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• This work: gradient descent with standard independent random initialization
on ℓ w.r.t.𝑊(,… ,𝑊*
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Why Studying Deep Linear Networks?
• Linear networks exhibit common challenges in optimization for deep
learning

• Non-convex
• Non-strict saddle

• Can have “vanishing gradient” or “exploding gradient”

• Deep linear networks may help generalization
• [Lampinen, Ganguli,	ICLR’19], [Arora, Cohen, H, Luo, 2019], [Gidel, Bach,
Lacoste-Julien, 2019], etc.
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Exponential Lower Bound for Narrow Linear Nets

Theorem [Shamir, COLT’19]: GD with random initialization w.h.p. needs
2B(*) iterations to converge to global min

Questions: Can we get efficient convergence for wide linear nets? If so,
how wide is enough?
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• 𝑚: width of every hidden layer

Main Theorem: if𝑚 ≥ ΩI 𝐿 , then GD with random init converges to global min
at a linear rate w.h.p., i.e.

loss 𝑡 − OPT ≤ 𝑒SB T (loss 0 − OPT)

Width provably matters

hidden width=𝑚

narrow network à exp	(𝐿) time
wide networkà poly(𝐿) time



Comparison with Previous Work

Paper Init Opt soln Data Global
convergence?

[Bartlett, Helmbold, Long, ICML’18] identity PD or close
to identity whitened no

[Arora, Cohen, Golowich, H, ICLR’19 ] balanced full rank whitened no
This paper random any any yes
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