiable w.r.t. parent-child relationships. (i.e., 𝐃par)

Proposed Method
Supervised Tree-Wasserstein (STW) Distance

𝑊𝑑𝑇
soft 𝜇𝑖, 𝜇𝑗 =

𝑣∈𝑽

𝑤𝑣 

𝑥∈𝑽

𝑃sub 𝑥 𝑣 𝜇𝑖 𝑣 − 𝜇𝑗 𝑣

𝛼

= 𝒘𝑣 ∘ 𝐈 − 𝐃par
−1

𝐚𝑖 − 𝐚𝑗
𝛼

minimize
𝐃par



𝑖,𝑗:same label

𝑊𝑑𝑇
soft 𝜇𝑖 , 𝜇𝑗 − 

𝑖,𝑗∶different label

min 𝑊𝑑𝑇
soft 𝜇𝑖 , 𝜇𝑗 ,𝑚

Objective function:

s. t. 𝐃par satisfies the conditions of Th. 1.
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Experiment
Document Classification Task

Tree-Wasserstein distance
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Experiment
Time Consumption

Tree-Wasserstein distance


