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Consider an undirected network

Decentralized Setting
<latexit sha1_base64="SQcUWnNvit6M9A0dD4cjPRs2pXA=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoIGWmiroRiiK6rGAf0Cklk2ba0MyD5I5QhvkQN/6KGxeKuHEh+DemD4q2HgicnHMv997jRoIrsKxvI7OwuLS8kl3Nra1vbG6Z2zs1FcaSsioNRSgbLlFM8IBVgYNgjUgy4ruC1d3+1dCvPzCpeBjcwyBiLZ90A+5xSkBLbfPY8Qn0KBHJTYovsCOYB4WpVkuP8PRznTqSd3tw2DbzVtEaAc8Te0LyaIJK2/x0OiGNfRYAFUSppm1F0EqIBE4FS3NOrFhEaJ90WVPTgPhMtZLRcSk+0EoHe6HULwA8Un93JMRXauC7unK4qZr1huJ/XjMG77yV8CCKgQV0PMiLBYYQD5PCHS4ZBTHQhFDJ9a6Y9ogkFHSeOR2CPXvyPKmVivZpsXR3ki9fTuLIoj20jwrIRmeojG5RBVURRY/oGb2iN+PJeDHejY9xacaY9OyiPzC+fgCdqqG3</latexit>

G = (V, E)
<latexit sha1_base64="c6lyxDuSXbqi1BN4wQP8uxfYUXw="></latexit>

V = {1, . . . , n}� set of computing nodes

<latexit sha1_base64="suKYIxsl6q+Z2uqKQ3aaK1fHGrg="></latexit>

E ⇢ V ⇥ V � set of edges



Decentralized Optimization
<latexit sha1_base64="3VdwEz/0lIV6TwC5eqKXRKbnrOk=">AAACh3icbZHJTsMwEIadsJetwJGLRYUEHErCfmQRgiNUtCA1JXIcp1jYTmQ7QGXlVXgobrwNTsmhtIxk6df/zWg8M1HGqNKe9+24U9Mzs3PzC7XFpeWV1fraekelucSkjVOWyqcIKcKoIG1NNSNPmSSIR4w8Rq9XJX98I1LRVDzoQUZ6HPUFTShG2lph/TMQ5B2nnCMRmwDfFCbgSL9gxMxNUdT+0s4I7UzQ6xF6PU5bFYwi0y oZpyI0HwEVMGg9xwUMVM5DQ+HQsY1gEtKdj92w3vCa3jDgpPAr0QBV3IX1ryBOcc6J0Jghpbq+l+meQVJTzIhtnCuSIfyK+qRrpUCcqJ4Z7rGA29aJYZJK+4SGQ3e0wiCu1IBHNrOcRY2z0vyPdXOdnPUMFVmuicC/jZKcQZ3C8igwppJgzQZWICyp/SvEL0girO3panYJ/vjIk6Jz0PSPm979UeP8slrHPNgEW2AH+OAUnINbcAfaADvTzp5z6By5C+6+e+Ke/aa6TlWzAf6Ee/EDXwXHjw==</latexit>

min
x2Rd

X

i2V
fi(x)

<latexit sha1_base64="9ofIhPoj6JOzZEGbvNel0qxwO+M="></latexit>

fi(x) : Rd ! R is stored
on node i only

<latexit sha1_base64="FUwEF3xAK2PDNHFIYeVuJvJk4NU="></latexit>

Each fi(x) is:

<latexit sha1_base64="c42U4VeO0moGi9ZURqzbBiN/siM="></latexit>

µ-strongly convex

<latexit sha1_base64="d9FgOGgKUNil7+XKLYf26wGIF8I="></latexit>

L-smooth

4
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Decentralized Communication

<latexit sha1_base64="sDuK5Wmpjux6Pcv2M3iDPkriKj4=">AAACenicbVHLTttAFJ0YWmj6INBlN1dESH2okY2g7QohVZXoCpAIIMVWNB5fhxHzsGbGbaNRvoSv6bb9gv5LF4xdLwj0ro7Ouc9z80pw6+L4Ty9aWX30eG39Sf/ps+cvNgabW+dW14bhmGmhzWVOLQqucOy4E3hZGaQyF3iRX39u9ItvaCzX6szNK8wknSleckZdoKaD/dThDwcevlootELQSsyBMqOtBSxmaGEBCClXkErqrh gV/stiOhjGo7gNeAiSDgxJFyfTzd77nbTQrJaoHBPUWp+HLdEs+sv0JIkrl3lqHGcCg1pbrCi7pjOcHJ8lmS+1cqhYUAwq/M60lFQVb9OSSi7mBZa0Fs6ntuzgcosAVRhrM99at4CdwBRQagNNY2jZuxWeSmvnMg+Zzfn2vtaQ/9MmtSs/ZZ6rqm7XbQeVtQCnofkDFNwgc8Hrgge3eTgX2BU1lLnwrX4wOLlv50NwvjtKPox2T/eGhwed1evkFdkmr0lCPpJDckROyJgwckN+kl/kd+9vtB29id79S416Xc1LshTR3i1xKMLB</latexit>

Is done only across edges e 2 E
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Decentralized Communication via Gossip

<latexit sha1_base64="im7eKNPu2BVNXuLbuPUYUEBjplk="></latexit>

Wij 6= 0 i↵ i = j or (i, j) 2 E

<latexit sha1_base64="ytrB25OLEtCSxWmWg0KLOdLpVpY="></latexit>

Gossip matrix W 2 Rn⇥n :

<latexit sha1_base64="LN01f1cy9bKno8KY2P24lsNQWL4="></latexit>

[Wx]i 2 span ({xj : j is neighbor of i})

<latexit sha1_base64="v9dzoqbT/fepvSK068C3ubAsO/A="></latexit>

Communication can be represented
as multiplication of vector by W

<latexit sha1_base64="LdtZJlghkuNzhzefaacYMVY4gyQ="></latexit>

W is symmetric positive semidefinite

<latexit sha1_base64="55N7R/dvnFuSo04eiT9RmL/b7l0="></latexit>

kerW = {x 2 Rn : x1 = . . . = xn}
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Time-Varying Graphs
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Time-Varying Graphs
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Time-Varying Graphs
<latexit sha1_base64="rVrood89S9mx+QEiQ7aP5B2N7bM="></latexit>

Time-varying network is modeled as a sequence of graphs {Gk}1k=1 with gossip matrices W(k)
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Problem Reformulation

<latexit sha1_base64="mSZLE1ezthHj4JTG888vJepi9Po="></latexit>

min
x2Rd

X

i2V
fi(x)

Dual formulation:
<latexit sha1_base64="w13OVhCVrC37ed5j98OBdqIHmxw="></latexit>

min
z=(z1,...,zn)2(Rd)VPn

i=1 zi=0

F ⇤(z)

<latexit sha1_base64="ox8u3eH6ILTWwrosYT2WNDMKyc8="></latexit>

min
x=(x1,...,xn)2(Rd)V

x1=···=xn

F (x)

<latexit sha1_base64="Tqw+f6TVee/8eeRo73XkndPB/MQ="></latexit>

F (x) :=
X

i2V
fi(xi)

Original problem Lifted problem (Primal)



Projected Nesterov Gradient Descent

Can not be implemented 
in decentralized fashion

<latexit sha1_base64="hg74Xddq2m9+AC8qihyvBIF6o0c="></latexit>

 = L/µConverges with rate:
<latexit sha1_base64="hTykjxfdv1oxkhIloZbiDnFZ1kA="></latexit>

O
�
1/2 log 1/✏

�

ADOM

Algorithm 1 PNGD: Projected Nesterov Gradient Descent
1: input: z0 2 L

?, ↵, ⌘, ✓ > 0, ⌧ 2 (0, 1)
2: set z0f = z0

3: for k = 0, 1, 2 . . . do
4: zkg = ⌧zk + (1� ⌧)zkf
5: zk+1 = zk + ⌘↵(zkg � zk)� ⌘PrF ⇤(zkg )

6: zk+1
f = zkg � ✓PrF ⇤(zkg )

7: end for

4. Decentralized Communication
We now introduce the necessary notation, definitions and
formalism to be able to describe our method. Compute
nodes V = [n] are connected through a communication
network represented as a graph G

k = (V, Ek), where k 2

{0, 1, 2, . . .} encodes time, and E
k
✓ {(i, j) 2 V ⇥ V : i 6=

j} is the set of edges at time k. In this work we assume
that the graph G

k is undirected, that is, (i, j) 2 E
k implies

(j, i) 2 E
k. We also assume that Gk is connected. For each

node i 2 V we consider a set of its neighbors at time step
k: N

k
i = {j 2 V : (i, j) 2 E

k
}. At time step k, each

node i 2 V can communicate with the nodes from set N k
i

only. This type of communication is known as decentralized

communication in the literature.

4.1. Gossip Matrices

Decentralized communication between nodes is typically
represented via a matrix-vector multiplication with a gossip

matrix. For time-invariant networks such representations
can be found in, e.g., (Kovalev et al., 2020b). For each time
step k 2 {0, 1, 2, . . .} consider a matrix Ŵ(k) 2 Rn⇥n

with the following properties:

1. Ŵ(k) is symmetric and positive semi-definite,

2. Ŵ(k)i,j 6= 0 if and only if (i, j) 2 E
k or i = j,

3. kerŴ(k) = {(x1, . . . , xn) 2 Rn : x1 = . . . = xn}.

Matrix Ŵ(k) is often called a gossip matrix. A typical
example is the Laplacian of the graph G

k. Consider also a
linear map W(k) : (Rd)V ! (Rd)V , i.e., nd ⇥ nd matrix
defined by W(k) = Ŵ(k) ⌦ Id. This matrix can be rep-
resented as a block matrix (W(k)i,j)(i,j)2V2 , where each
block W(k)i,j = Ŵ(k)i,jId is a d⇥ d matrix proportional
to Id. Matrix W(k) satisfies similar properties to Ŵ(k):

1. W(k) is symmetric and positive semi-definite,

2. W(k)i,j 6= 0 if and only if (i, j) 2 E
k or i = j,

3. kerW(k) = L or equivalently rangeW(k) = L
?.

With a slight abuse of language, in the rest of this paper we
will refer to W(k) as a gossip matrix as well.

4.2. Decentralized Communication as Multiplication
with the Gossip Matrix

Decentralized communication of vectors x1, . . . , xn 2 Rd

stored on the nodes among neighboring nodes at time
step k can be represented as a multiplication of the nd-
dimensional vector by matrix W(k). Indeed, consider
x = (x1, . . . , xn) 2 (Rd)V , y = (y1, . . . , yn) 2 (Rd)V ,
where each xi is stored by node i 2 V , and let y = W(k)x.
One can observe that

yi =
nP

j=1
Ŵ(k)i,jxj =

P
j2Ni

Ŵ(k)i,jxj .

Hence, for each node i, vector yi is a linear combination of
vectors xj , stored at the neighboring nodes j 2 Ni. This
means that matrix-vector multiplications by matrix W(k)
can be computed in a decentralized fashion.

4.3. Condition Number of Time-Varying Networks

A condition number of the matrix Ŵ(k) is given as
�max(Ŵ(k))

�+
min(Ŵ(k))

, where �max refers to the largest and �+
min to

the smallest positive eigenvalue. This quantity is known to
be a measure of the connectivity of graph G

k, and appears
in convergence rates of many decentralized algorithms. In
this work we assume that this condition number is bounded
for all k 2 {0, 1, 2 . . .}. In particular, we assume that there
exist constants 0 < �+

min < �max such that

�+
min  �+

min(Ŵ(k))  �max(Ŵ(k))  �max. (11)

So, we assume that the worst case spectral behavior of the
gossip matrices is bounded, and these bounds will later
appear in our convergence rate for ADOM.

Relation (11) can be equivalently written in the form of a
linear matrix inequality involving the gossip matrix W(k):

�+
minP � W(k) � �maxP, (12)

where P is orthogonal projector onto subspace rangeWk =
L
? given by (9). Note that

PW(k) = W(k)P = W(k). (13)

By � we denote a bound on the condition number of matri-
ces W(k), k = 0, 1, 2 . . ., given by

� := �max/�
+
min. (14)

4.4. Decentralized Communication as a Compression
Operator

We have just shown that decentralized communication at
time step k can be represented as multiplication by the gos-
sip matrix W(k). We will now show, and this is a key

11
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Key Idea

Decentralized communication can
be seen as the application of a 

contractive compression operator
<latexit sha1_base64="GuEcUW2dJcYoPHX8/t+AtyDQnTM="></latexit>

k�W(k)z � zk2 
�
1� ��+

min

�
kzk2

<latexit sha1_base64="nZB0AfcmRRQUUKAea4pjfrhzu3M="></latexit>

�+
min = inf

k
�+
min(Ŵ(k))
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Error-Feeback Mechanism

Gradient Descent with Contractive (biased) 
compression operators may not converge. 

<latexit sha1_base64="IJTn8L67XAOO86zHqVuhIMDKuNY="></latexit>

kC(z)� zk2  (1� �)kzk2Contractive compressor:

<latexit sha1_base64="B3jSiA+2lcP+25pho7++sA0ov/M="></latexit>

vk = mk � �gk // vector to compress

zk+1 = zk + C(vk) // gradient step

mk+1 = vk � C(vk) // update error
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Comparison to Existing Work
<latexit sha1_base64="eX3cTUDWSgbilKhxFHvT4m8OHFk="></latexit>

Algorithm Communication complexity

DIGing

Nedic et al. (2017)
O
�
n1/2�23/2log 1

✏

�

PANDA

Maros & Jaldén (2018)
O
�
�23/2log 1

✏

�

Acc-DNGD

Qu & Li (2019)
O
�
�3/25/7log 1

✏

�

APM

Li et al. (2018)
O
�
�1/2 log2 1

✏

�

Mudag

Ye et al. (2020)
O
�
�1/2 log()log 1

✏

�

ADOM

——–Our Work——–
O
�
�1/2 log 1

✏

�

<latexit sha1_base64="hg74Xddq2m9+AC8qihyvBIF6o0c="></latexit>

 = L/µ

ADOM achieves the new state-of-the-art rate for decentralized optimization over time-varying graphs.

<latexit sha1_base64="/RKIiaTXkYH8zoVmlnRZlbnJBWk="></latexit>

� = sup
k

�max(Ŵ(k))

�+
min(Ŵ(k))

Our method combines 
error-feedback with 

Nesterov acceleration

Obtained communication complexity is optimal. See preprint arXiv:2106.04469 by Kovalev et al.

https://arxiv.org/abs/2106.04469
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Experimental Results
ADOM converges linearly and outperforms all known algorithms for every set of parameters.

<latexit sha1_base64="xRq/gS64xL4/C+I22cCNgsbuwTg="></latexit>

fi(x) =
1

m

mX

j=1

log
�
1 + exp

�
�bija

>
ijx

��
+

r

2
kxk2

<latexit sha1_base64="lC603V5rRTXE7jLNwcWp/0QVMLY="></latexit>

Regularized Logistic Regression Problem

<latexit sha1_base64="1pWb/bqMZZm2v/YjaWRicqGEs3E="></latexit>

with LibSVM dataset w6a (n = 17188, d = 300)

More results (including real 
networks!) in the paper

<latexit sha1_base64="2LD6Gi4jLvRtT54YJNZVU4tgoWA="></latexit>

Time-varying network simulated as
a sequence of geometric random
graphs with Laplacians W(k).


