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Motivation

 High-dimensional datasets with many “redundant” or “irrelevant” features.
 Linear relations are easy to identify
 Linearly redundant features
Xi =ag+a1X;, +aX;,,++ apX;,
« Non-linear structures:
* X = g%, X, :"’XJ:k) | |
« How to capture multi-variate and non-linear relations?

 Kernel-based approach:
* Computationally expensive. This work:

e Information-theoretic measures: v" Fourie-based approach
* High sample complexity. v’ Feature Selection




Key |deas

This Work: Correlated Fourier Expansion
- Arbitrary distribution (X¢,Y) ~ D

Standard Fourier on the Boolean Cube:
Any bounded g:{+1,—1}¢ — R is uniquely

written as:
g(x) = gs Xs(x) g(x) = Z gs Ps(x)
Scld] K Ser &
: . non-redundant features _/ Orthogonalized
Fourier Coefficients: Monomials: Parities
1 =T1. .
5 =52, 900 xs ) X5~ Ies g5 = Eplg(X)ps(X)]
X \ )

|

Unsupervised FS
Orthogonalization

Restrictions:
 Uniform or product
probability distributions.
« 2> Independent features.

Supervised FS
_ Estimate g
Algorithm SFFS Algorithm




Orthogonalization

Gram-Schmidt-Type Orthogonalization:
 Ordering the subsets of {1,2, ..., d}

?,{1},{2},{1,2},{3},{1,3},{2,3},{1,2,3}, ..., {1,2, ...

 Orthogonalization w.r.t D

1—1
j=1
Vs, =< llds,ll2.p if [|1s, [[2.p > 0
0 otherwise.

» Nonlinear redundancy measure:
[ylle < e

,d}

Implementation:
Step 1: Fixed-depth Search
Only feature subsets of size at most t (say t = 2):

0,{1},{2},{1,2},{3},{1,3},{2,3}, {4}, {14}, ..

Step 2: Empirical Orthogonalization

e Matrix of empirical correlation coeffects:
[cov(X1 X])]
ijeld

O'O']

 Recursive formula;

e 11, ~ bii + z aji

j<i

1
aj; = bji — E Ap iy,
_ 2 -
\/b]’] Zr<j ar,j £<j




Representation in the Fourier Domain

 Binary classification with 0-1 loss:

Theorem (Fourier Characterization)

 The Bayes predictor of Y from a feature subset J is § = sign[f <7 (x)], where

fSI(x) = z as Ps(x), as=Ep[Vhs(X)] ('\

SCJ
o ) Fourier for Stochastic label Y
* Minimum loss when selecting k features: (x4,Y) ~ D,
L k) = cJ
Opt( ) 2(7'(7' k”f ||1D

« Optimal feature subset:

J* —argmafo ‘7|| (— measure for nonlinear relevancy
J:lg1=k =» Estimation from samples.
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Measure for Feature Selection

» Empirical Fourier Expansion to estimate ||/<7||
- Orthogonalization Process = ¢ (x)

» Fourier Coefficients: a5 = 121-3’(1')1/35(3‘("))

n

@ =

i=1

* Relevancy Measure:

Z as Ps(x) — %Yi (1/35(?61'))2

SCJ

: )
Theorem (Consistency of the measure)

If J, = argmingM,(J) , then

A Ak d
LD(Jn) <Lp(J") + \/%1085 +0(n7Y)

with probability (1 — &), where A(k) = 0(k2%%),y ~ 1/2.




Numerical Experiments:

B
Table I: Orthogonalization Output.
El E2 USPS COIL20 Covertype Australian Musk ALL AML
d 20 20 256 1024 14 166 7128
d 20 20 93 331 12 35 39
d/d | 1 1 0.36 0.50 0.86 0.21 0.005
Table 1I: Running Times (in sec).
Covertype Australian Musk ALL_AML USPS Isolet COIL20
SFFES (t=1) 2.7 3.9 3.3 303 298 74.26 41
SFES (t=2) 3.1 3.9 4 378 378 74.35 65
RFS 6 4 2 447 1010 58 62
mRMR 1.41 0.89 56 300 510 3585 4238
relifF 1.33 1.88 1.3 4.35 550 36.5  41.42
MI 0.92 0.32 3.05 280 172 7 104
CCM 48 157 159 135 — 3276 3662




