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Review: Binary linear classifier

Data: (xi, yi) ∈ Rd × {±1}, i = 1, . . . , n

Vector: w ∈ Rd

i-th Margin: yiw
′xi

Classifier: x 7→ sign(w′x)

Goal: find w such that ↑ is accurate

3 / 15



Review: Binary Support vector machines (SVM)

Data: (xi, yi) ∈ Rd × {±1}, i = 1, . . . , n

Hyperparameter: C ∈ R>0

Boser, Guyon, and Vapnik (1992)

w̃ = argmin
w∈Rd

1

2
‖w‖22 + C

n∑
i=1

hinge(yiw
′xi)

t

hinge(t)
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Multiclass linear classifier

Data: (xi, yi) ∈ Rd × [k], where [k] = {1, . . . , k}
Matrix: w =

[
w1 · · · wk

]
∈ Rd×k

(i, j)-th margin: w′yixi − w
′
jxi

Classifier: x 7→ argmaxj∈[k] w
′
jx

Goal: find w such that ↑ is accurate
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Multiclass SVM

Data: (xi, yi) ∈ Rd × [k], i = 1, . . . , n

Hyperparameter: C ∈ R>0

Crammer and Singer (2001) (abbrev. CS)

w̃ = argmin
w∈Rd×k

1

2
‖w‖2F + C

n∑
i=1

max
j∈[k]:j 6=yi

hinge(w′yixi − w
′
jxi)
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Multiclass SVM

Data: (xi, yi) ∈ Rd × [k], i = 1, . . . , n

Hyperparameter: C ∈ R>0

Weston and Watkins (1999) (abbrev. WW)

w̃ = argmin
w∈Rd×k

1

2
‖w‖2F + C

n∑
i=1

∑
j∈[k]:j 6=yi

hinge(w′yixi − w
′
jxi)
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Solving the SVM optimization via the dual

Dual optimization

Dual variables: α =
[
α1 · · · αn

]
∈ Rk×n

Solve: α̃ = argminα∈F f(α)

Primal solution: w̃ = −
∑

i∈[n] xiα̃
′
i

Optimizer (block coordinate descent, Keerthi et al. (2008)):

1 Initialize α

2 Solve i-th subproblem: optimize αi, fixing all other αs s 6= i

3 Repeat the above step, cycling through i ∈ [n] multiple times
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Which multiclass SVM variant to use?

Doǧan, Glasmachers, and Igel (2016)

benchmarked 9 variants of multiclass SVMs

recommendation: “WW SVM should be used as the default since it
gives robust performance at moderate training times”
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Solving the subproblem

For the CS SVM

1 ∃ exact subproblem solver in O(k log k) time

2 References: Crammer and Singer (2001), Duchi et al. (2008),
Blondel, Fujino, and Ueda (2014), and Condat (2016)

For the WW SVM,

1 No exact subproblem solver known

2 Doǧan, Glasmachers, and Igel (2016) used Shark (state-of-the-art
iterative solver)
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Our contributions

For the WW SVM,

1 Walrus: first exact subproblem solver in O(k log k) time

2 implementation in LIBLINEAR available on github

3 significant speed up over Shark
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Implementation and benchmarking
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Thank you!

Questions? Feel free to reach me at:
yutongw@umich.edu
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