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Wasserstein Barycenter

Aggregating information from several probability measures or histograms.

2-Wasserstein distance between measures µ, ν ∈P2(Rd):

W2(µ, ν) := inf
π∈Π(µ,ν)

∫
‖x − y‖2dπ(x , y). (1)

The Wasserstein Barycenter of m probability measures µµµ := {µl}l∈[m]:

inf
ν∈P2(Rd )

WB(µµµ,ωωω) :=
m∑
l=1

ωlW2(µl , ν). (2)
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Projection Robust Wasserstein Barycenter

(Paty and Cuturi, 2019) Projection Robust Wasserstein (PRW) distance:

Pk(µ, ν) := sup
E∈Gk

W(ProjEµ,ProjEν). (3)

Projection Robust Wasserstein Barycenter:

inf
ν∈P2(Rd )

m∑
l=1

ωlP2
k (µ

l , ν)

= inf
ν∈P2(Rd )

m∑
l=1

ωl sup
U`∈St(d,k)

inf
πl∈Π(µl ,ν)

∫
‖U>

` (x l − y)‖2dπl(x l , y).

(4)

An inf-sup-inf problem.
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A Relaxed Model

Two relaxations:

Use a common projector ProjE (·) for all PRW distances.
Switch the order of sup and the first inf.

Relaxed PRWB

sup
E∈Gk

inf
ν∈P2(Rd )

m∑
l=1

ωlW2(ProjEµ
l ,ProjEν)

= sup
U∈St(d,k)

inf
ν∈P2(Rd )

m∑
l=1

ωl inf
πl∈Π(µl ,ν)

∫
‖U>(x l − y)‖2dπl(x l , y).

(5)

Entropy regularized model:

max
U∈M

min
π∈Π(ppp)

fη(πππ,U) :=
m∑
l=1

ωl
n∑

i,j=1

πl
i,j‖U>(x l

i − yj)‖2 − ηH(πl). (6)
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Two Algorithms

RGA-IBP

Algorithm update:

Solve fη(U) = minπππ fη(πππ,U);
Ut+1 := RetrUt (τgrad fη(Ut))

Convergence rate: O(mn2dε−4 + mn2ε−10)

RBCD

Derive the dual: minu,vu,vu,v∈Rm×n, U∈M,∑m
l=1 ω

lv l=0

g(uuu,vvv ,U) :=

−
∑m

l=1 ω
l
{∑n

i,j=1 exp
(
−‖U

>(x l
i−yj )‖

2

η + uli + v l
j

)
− 〈ul , pl〉

}
Algorithm update:

uuut+1 = argminuuu g(uuu,vvv t ,Ut);
vvv t+1 = argminvvv :

∑m
l=1

ωl v l=0 g(uuut+1,vvv ,Ut);

Ut+1 = RetrUt (−τgradUg(uuut+1,vvv t+1,Ut));

Convergence rate: O
(
mn2dε−3

)
.
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Projected Discrete Distribution Clustering

Figure: AMI scores for each iteration. Left: the “Reuters Subset” dataset,
Middle: the “BBCsport Abstract” dataset, Right: the “BBCnews Abstract”
dataset. The results are averaged on 5 runs.
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