
Noisy Dual Principal Component Pursuit

Tianyu Ding, Zhihui Zhu, Tianjiao Ding, Yunchen Yang,
René Vidal, Manolis C. Tsakiris, Daniel P. Robinson

ICML 2019

1 / 8



Motivation

Problem: learning a subspace from corrupted data

S
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inliers

outliers

Low relative dimension (d/D)
Outlier Pursuit [Xu et al. 10]

M = O(N) outliers

High relative dimension (d/D)
REAPER [Lerman and Maunu 18]

M = O(N) outliers

DPCP [Tsakiris 15, Zhu 18]
M = O(N2) outliers

Focus of this paper

Robust subspace learning of high relative dimension with noisy data
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inliers

outliers

noisy inliers

outliers O are drawn uniformly random
from the unit sphere
noisy inliers X + E

inliers X are drawn within the S
add Gaussian nose E on the inliers
normalize X + E to unit norm (on sphere)

SNR is E[‖X‖F]/E[‖E‖F] = 1/σ

dataset X̃ = [X + E, O]

DPCP problem formulation

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1 (1)



Noisy Dual Principal Component Pursuit (DPCP)
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<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

inliers

outliers

noisy inliers

outliers O are drawn uniformly random
from the unit sphere
noisy inliers X + E

inliers X are drawn within the S
add Gaussian nose E on the inliers
normalize X + E to unit norm (on sphere)

SNR is E[‖X‖F]/E[‖E‖F] = 1/σ

dataset X̃ = [X + E, O]

DPCP problem formulation

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1 (1)



Noisy Dual Principal Component Pursuit (DPCP)

S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

inliers

outliers

noisy inliers

outliers O are drawn uniformly random
from the unit sphere
noisy inliers X + E

inliers X are drawn within the S
add Gaussian nose E on the inliers
normalize X + E to unit norm (on sphere)

SNR is E[‖X‖F]/E[‖E‖F] = 1/σ

dataset X̃ = [X + E, O]

DPCP problem formulation

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1 (1)



Deterministic Global Optimality Analysis

S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

b?
<latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit>

✓
<latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit>

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1
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S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

Lemma: critical point is close to n or is close to S
Theorem: b? is close to n :

sin(θ�) .
noise level

1− outlier ratio
In the noiseless case, b? = n
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S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

b?
<latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit>

✓
<latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit>

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1
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global minimum

no critical point

S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

Lemma: critical point is close to n or is close to S
Theorem: b? is close to n :

sin(θ�) .
noise level

1− outlier ratio
In the noiseless case, b? = n
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S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

b?
<latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit>

✓
<latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit>

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1

60

80

100
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global minimum

no critical point

S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

Lemma: critical point is close to n or is close to S

Theorem: b? is close to n :

sin(θ�) .
noise level

1− outlier ratio
In the noiseless case, b? = n



Deterministic Global Optimality Analysis

S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

b?
<latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit>

✓
<latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit>
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∥∥
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S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

Lemma: critical point is close to n or is close to S
Theorem: b? is close to n :

sin(θ�) .
noise level

1− outlier ratio

In the noiseless case, b? = n
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S
<latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit><latexit sha1_base64="HXD8aKyFJHT0TxBaWFVGC5jC+T8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLosuNFdRfuA6VAyaaYNTTJDklHK0M9wqW7ErV/jwr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wfJ37nUeqNIvlg5kkNBB4KFnECDZW8nsCmxHBPLuf9qs1t+7OgJaJV5AaFGj2q1+9QUxSQaUhHGvte25iggwrwwin00ov1TTBZIyH1LdUYkF1kM0iT9GJVQYoipV90qCZ+nsjw0LriQjPQmGH85R60c7F/zw/NdFVkDGZpIZKMr8VpRyZGOUVoAFTlBg+sQQTxWxcREZYYWJsURXbg7f462XSPq97lt9d1Bq3RSNlOIJjOAUPLqEBN9CEFhCI4Rle4c15cl6cd+djPlpyip1D+APn8wd/wZJ9</latexit>

b?
<latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit><latexit sha1_base64="sWJPfOvQ4WTujbsa8nIJr/y/dNk=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAILqTMiKDLghvdVbAXmBlLkmba0FyGJKOUoY/hUt2IW5/GhW9j2s5CW38IfPznHM7Jj1POjPX9b6+0srq2vlHerGxt7+zuVfcP2kZlmtAWUVzpLkaGciZpyzLLaTfVFAnMaQePrqf1ziPVhil5b8cpjQUaSJYwgqyzwggLiB8iY5HuVWt+3Z8JLkNQQA0UavaqX1FfkUxQaQlHxoSBn9o4R9oywumkEmWGpoiM0ICGDiUS1MT57OQJPHFOHyZKuyctnLm/J3IkjBkLfIaFaxbIDs1ieWr+Vwszm1zFOZNpZqkk811JxqFVcBoB7DNNieVjB4ho5s6FZIg0ItYFVXE5BIu/Xob2eT1wfHdRa9wWiZTBETgGpyAAl6ABbkATtAABCjyDV/DmPXkv3rv3MW8tecXMIfgj7/MH6oeSHQ==</latexit>

✓
<latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit><latexit sha1_base64="FEN22MMUw651qGnEvuB7U6FViS8=">AAAB8HicbZBNSwMxEIazftb6VfXoJVgED1J2RdBjwYveKtgPaJeSTadtbJJdklmhLP0PHtWLePX/ePDfmLZ70NYXAg/vzJCZN0qksOj7397K6tr6xmZhq7i9s7u3Xzo4bNg4NRzqPJaxaUXMghQa6ihQQisxwFQkoRmNbqb15hMYK2L9gOMEQsUGWvQFZ+isRgeHgKxbKvsVfya6DEEOZZKr1i19dXoxTxVo5JJZ2w78BMOMGRRcwqTYSS0kjI/YANoONVNgw2y27YSeOqdH+7FxTyOdub8nMqasHavoPFKuWTEc2sXy1Pyv1k6xfx1mQicpgubzv/qppBjT6fW0JwxwlGMHjBvh1qV8yAzj6DIquhyCxauXoXFRCRzfX5ard3kiBXJMTsgZCcgVqZJbUiN1wskjeSav5M0z3ov37n3MW1e8fOaI/JH3+QOR1JA8</latexit>

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1
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S
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Lemma: critical point is close to n or is close to S
Theorem: b? is close to n :

sin(θ�) .
noise level

1− outlier ratio
In the noiseless case, b? = n



Probabilistic Analysis

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1

Theorem
b? has a principal angle θ satisfies

sin(θ) .
√
σ/(1−√σ)

with probability exceeding 1− O
( 1

N2

)
if

M ≤ C · N2.
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Comparison with state-of-the-art: other methods can only handle at most M = O(N) outliers
in theory [Lerman and Maunu 18]
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Projected SubGradient Method (PSGM)

min
b

∥∥X̃>b
∥∥

1 s.t. ‖b‖2 = 1

Spectral initialization:

b̂0 ← arg min
b∈SD−1

∥∥X̃>b
∥∥

2

Piecewise diminishing stepsize:

µk ← µ0β
b(k−K0)/Kc, β < 1

PSG update:

bk+1 ← b̂k − µkgk

Projection:

b̂k+1 ← bk+1/‖bk+1‖2

Theorem
tan(θk) has a piecewise linear convergence rate:

tan(θk) . βb(k−K0)/Kc +

√
σ√

1− 2
√
σ
. (2)
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upper bound (2)
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Experiments on 3D Point Cloud Road Data

Task
Learn an affine plane as a model for the road from a 3D point cloud

Determine points that lie on the plane (inliers) / off the plane (outliers)
Frame 328 of dataset KITTI-CITY-71, with inliers (blue) / outliers (red)

Contains around 105 points with approximately 50% outliers
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