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Batch Reinforcement Learning (RL)

• Episodic Markov decision process 𝑀𝐷𝑃 𝒮,𝒜,𝐻, ℙ, 𝑟 .

Dataset
𝒟 = 𝑠, 𝑎, 𝑟, 𝑠!, ℎ

At the ℎ!" step, collect  
𝑛 i.i.d. samples with 𝑠, 𝑎 ∼ 𝜇#.

Aim to maximize

𝑉$% 𝑠$ ∶= 𝔼 ,∑#&$' 𝑟# 𝑠$, 𝜋 . 

Optimal policy 0𝜋

★ Goal:   Control the value suboptimality   𝑉"⋆ 𝑠" − 𝑉"$% 𝑠" . 



Dataset
𝒟 = 𝑠, 𝑎, 𝑟, 𝑠!, ℎ Optimal policy 0𝜋

Value-Based Method
1. Approximate optimal Q-function 𝑄&⋆ by 5𝑓& ∈ ℱ& .
2. Output the greedy policy 0𝜋 associated with 5𝑓.

Q-functions 
0𝑓 = 0𝑓$, … , 0𝑓' ∈ ℱ;

Greedy policy 6𝜋

Function classes
ℱ ≔ ℱ"×ℱ'×⋯×ℱ(

★ Goal:   𝑉"⋆ 𝑠" − 𝑉"$% 𝑠" ≲ complexity of ℱ.



Bellman Error

Bellman error of 𝑓 = (𝑓", 𝑓', … , 𝑓():

ℰ 𝑓 ≔ "
(
∑&)"( 𝑓& − 𝒯&⋆𝑓&*" +!

' .

optimal Bellman operator
data distribution

★ Goal:   𝑉"⋆ 𝑠" − 𝑉"$% 𝑠" ≲ complexity of ℱ.



Bellman Error

Bellman error of 𝑓 = (𝑓", 𝑓', … , 𝑓():

ℰ 𝑓 ≔ "
(
∑&)"( 𝑓& − 𝒯&⋆𝑓&*" +!

' .

Key reduction: 𝑉"⋆ 𝑠" − 𝑉"$% 𝑠" ≲ ℰ 5𝑓 .

★ Goal:   𝑉"⋆ 𝑠" − 𝑉"$% 𝑠" ≲ complexity of ℱ.



Framework of Analysis

Value suboptimality 
𝑉$⋆ 𝑠$ − 𝑉$)% 𝑠$

Bellman error ℰ 𝑓

(Local) Rademacher complexity 
of ℱ ≔ ℱ$×ℱ*×⋯×ℱ'

Concrete bounds for specific ℱ

finite classes, 
linear spaces, 
kernel spaces, 
sparse linear features, 
etc.



Minimax lower bound

inf
,-..

sup
012 3456 𝑺 85,598,
;<=>54?= >-,88 ℱ

𝔼ℰ 5𝑓 − min
A∈ℱ

ℰ 𝑓 = Ω min 1,
𝑆
𝑛

.

curse of dim!

L

Completeness assumptions help get rid of this.

Recall ★ Goal:   ℰ 5𝑓 ≲ complexity of ℱ.



Remedy: Completeness Assumption

• Empirical loss

𝐿 𝑓 ≔
1
𝑛𝐻

P
C,D,E,C",& ∈𝒟

𝑓& 𝑠, 𝑎 − 𝑟 −max
D"

𝑓&*" 𝑠!, 𝑎!
'
.

ℰ 𝑓 = 𝔼 𝐿 𝑓 − variance .

• Define 𝝐-completeness: approximate 𝒯⋆𝑓 using ℱ,
sup

A∈ℱ!#$
inf
G∈ℱ!

𝑔 − 𝒯⋆𝑓 +!
' ≤ 𝜖.

need to learn 𝒯⋆𝑓



Upper Bounds with Rademacher Complexities

• When 𝜖-complete:

ℰ 5𝑓 ≤ min
A∈ℱ

ℰ 𝑓 + 𝜖 + Rademacher complexity.

• Acceleration by localization (from 𝑛H
$
% to 𝑛H"): 

ℰ 5𝑓 ≤ min
A∈ℱ

ℰ 𝑓 + 𝜖 + critical radius of 𝐥𝐨𝐜𝐚𝐥 Rad. comp.



Recap: Framework of Analysis

Value suboptimality 
𝑉$⋆ 𝑠$ − 𝑉$)% 𝑠$

Bellman error ℰ 𝑓

(Local) Rademacher complexity 
of ℱ ≔ ℱ$×ℱ*×⋯×ℱ'

Concrete bounds for specific ℱ

finite classes, 
linear spaces, 
kernel spaces, 
sparse linear features, 
etc.



Thanks!


